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Abstract

In a basic model of search and match, thanks to the assumption that producer-sellers and
consumer-buyers pay constant search costs per one unit of a single type of goods, it suffices to
consider the retail transactions between producer-sellers and consumer-buyers. We extend this
model to allow for the possibilities of economies and diseconomies of scopes in search activities
over two types goods. We show that producer-sellers make wholesale transactions with one
another when the benefit of economies of scope is strong enough. But when the benefit of
economies of scope in search activities for buyers compensates the loss of diseconomies of scope
in search activities for sellers, there are multiple equilibria: Matched pairs of producer-sellers
always make wholesale transactions in one equilibrium. But they never make those in another,

so that there only are retail transactions.
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1 Introduction

In a market with search frictions between producers and consumers, it is natural that there is a
role for wholesalers to reduce these frictions. However in a basic model of search and match, no
wholesalers play such a role. In our point of view, this is due to the implicit assumption that there
are no economies of scale and/or scope in search activity. The purpose of our paper is to explore
how wholesalers play their role once we no longer impose this assumption.

In basic models of search and match, each transaction between producer-sellers and consumer-
buyers involves a single unit of goods and hence it never involves wholesale transactions among
sellers which enable them to keep inventory of goods and to sell multiple units of goods to consumer-
buyers. This setup is justified under the assumption of constant search cost per unit of goods. Under
this assumption, the search values for each unit of goods becomes the same for sellers with different
size of inventories. This implies that there is no need for a seller to keep a larger inventory by
buying goods from other sellers, i.e., there is no role played by wholesale transactions.! However,
this is no longer the case if search cost per unit of goods is variable both for sellers and buyers, i.e.,
if there are (dis)economies of scope or scale in search activities. In such a case, the search values
per unit of goods for sellers depend on the amount and variety of goods they are endowed with.
Thus, to optimize its inventory size, each seller may buy or sell goods upon meeting other sellers.
This wholesale transaction should be explicitly taken into account once the model is extended to
allow for the cases where there are economies or diseconomies of scope (or scale) in search activities
for both sellers and buyers.

As a first step to these extensions, we consider a model of search and match in which there two
kinds of goods, which makes us possible to define the concept of economies and diseconomies of

scope in search activities for both sellers and buyers in section 2.2

!Basic models of search and match typically take up a following setup: being endowed with a single unit of goods,
each seller enters the market, sells it to a matched buyer who wants to consume just one unit of goods and then exits.
This standard setup of search and match is employed, for example, by Gale (1987) and Mortensen and Wright (2002).
This setup is justifiable when both sellers and buyers are assumed to incur constant search costs per unit of goods
at each moment of time while they search for their trading partners. As a result, any seller who is endowed with
multiple units of goods can be considered as a collection of sellers each being endowed with a single unit of goods.
This implies that inventory size has no influence on the resource allocation and hence it does not matter whether

wholesale transactions between sellers are discarded or not.
*Burdett and Mauleg (1981), Carlson and McAfee (1984) and Zhou (2012) also introduce economies of scope in

search activities but only those for buyers. Furthermore they consider an extreme case of degree of economies of

scope in which no more cost is required to search for wider varieties of goods.



The main question we ask in the analysis of the model is the following one: How do economies
and diseconomies of scope in search actitivies affect the equilibrium probability of wholesale trans-
action? In section 3, we show the equilibrium probability of wholesale transaction as a mapping
from combinations of economies and diseconomies of scope in search activities for sellers and buy-
ers. This wholesale transaction, in our model, takes place only between a matched pair of sellers,
each of whom has one unit of different goods.®> Evidently, each seller has a higher (lower) incentive
to make a wholesale transaction if doing so reduces (raises) its own search cost per unit of goods,
i.e., if there are economies (diseconomies) of scope in search activities for sellers. We find that
a higher degree of economies of scope in search activities for sellers leads to a higher equilibrium
probability of wholesale transaction whenever there are diseconomies of scope in search activities
for buyers. But if there are economies of scope in search for buyers, a lower degree of diseconomies
of scope for sellers may not lead to a higher equilibrium probability of wholesale transaction. In
such a case, there exist multiple equilibria; the equilibrium probability of wholesale transaction can
be both zero and one. These results are summarized in Theorem and Corollary.

Lastly, in section 4, we discuss the implicit assumptions we made on search costs and then
we conclude by giving some implications of our theorem to the literature of middlemen. In the
literature, the gain from making wholesale transaction is due to either a reduction in search cost
for sellers (which we call wholesale gain) or expected reduction in search cost for buyers (which we
call retail gain). As a result of this setup, there always are wholesale transactions in equilibrium
and that such an equilibrium is unique. This fact is not well recognized in the literature and that
the case of multiple equilibria, in other words, the case where there are a wholesale loss and a retail

gain, has been ignored.

2 Model

To investigate how the equilibrium probability of wholesale transaction depends on economies and
diseconomies of scope in search activities, we extend a standard model of search and match in

which there is only one kind of goods to the one in which there are two kinds of goods called x and

y.t

3Matched sellers are indifferent between buying the other variety of goods and selling their own variety of goods if

they have incentive to make a wholesale transaction. What matters here is whether a wholesale transaction is made

or not by a pair of matched sellers.
4We consider a model with two kinds of goods to introduce the concept of economies and diseconomies of scope

in search activities. But the widening of goods’ variety is not the crucial point. Allowing for wholesale transaction



Each potential seller is endowed with one unit of goods x or y. Upon entering the market, a
potential seller becomes either state x or y seller holding one unit of goods x or y as an inventory.
Each incurs a search cost c¢,(;) or ¢y, at each moment of continuous time while searching for its
trading partners. Upon being matched with a trading partner, a state x or y seller can sell the
goods and exit the market.

The point of departure from the standard setup is that, in addition to this sell-and-exit option,
we also allow both state x and y sellers to buy the other kind of good from matched sellers and
stay in the market. L.e., there is an option of making wholesale transaction. By making wholesale
transaction, a seller becomes a state xy seller who holds a pair of goods x and y as an inventory,
and incurs a search cost ¢,(,,) at each moment of time.

Buyers enter the market and become state xy buyers who want to consume both goods x and y.
Upon being matched with a state xy seller, a state zy buyer exits the market at once, by consuming
both goods and enjoying utility 2v. But upon being matched with a state x or y seller, a state zy
buyer buys and consumes only one kind of goods, and stays in the market as a state y or x buyer.
At this moment this buyer enjoys utility v. A state x or y buyer exits the market and enjoys utility
v by buying and consuming the goods upon being matched with a seller who has a wanted good.

Each of all these state xy, r and y buyers respectively incurs a cost cp(yy), Cp(z), and cy(,) at each
moment of time while searching for a seller.

Given these search cost parameters for sellers and buyers, we define the index of economies of
scope in search activities for sellers as ESS = cy(z) + Cs(y) — Cs(zy) and that of economies of scope
in search actwities for buyers as ESB = cyy) + Cyy) — Cy(ay)- LI these are positive, we say that
there are economies of scope. If negative, there are diseconomies of scope. Economies of scope in
search activity is limited to the extent that it costs more if inventory is larger, i.e., Cs(zy) > C5()
and Cp(zy) > ey for i € {z,y}. The indices of economies of scope for sellers and buyers, £SS and
ESB, are bounded above by cs(x) and ¢,(z), if the search costs are symmetric so that cg,) = cy(y)
and cy(,) = Cy(y). We assume this symmetry for the rest of this paper.

The states of sellers and buyers other than those described above are not allowed in our model by
implicitly assuming that they incur prohibitively high search costs. Moreover, we assume symmetry
of agents so that our focus can be set on the search activities of representative sellers and buyers
in state z, y, and xy, which we denote by s(i) and b(i) where i € {x,y,zy}. The set of these

representative agents is defined as A = {s(x), s(y), s(zy), b(x), b(y), b(zy)}.

over different kinds of goods between sellers is the most crucial point in our extension of the standard model.



The search value for an agent a € A is determined as follows. While searching for a trading
partner, the agent has possibilities of meeting another agent a’ € A according to a Poisson process
whose arrival rate is identical to its population denoted by m,s > 0. Upon meeting a trading
partner, the agent a chooses a probability to agree on the terms of trade determined as a result of
bargaining, which we denote by o,(a’) € [0,1]. The vector of these probabilities o, = (04(b(xy)),
0a(b(2)), 04(b(y)), ga(s(z)), 0a(s(y)), oa(s(zy))) is called a stationary strategy for agent a € A.
Once they reach an agreement in bargaining, there are changes in search values for both agents
from their state changes. And if one of them consumes goods, he enjoys utility. The sum of these
changes in search values and the utility is defined as a surplus, S, for a matched pair of agents a
and a’. The surplus is equally divided between the two agents. Engaging in the above described
search activities and given a profile of stationary strategies for all agents o = {0,}sca, an agent

a € A has the search value V, (o), which is defined as

1
1Va(0) = —Ca+ Y Ta0al(d)ow(a) - 55 (0), (1)
a’'€eA
where r is the discount rate common to all agents.
With these search values, we can specify surpluses for all matched pair of agents. The surplus

for a matched pair of state x and y sellers is just the sum of changes in search values from their

state changes since consumption never takes place with wholesale transaction,

Ss(:c)s(y)(g) - Ss(y)s(a:)(g) = V:s(a:y) (0) - Vs(:c) (U) - Vs(y)(o—) (2>

It is clear, from the definition of search values (1), that this surplus is positive (negative) if the
degree of economies (diseconomies) of scope in search activities for sellers is large enough. But if
the degree is not so large, it is not clear whether the sign of this surplus is positive or negative.
The purpose of our investigation is to show how the sign of this surplus depends also on the degree
of economies and diseconomies of scope in search activities for buyers in equilibrium.

Since the surpluses for pairs of a seller and a buyer are the sum of utility from consumption



and the gains from their state changes, they are specified as,

Ss(aybey) () = Shlay)s@y) (@) =v+v— Vs(xy)(U) = Vi(ay) (), (3)
Sy(@)b(ay) (7) St(ay)s(z) () =0+ Vi) (0) = Vi(z)(0) = Viay) (0), (4)
Ssb(ey) () = Shzy)s) (@) = v+ Vi@)(0) = Vi) (0) = Vigay)(0), (5)
Ss(ay)b(x)(0) = Sha)sy) (@) =1+ Vi) (0) = Viy) (o) = Vi) (0), (6)
Sy@y)y) (0) Shy)say) (@) =0+ Vy(2)(0) = Vy(ay)(0) = Vi (o), (7)

Ss@@)(0) = Sp@)s(z)(0) — Vi) (0) = Vi) (o), and (8)
Ss(y)b(y) () Sh(y)s(y) (0) Vi) (o) = Viy) (o). (9)

All other surpluses for matched pairs of agents are negative since we implicitly assume that
their search costs are prohibitively high.

In defining the search values above, we presumed a stationary state. In order to maintain a
stationary state, the inflows into and the outflows from the population of each agents must balance.
For state x sellers, there are two inflows of agents. The one is an inflow of type x producers who
enter the market. They enter at rate pu,, which is determined endogenously by the free entry

condition,

The other is an inflow of state zy sellers who sold goods y. The sum of these inflows of agents must

balance with the outflux of state x sellers,

o + Ts(xy)To(y) * Os(zy) (b(y)) *Ob(y) (8($y)) = Ts(x)Ts(y) " Os(x) (S(y)) " Os(y) (8((13))
+ Ts(x)Tb(xy) " Os(x) (b(‘ry)) " Op(xy) (S(JZ))
+ To@)Th(a) * Ts(@) (0(T)) - Tp(@) (5(2)). (11)

The first term of the right hand side is the outflux of state x sellers who either bought a unit of
goods y or sold goods z to state y sellers. The second and the third terms are those of state x
sellers who sold goods x to state xy and x buyers respectively.

Similarly for the population of state y sellers, we must have the free entry condition for type y

producers,

Vsylo) = 0, (12)



which determines their rate of entry p,, and a stationary state condition,

Hy + Ts(zy)Tb(x) * Os(zy) (b($)) * Ob(z) (5('Ty)) = Ts(y)Ts(x) " Ts(y) (S(J})) * Os(x) (S(y))
T Ta(y)To(ay) " Os(y) (O(2Y)) - Tp(ay) (5(y))
+ )Moy - Ts) (0Y)) - opy) (s())- (13)

For state xy sellers, state x and y sellers flows in upon making wholesale transactions. This

must balance with an outflux of state xy sellers who sold both or one of their goods;

Ty(@)Ts(y) * Os@)(8(Y) - Tsp)(8(T)) = To(ay)To(ay) * Ts(ay) (O(TY)) + Opay (s(2Y))
+ Ty(ey)To(a) * Ts(ay) (O(T)) - Opa) (s(7Y))
+ Ty)To(y) * Ts(ay) (0(Y)) - Tu() (5(7Y))- (14)
Unlike producers who enter the market at the endogenously determined rates, consumers enter
the market at an exogenous rate p. In order for this to be consistent with consumers’ incentives to

enter the market and become state xy buyers, the following participation constraint for state zy

buyers must be satisfied:
V;)(:cy)(a) > 0. (15>

The inflow of these entrants must balance with an outflow of state xy buyers who bought either

one or both goods from sellers,

B = Th(xy)Ts(xy) Ub($y)(5($y)) ’ Us($y)(b(xy))
+ Th(zy) Ts(x) * Ob(zy) (S(l‘)) " Os(x) (b(:z;y))

+ To(zy) Ts(y) * Ob(zy) (S(y)) * Os(y) (b(xy)) (16)

For the population of state x buyers, the inflow of the state xy buyers who bought goods y must

balance with an outflux of state x buyers who bought goods = from state xy or state x sellers,
To(zy) Ts(y) *~ Ob(zy) (S(y)) *Os(y) (b(ﬂjy)) = Tb(x)Ts(zy) * Ob(x) (S(:Cy)) " Os(zy) (b(SL‘))
T (@) Ts(z) * Ob(a) ((2)) - O (b(2))- (17)
Similarly and lastly, for the population of state y buyers, we must have
To(zy) Ts(x) * Ob(zy) (S(IL’)) *Os(x) (b(l‘y)) = Tp(y)Ts(zy) ~ Ob(y) (S(ny)) " Os(zy) (b(y>)
+ To(y) Ts(y) * Tb(y) (S(y)) *Os(y) (b(y))v (18)

7



which completes the description of our model.
In order for the stationary state conditions (11), (13), (14), (16), (17), and (18) to be consistent,

we must have a condition that both consumers and producers enter the market at the same rate,

fa =ty = pi. (19)

Under this symmetric entry rates condition (19), two equations, for example the equations (11)
and (13), among the stationary state conditions become redundant. Using this representation of

stationary state conditions, a state equilibrium strategy of our model is defined as follows:

Definition. A stationary strategy profile o* = {0} aca € [0,1]5%6 is called a stationary equilibrium
strategy if it is a fived point of the best response mapping oBF(-) = {aBR()}sea from [0,1]5%6 to

[0, 1]%6 in which oBE () for all a € A is defined as

1
oBR(g) = arg max T Ga(a Yoy (a) - gsaa/ (o), for all o €[0,1]6%6 (20)
sa€l011° Sk

subject to the participation constraint for buyers (15),

in which the stationary populations m, for all a € A and entry rates i, and i, are determined by
the free entry conditions for producers and the stationary state conditions, (10), (12), (14), (16),
(17), and (18), where the search values and the surpluses are defined by equations (1) and (2) - (9),

given the symmetric entry rates conditions (19).

The objective of our paper is to characterize o7, (s(y))‘a:(y) (s(x)), which we call the equilibrium

probability of wholesale transaction.

3 Characterization of Equilibrium Probability of Wholesale Trans-

action

To answer our main question of the paper, we characterize the equilibrium in terms of the equilib-
rium probability of wholesale transaction under possible combinations of ESS and ESB. To do so,
we set our focus to the case where retail transactions are always made. This is assured if v is large
enough. In this case, together with the symmetry assumptions, it turns out that in classifying the
equilibrium probability of wholesale transactions we only need to pay attention to £SS and ESB

among various parameters of the model.



Theorem. Suppose cy(py) > Cs(z) = Cs(y) AN Cp(zy) > Ch(z) = Co(y)- If v is sufficiently large, then

the equilibrium probability of wholesale transaction under a stationary equilibrium strateqy o* is

given by
(1 if ESS > max{—kESB, —kESB},
{0,p,1} if —kESB < ESS < —kESB < 0,
Oa) (8(Y)) - 05 (3(2)) = p if —kESB > ESS > —kESB > 0, (21)
0 if ESS < min{—kESB,—kESB}, or
[0, 1] if ESS = ESB = 0,

where k and k > 0 are fixed numbers such that k >k >0 and p is a differentiable function

p(ESS,ESB) : R? — (0,1).

Proof. See Appendix A.
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Figure: Classification of £SS and ESB by equilibrium probabilities of wholesale transaction

The straightforward point of the theorem is that matched sellers always make the wholesale
transaction when overall economies of scope in search activities for sellers and buyers together is

large enough and vice versa. And between these two straightforward cases there always is a mixed

10



strategy equilibrium in which matched sellers are indifferent between trading and not trading. The
main point of the theorem is that this mixed strategy equilibrium is a unique equilibrium when
ESB < 0 and that it is one of multiple equilibria when ESB > 0. It is unique when economies
of scope in search activities for sellers are cancelled by diseconomies of scope in search activities
for buyers. But in addition to this mixed strategy equilibrium there are two other pure strategy
equilibria in which a matched pair of sellers always trade or never trade, when diseconomies of scope
in search activities for sellers are cancelled by economies of scope in search activities for buyers.

This result can be intuitively understood by considering the stability of the mixed strategy
equilibrium: In case of ESB < 0, the mixed strategy equilibrium is stable in a sense that the
equilibrium probability of wholesale transaction is maintained even when a measurable number of
sellers simultaneously deviate from the stationary equilibrium strategy. If they deviate from this
mixed strategy, other sellers would take counter actions. As a result, their initial effect on the equi-
librium probability of wholesale transaction should be offset by the counter actions of other sellers.
Other sellers should take these counter actions when a seller’s gain from the wholesale transaction
becomes smaller with an increase in the number of the wholesale transaction in the market, i.e.
when these mixed actions in equilibrium are strategic substitutes. On the other hand, in case of
ESB > 0, the mixed strategy equilibrium is unstable in a sense that the equilibrium probability of
wholesale transaction cannot be maintained because deviations from the equilibrium strategy will
be followed by all sellers. All sellers should follow these deviations when a seller’s gain from the
wholesale transaction becomes larger with an increase in the number of the wholesale transaction
in the market, i.e. if these mixed actions at the equilibrium point are strategic complements.

To see why the mixed actions at the equilibrium are strategic complement when ESB > 0,
let us examine how it ensures that an increase in the number of the wholesale transaction in the
market raises a seller’s marginal gain from raising the the probability of the wholesale transaction.
A seller’s marginal gain from raising the probability of the wholesale transaction is a sum of the
wholesale gain which is a reduction in search costs for these sellers and the retail gain which is an
expected reduction in a search cost for a buyer who buys both goods from one of these sellers.?

This seller’s marginal gain from raising the probability of the wholesale transaction can only be

The retail gain is a difference of search costs for state zy buyers between two cases in which state = and y sellers
trade or not. If they do not trade and remain to be state x and y sellers, each of them reduces search costs of a state
xy buyer by the amounts cy(sy) — Cpz) and cy(zy) — Co(y) respectively. If they trade, one exits and the other stays
as a state xy seller who reduces a search cost of a state xy buyer by the amount cy(,,). Hence the difference in the

reductions of buyers’ search cost between these two cases is cy(z) — Cu(y) — Co(ay), Which is ESB.

11



increased with an increase in the population of state xy buyers when £SB > 0. And this increase
in the population of state xy buyers is induced by the increase in the number of the wholesale
transaction in the market.

These stability features are reflected in the comparative statics results on the equilibrium prob-

ability of wholesale transaction with respect to economies of scope in search activities for sellers.

Corollary. The equilibrium probability of wholesale transaction under mized strategy, p, defined in

the Theorem has a following property:

dp

9555 < 0 4ff —kESB<ESS<—-kESB <0, and (22)
ap ) . .
3555 0 iff —kESB>ESS>—-kESB > 0. (23)

Proof. See Appendix B.

4 Discussions

From the view point of our model, the standard model of search and match between buyers and
sellers can be considered as a special case in which £SS =0 and ESB = 0 or in other words both
wholesale gain and retail gain are zero. We characterized equilibrium of our model in the simplest
possible case in which various values of £SS and ESB are allowed.

One of the most simplifying assumption of our model is that the search costs are prohibitively
high for sellers who try to sell more than a unit of the same goods. Because of this assumption, we
are able to characterize the equilibrium outcomes just by classifying the equilibrium probabilities
of the wholesale transaction in terms of the indices of economies and diseconomies of scope. But if
search costs are reasonably low for sellers who try to sell more than a unit of the same goods, then
we also need to take into account economies and diseconomies of scale in search activities as well.
The relaxation of our implicit assumption opens up the possibility of explaining various inventory
sizes of sellers, which is beyond the scope of this paper.

In our model, sellers who buy goods in trades between matched sellers can be interpreted as
a version of middlemen. While our model takes into account both wholesale and retail gains (and
losses) from such a trade, the models in the literature of middlemen assumes the cases in which
only a wholesale gain or a retail gain exists. For example, the search cost assumption taken up in

Rubinstein and Wolinsky (1987) can be considered as a case in which only a wholesale gain exists.

12



In their model, middlemen have only a wholesale gain in a sense that they can find buyers faster
than sellers. On the other hand, in the model of Johri and Leach (2002) only a retail gain exists. In
their model, middlemen have a retail gain in a sense that it is easier for a buyer to buy his favorite
goods from middlemen than to do so from sellers because middlemen can hold wider varieties of

heterogeneous goods as an inventory.

13



Appendix

A  Proof of Theorem

To show that equation (21) is the equilibrium probability of wholesale transaction, we need to find the
necessary and sufficient conditions for the parameters given each of possible equilibrium stationary strategy
profiles. The possible equilibrium stationary strategy profiles reduce to just three cases (matched pairs of
sellers trade, not trade or take mixed actions) under the assumption of v being large, cy,) = cg(,) and
Co(z) = Co(y)-

Due to cgz) = cs(y) and cy(z) = Cpy), We focus on the symmetric equilibrium in which

Ts(z) = Ts(y)>
To(x) = Tb(y)s
Vs(ac) (U*) = Vs(y) (0*)7 (A'O)

Vi(z)(0*) = Vi) (07).

The assumption of large enough v makes matched pairs of sellers and buyers trade so that we set O'Z(Iy) (s(x)) =
0o (W) = Ty (3(21)) = 50 (5(@)) = 07 (5(@w)) = 07y (50)) = 03 () = oy (blay)) =
05 (0(@) = 0, (b(zy)) = 05, (b(y)) = 0, (b(xy)) = 1. As a result, the system of equations (1) -
(9), (10), (12), (14), (16), (17), (18) and (A.0), determines the search values and populations for a given
stationary strategy profile.

Furthermore, the best response requirement, equation (20), put conditions on the system of equations.

If their equilibrium actions are to trade, the conditions are a;‘(z)(s(y)) =05,

)(5(y)) = 1 and the surplus for
a matched pair of state = and y sellers is non-negative. If their equilibrium actions are not to trade, the
conditions are 03, (s(y)) 07, (s(y)) = 0 and the surplus for a matched pair of state z and y sellers to be non-
positive. And if their equilibrium actions are the mixed ones, the conditions are 0 < o, (s(y)) 07, (s(y)) <

1 and the surplus for a matched pair of state x and y sellers to be zero.

A.1 Derivation of conditions that the equilibrium actions are to trade for all

matched pairs of state x and y sellers

Supposing that all matched pairs of state x and y sellers trade, we prove that their surpluses are non-negative
if and only if ESS > —kESB, where k is a fixed number defined below.

Let 6 be a candidate equilibrium strategy in which all matched pairs of state x and y sellers trade. Then,

14



it should satisfy the followings:

Ti(a)(8(y) = 05 (s(2)) = 1,
() (0(2Y)) - G0y (5(2)) = 1,

52y (0(2)) - Gy (s(x)) = 1,
O (ay) (0(2)) - 55y (0(2)) = 1,

Gty (D(TY)) - 65y (D)) = 1.

Substituting these into the definition of the search values, the stationary state conditions and the free entry
condition, we can define the candidate equilibrium search values and populations, which we denote as Ve

and 7, for all a € A. They should satisfy the followings:

Vi) = — Cs(a) + Ts(a) - 05(Vigay) — 2Vi(a))
+ o tay) - 050 + Viw) — Vi) — Vi) + oty - 050 — Vo) — Vi) (A.1.1)
Vatey) = = Cs(ay) + F(ay) - 05(20 = Vitay) = Vigay)

+ 2 Ty(a) - 0.5(v + Vs(z) — Vb(a:) — Vitay))s (A.1.2)

TV}’(’W) == Cp(ay) t 7%8(583/) -0.5(2v — Vb(xy) - ‘A/ts(xy)) +2- ﬁs(x) -0.5(v + Vb(x) — %(xy) - ‘A/;(x)), (A.1.3)

Va(a) = = Co(a) + Ts(ay) - 0-5(0 + Vaga) = Vigw) = Vitay)) + Ts(a) - 0.5(0 = Vi) — Vi) (A.1.4)
To(w) " Ts(z) = Rs(ay) " To(ey) T2 Ts(ay) * Fo(a)- (A.1.5)
Th(zy) * Ts(a) = Tb(z) * Ts(ey) T Tb(a) * Ts(a) (A7)

and
Vi(a) = 0. (A.1.8)

In the rest of this subsection, we first prove that the system of equations (A.1.1) - (A.1.8) has a solution
in which the population of each state of sellers and buyers is positive (Claim A.1.1). Given this solution,
we define k and prove that the surplus for a matched pair of state x and y sellers is zero if and only if
ESS = —kESB (Claim A.1.2), and that the surplus for a matched pair of state x and y sellers is positive
if and only if ESS > —kESB (Claim A.1.3).

Claim A.1.1. Under cy(zy) > Cy(a), the system of equations (A.1.1) - (A.1.8) has a solution in which Tty (s,

7?rb(ac); 7?rs(ar:y)7 ﬁs(z) > 0.

We will prove this in the following manner: Given a population of state xy buyers, the populations

of all other agents are given as a solution to the system of equations (A.1.5) - (A.1.7). Lemma A.1.1 will
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show that these populations are all positive if 7,y > 0 . With this result, we only need to show that
there exists a ;) > 0 which satisfies the free entry condition (A.1.8), where all other search values are
determined by the system of equations (A.1.1) to (A.1.4). The left hand side of equation (A.1.8), f/s(m)7 can
be expressed in terms of the populations, the surplus for a matched pair of state x and y sellers in addition to
the parameters of the model by arranging the equations (A.1.1) to (A.1.4). We view this Vs(m) as a function
of Ty(2y) and apply the intermediate value theorem to show that there is a 7y(,,) > 0 which satisfies the

condition VS(I) = 0 by using Lemmas A.1.2 and A.1.3.

Lemma A.1.1 Given y(,,) > 0, there are positive values y(y), Ts(
of equations (A.1.5) - (A.1.7).
Proof. From equations (A.1.6) and (A.1.7), we obtain

zy), and Ty which satisfy the system

. B = T (2y) Ts(zy) ’
= v T Al6
Ts(x) 2ﬁb((py) ) ( )
~ 7}5 T ~ s
Tp(x) :#ﬂ'b(wyy (A.1.7 )

Ts(a) + Ts(ay)
By substituting these equations into equation (A.1.5), we obtain

B=Rb(ey) T (xy)
2T (2y)

= 7?rb(z )ﬁ-s N
(y M (ay)

2
(zy) ~ ~
~ = Ts(x Tp(zy) T
2 p(ay) ) (zy) | "o(zy)

BT Rs(@y) | 4~
27 b(ag) + Ts(ay)

The left hand side continuously changes from a positive value to zero as 7y(4,) changes from 0 to 11/ 7p(zy).
The right hand side continuously changes from zero to a positive value as 7,y changes from 0 to p1/p(gy)-
By the intermediate value theorem, there exists a value of 7y(,,) € (0, 1/ p(2y)) Which satisfies this equation.

This result together with equations (A.1.6”) and (A.1.7) gives us the desired result. B

Lemma A.1.2. If 7ty(zy) — 00, then we have

(i) Fa) -0

(i) Fatay) - 0

R e T (zy) 2cb(m) — Co(zy)
(i) Viay) — 2Vew) — 2b(a) + To(ay) r '

Proof. 1t is clear that we need (i) and (ii) since we have (A.1.6) with positive values of 7y(,) and 7y (zy)-
To see (iii), we express f/sm) - 2178(35) in terms of the parameters and the populations by rearranging
equations (A.1.1) - (A.1.4),

7’-|—7?l's(r) N

Asr 27 z) - 0.5 T zy) - 0.9 ~ ~ Vex _2‘791 = 2C4(z) — Cs(a
T fute) F Moo 05+ Foien) - 05 gE g | Veten = 2Ve@) = 260w ~ Cotan

2Ch(a) — C(ay)
r+0.5(27 g(z) + Ta(ay))

+ﬁ-b(zy)0'5

Applying (i) and (ii) to this equation, we obtain the desired result. W
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Lemma A.1.3. If fty(zy) 4 0, then we have

(1) o) - 0,
2C5(@) ~ Cs(ay)

(1) Viwy) = 2Viw) — T+ o(a)

Proof. The part (i) is clear since we have (A.1.7’). The part (ii) can be obtained in a similar manner to the

proof of part (iii) of Lemma A.1.2. W

To complete the proof of Claim A.1.1., we first derive an expression for ‘7,5(75), which can be seen as a
continuous function of 7y(,y,y. Then we apply the intermediate value theorem to it in order to show that
there is 7y(;,) > 0 which satisfies Vg(m) =0.

By substituting equations (A.1.3) and (A.1.4) into equation (A.1.1) and rearranging it, \75(1,) can be

expressed as,

Vi) = | = (265(0) = Cs(ay)) = (Cs(ay) — Cs(w))

(2Cb(1) - Cb(my)) + 7?rs(my) : 05(‘75(xy) - 2‘75(11))

T+ H(Qﬁs(z) + ﬁg(zy))

v+ o) + Ty 0 Voay) = 2175(36))}
T+ (’frs(z) + 7Ars(:cy))a

— Rp(ay) - 0.5

+ (T(w) + To(ay)) (1 — 0)

T+ g } !
T+ (frs(x) + 7Ars(a:y))a .

|7+ (Fo(z) + To(ay)) (1 = 0) (A.1.9)

By Lemma A.1.1, we can view the right hand side of this equation as a continuous function of 7y(y,). If
it becomes positive as () — 0o and if it becomes negative as () — 0, then the intermediate value
theorem tells us that there exists a 7,y > 0 which makes the right hand side of this equation zero.

By using Lemma A.1.2, it is clear that as () goes to co, the right hand side of equation (A.1.9) goes
to

Cb(ay) ~ Cb(x)

N ~ N Ch(x ~ ~ _
. + To(zy)V + Tp(2)V +7Tb(x)77(ﬂ )} (Tb(z) + Tb(zy)) L

{7} b(zy)

which is positive by Assumption cy(,y) > cy(a)-
Moreover, by using Lemma A.1.4, it is clear that as 7,(,,) goes to 0, the right hand side of equation

(A.1.9) goes to

Ts(x) N Cs(zy)
(11— — — .05 . —2Y)
|: ( T+ ﬁ-s(m) ) Co(@) o) r+ 7?rs(z):| /n

which is negative. This completes the proof of Claim A.1.1.
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Claim A.1.2. Suppose that assumption Cy(zy) > Cg(z) holds. Then, f/s(wy) — 2‘73(;;@) = 0 if and only if
(2¢5(2) = Cs(ay)) = 715(20;,(1.) — Cy(ay)), where k is defined as follows:

k= O.Bﬁb(w)/(r + 0~5M/7Arb(ry))’

where (Ty(zy), To(z), Ts(zy)> Ts(z)) 15 the solution to the system of equations,

Co(wy) — Cs(z) = 0.5(Tp(ay) + Tb(a)) o 0.5/:/1)(;:);?)_’_ Fo)
B = Roay) (Fs(ay) T 2Rs(2)),
oy Ts(@) = To(a)(Tsy) T Ts(a))s
Ts@)Ts@) = Ts(wy)To(ay) T 2T())-

Proof. From equations (A.1.1) - (A.1.4), the surplus for a matched pair of state z and y sellers, ‘A/S(wy) 72‘75(35),

can be expressed in terms of the parameters and the populations,
T+ 2 0.5

74 0.5(2%5(2) + Ts(ay))

0.5y ()

|:7" + ﬁ's(z) +2- 0.57%(@ + 0-5ﬁb(xy) (Vs(my) — 2‘75(1))

= (QCS(I) — Cs(Ey)) + 105 >(26b($) — Cb(zy))- (A.l.lO)

(2% s5(a) + Fs(ay)
Thus,

. - - . (2¢h(z) = Cb(ay))
: f(VM —QVH):* £ (2eaia) — Cotany) + 050 v . (AL
sign of (Vi(ay) — 2V ) = sign o (( Cota) = Coton) + 050w Ty o ( )

Since 7g(z), Ts(ay) and Ty(qy) are determined by the system of equations (A.1.1) - (A.1.8), we have Vs(xy) -

2175(03) = 0 if and only if

0 =(2¢5(2) = Csen)) + n 05(02:3;2 o) (2¢h(z) = Cb(ay))> (A.1.11)

Coley) ~ Cs(a) =O0-5(Fo(ay) + o)) - 0. ;;;I:)bf)ﬁg(w)), (A.1.12)
1 =T(ay) (Ts(ey) + 27s(2) ) (A.1.13)

T(ay) Rs(z) =Tb(@) (Fs(zy) + Ts(z))s (A.1.14)
Ts(2) Ts(a) =T s(ay) (Fo(ay) + 27p(a))- (A.1.15)

Equation (A.1.11) is a requirement from the sign condition (A.1.10’) when Vs(xy) — 2‘75(:1:) =0. It is
clear from this equation that VS(W) - 2175(30) = 0 if only if (2¢5(z) — Cs(ay)) = —lg:(Zcb(w) — Ch(zy)) Where
k= 0.5y (zy) /[ + 0.50/Fp(zy)]. We can easily see that this k equals to the coefficient of the second term of
the right hand side of equation (A.1.10’) by substituting (A.1.12) into it. Moreover, equation (A.1.12) is the
free entry condition which is an (A.1.9) set to zero. Notice that assumption c,(,y) > cs(y) is necessary for

the equation (A.1.12) to hold. B

Claim A.1.3. Suppose that assumption Cy(yy) > Cs(z) holds. Then, for any cypy)y — Cs(z) and cy(a),

Vs(wy) — 2‘75(90) > 0 if and only if (205(1) — Cs(zy)) > —15(201,(1) — Ch(ay))-
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Proof. In the case where the equilibrium actions for all matched pairs of state = and y sellers are to trade, the
surplus Vs(wy) — QVS(I) and the equilibrium populations are determined by the system of equations (A.1.10),
(A.1.13), (A.1.14), (A.1.15) and an entry condition (A.1.8) which can be rewritten as a condition that the

right hand side of equation (A.1.9) equals to zero,

0= = (2s(z) = Cs(ay)) — (Cs(zy) — Cs(x))

+ 0.5%5() (Vs(ay) — 2Vi(a))
(26h(z) = btay)) + 05 s(ay) (Vatan) = 2Viiw)
7+ 0.5(2%5(2) + Ts(ay))
TV 4 Cp(z) T+ 0~57A7's(zy)(‘75(xy) - 2‘75(1))]
74 0.5(Tg(2) + Ts(ay))

4 0.5% (s ]1
r+ 0.5(7?3@) + ﬁ's(zy)) '

— 0.5%(ay)

+ 0'5(7}12(:1:) + 7c"b(:z:y))

cr 4+ 0.5(7}5(95) + ’fl’b(xy)) (A.1.9)

The system of equations above can be reduced to the system of two equations (A.1.10) and (A.1.9%),
which determine the surplus and 7(,,), because all other populations are determined by equations (A.1.13),
(A.1.14), and (A.1.15).

For any given pair of parameters cy(,y) — Cs(2) and cy(y), the surplus Vs(wy) — 2‘73(30) and the population
Th(zy) Can be viewed as a continuous function of ESS = (2¢4() — Cs(ay)) and ESB = (2¢y(a) — Cy(ay))- And
note that & is fixed for a given pair of parameters cg(,y) — Cy(z) and cy(,). Moreover, since we have Claim
A.1.1, we know that there is a solution to the system of equations with positive values of populations. All
we need to show is that the surplus ‘7.5($y) — 2‘73(9;) is positive if and only if £SS > —kESB.

We show that Vs(xy) — 2‘7s(x) is positive if ESS > —kESB. Consider a point (ESB,ESS) where
ESS > —kESB. Then the surplus must not be zero under this combination of (ESB, ESS) since we have
Claim A.1.2. If the surplus is positive under this (ESB, ESS), then under all other points (ESS’, ESB’)
such that ESS' > —kESB’ , the surplus must also be positive. If not and the surplus is negative, then
there exists a convex combination of these two points (ESS”, ESB") under which the surplus is zero and
ESS"” > —kESB". This contradicts Claim A.1.2. It is clear from equation (A.1.10) that the surplus is
positive if both £SS and ESB are positive.

We can also show that ‘A/;(xy) — 2‘75(%) is negative if ESS < —kESB. This can be done by making similar

arguments as above. H

A.2 Derivation of conditions that the equilibrium actions are not to trade for

all matched pairs of state x and y sellers

Supposing that all matched pairs of state x and y sellers do not trade, we show that their surplus is non-
positive if and only if ESS < —kESB, where k is a fixed number defined below.

Let & be a candidate equilibrium strategy in which all matched pairs of state = and y sellers trade. Then,
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it should satisfy the followings:

To@)(3(y)) = 5, (s(x)) =0,
G () (0(2Y)) - Tp(ay) (s(x)) = 1,

o) (0()) - G50 (s(x)) = 1,
3wy (0(T)) * Ty (b(2)) = 1,

By substituting these into the definition of search values, the stationary state conditions and the free entry
condition, we define the candidate equilibrium search values and populations. They are denoted as V, and

7, for all @ € A and satisfy the following;:

Tvg(x) = “Cs(x) + 05ﬁb($y) (7} + %(ac) - v;7(5'531) - ‘73(2?)) + 05ﬁb(x) (v - %(aﬁ) - Vs(x))v (A21)
r‘v/b(a;y) = 7cb(a:y) +2-0.5- ﬁ-b(l) (U + %(I) - ‘v/b(x,y) - ‘7;(1))’ (A22)
T%(w) = —Cy(z) + 0575z (v — Vb(z) - ‘V/s(w))a (A.2.3)

"Va(ay) = —Cs(ay) T 0-5b(ay) (20 = Vi(ay) = Vitay))

+2-0.5 - Tp(a) (v+ Vs(z) — f/},(m) — VS(Iy)), (A.24)
0= Ty(ay) (ﬁ-b(zy) + Qﬁb(m)) (A.2.5)
1= To(ay) * Foy) T2 Fooy) * Ts(a) (A.2.6)
Th(zy) * Ts(x) = To(z) " Ts(ay) + To(a) * Ts(a)s (A.2.7)
and
Vi) = 0. (A.2.8)

In the rest of this subsection, we first prove that the system of equations (A.2.1) - (A.2.8) has a solution
in which 7y(4y), Tb(2), Ts(z) > 0 and g4y = 0 (Claim A.2.1). Given this solution, we define k and prove
that the surplus for a matched pair of state  and y sellers is non-positive if and only if ESS < —kESB
(Claim A.2.2).

Claim A.2.1. The system of equations (A.2.1) - (A.2.8) has a solution in which Ty(zy), Tp(z), Ts@@) > 0
and Tg(zy) = 0.

Proof. Given a population of state xy buyers, it is clear that the populations of all other agents are determined
as a solution to the system of equations (A.2.5) - (A.2.7). We can see that 7y, Tez) > 0 and 7y, =0
if 7p(zy) > 0. And given these populations, the search values are determined as a solution to the system of
equations (A.2.1) to (A.2.4). We only need to show that this solution satisfies the condition (A.2.8) for a

positive value of 7y, > 0.
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By rearranging equation (A.2.1) - (A.2.7), the left hand side of equation (A.2.8) can be expressed as

. TV 4 Cp(z)

Vi@) = | ~Cs(a) +2-0.5- mwm

. QCbz — Cp(z 2'0.5'77('17z B
0.ty otz Cbla) H (zy)

- +r .
7+ 0.50/Tp(2y) 7 4 0.5/ 27y 5y
(A.2.9)
The right hand side of this equation becomes positive as 7,y — 00 and becomes negative as 7y(zy) — 0.

Thus, by the intermediate value theorem, there exists 7(5,) > 0 such that V;(x) = 0 which can be expressed

as
. TV + Cp(x) . 2¢h(z) = Ch(ay)
0=— 2-0.5- ———— 05 —_— A.2.10
Cs(a;) + ﬂ'b(:py) r+ 05#/2ﬁb(my) ﬂ-b(zy) . 05,U//7VTb(my) ( )
|
Claim A.2.2. Suppose that assumption Cg(zy) > Cs(z) holds. For any cy(zy) — Cs(z) and Cp(),
Vvs(my) - 2Vvs(m) <0 Zf and Only Zf (2cs(x) - cs(my)) < _k(ch(r) - Cb(my))7
where k is defined as follows:
k= 0.5%(0y)/ (1 + 0.50/Fp(ey)) > 0,
where Ty () 15 the solution to the equation,
. TV + Ch(z)
Cota) ~ o) = 2000 M) G oy
Proof: We first show that
‘/a(Ly) — 2‘/5@) =0if and only if (QCs(w) — Cs(a;y)) = 7];3(265(1.) — Cb(zy)), (A?l].)

which can be straightforwardly seen by rearranging equations (A.2.1) and (A.2.4),

0.57?1,(3“/)
—_— (2 — . A.2.12
r+ O-5ﬂ/ﬁb(my) ( Co(x) Cb(zy)) ( )

Substituting (A.2.10) into (A.2.11), we obtain the following equation

[T + 05(ﬁb(my) + 27:‘-b(ac))}(vs(a:y) - 2‘/5(x)) = (268(1’) - Cs(a:y)) +

TV 4 Cp(z)

_ A2.13
T+O-5ﬂ/2ﬁb(zy) ( )

Cs(ay) — Cs(a) = 2 0.5 - Ty(ay)

which determines 7 (,,). Note here that all populations and k are fixed once parameter values Cs(zy) — Cs(z)
and ¢y, are fixed. Notice that assumption c,(,,) > ¢4() is necessary for this equation to hold.

Given these fixed values of populations and equation (A.2.12), the value of surplus Vj(,,) — 2V, can
now be considered as a continuous function of 2¢y ;) — C4(zy) and 2¢y(z) — Ch(zy)- At this point, using property
(A.2.11) and equation (A.2.12), we can take a procedure similar to the one we have taken in the proof of

Claim A.1.3 to show that

0.57 (s
Vi) = 2Va(a) < 0 = 26500 — Coton) T el (2¢y(4) — Coiay)) < 0.
7+ 0.50/ Ty
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A.3 Derivation of conditions that the equilibrium actions are mixed ones for

all matched pairs of state = and y sellers

Supposing that the equilibrium actions are mixed ones for all matched pairs of state z and y sellers, we show

that their surpluses is zero if and only if either —k(2cb(x) = Ch(ay)) > (2Cs(2) = Cs(ay)) > —l%(2cb(z) — Ch(ay))
or —]21(261,(1) — Cb(wy)) > (zcs(z) - Cs(zy)) > _E(QCb(I) - cb(fﬂy))'
Let & be a candidate equilibrium strategy in which matched pairs of state x and y sellers trade with

probability p. Then, it should satisfy the following;:

By substituting these into the definition of search values, the stationary state conditions and the free entry
condition, we define the candidate equilibrium probability, search values and populations. They are denoted

as p, V, and 7, for all a € A and satisfy the followings:

"Vita) = = Cs(a) + 0.5F5(0)p(Viay) — 2Vi(a))
+ 0.57p(ay) (U + Viw) — Vigay) — Vat)) + 0.5y (0 — Vi) — Vi) (A.3.1)
™Vitay) = = Cs(ay) + 057 n(ay) (20 = Vitay) = Vi(ay))
+2-0.5 Ty (0 + Vi) — Vo) — Vitay))s (A.3.2)

Vo) = = Co(ay) + 0-5Ts(ay) (20 = Vi(ay) = Vi(ay) +2- 05 To(a) (0 + Voay = Viay) = V), (A3.3)

™Vh(a) = = Co(a) + 05T a(ay) (v + Vaa) = Vi) = Va(ay)) + 0575y (v = Vo) = Vaa))s (A.3.4)
1= To(ay) " Ts(ay) T2 T(ay) * Ts(a)s (A.3.6)
Th(zy) * Ts(z) = Tb(z) * Ts(zy) T To(z) * Ts(x) (A.3.7)
and
Vi) =0. (A.3.8)

Following a procedure similar to that we have taken in Claim A.1.1, under assumption cy(,y) > Cy(z), We
can prove that the system of equations (A.3.1) - (A.3.8) has a solution in which the population of each state
of sellers and buyers is positive. Thus, in the rest of this subsection, we prove that there exists a unique

p € (0,1) such that f/s(wy) —2‘78@) = 0 if and only if _k(ZCb(m) —Cb(ggy)) > (268(@ —Cs(wy)) > —k(?cb(w) _Cb(wy))
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or —k(2¢p(z) = Co(ay)) > (2€s(z) = Cs(ay)) > —k(2Ch(z) — C(zy)) (Claim A.3.1). The uniqueness of p is shown

in Lemma A.3.1.

Lemma A.3.1. Suppose that assumption cg(zy) > Cs(z) holds. For any cy(py)y — Cs(x) and cyp(y, the system
of equations (A.3.1) - (A.3.8) and f/s(wy) - 2‘75(9;) =0 has a unique solution. And the equilibrium probability
of wholesale transaction and the equilibrium populations under this solution (p, Ty(zy), Tp(x)s Ts(zy)s Ts(z)) CaN
be considered as a function of (2¢5(z) — Cs(zy)> 2Ch(x) = Cb(ay))-

Proof. By rearranging equations (A.3.1) - (A.3.8) and f/s(wy) — 2‘75(1) =0 as we did in Claim A.1.2, we see

that (0, Tp(wy)s To(a)s Ts(ey)s Ts(z)) i a solution to the following system of equations:

0 = (2¢5(2) = Cs(ay)) T (2Cb(@) = Cb(ay)) = 0-5Tp(ay) /(1 4 0.5/ Ty(ay)) (A.3.9)
PRs(@) Ts(w) = Ts(ay) (To(ay) + 2Mb(a))s (A.3.10)
B N TV + Cp(z)
— =0.5 A.3.11
Cs(xy) Cs(x) ('ﬂ'b(xy) + ﬂ—b(z)) r+ O5ﬂ/(ﬁb(my) n ﬁb(;ﬂ)) ’ ( )
ﬁb(my)’frs(x) = 7~1—b(ac) (ﬁs(acy) + 7~l—s(ac))' (A313)

We show that this system of equations (A.3.9) - (A.3.13) has a unique solution. To see this, we first notice
that equation (A.3.9) determines a unique value of 7, ;). Then, equation (A.3.11) determines a unique value
of Ty(zy) + Tp(e) under assumption cy(zy) > Co(y)- From this, we obtain a unique value of 7(,) because we
already obtained the unique value of 7y(,,y. Given these 7y(s,) and 7y(,y, equations (A.3.12) and (A.3.13)
determine unique values of 7y(,,) and ;). Since we obtained unique values of (Ty(zy)s To(a)s Ts(zy)s Ts(z))s
equation (A.3.10) determines a unique value of p. Once (p, Tp(zy)s To(x), Ts(ay)s Ts(z)) is determined, the

search values are uniquely obtained from equations (A.3.1) - (A.3.4). &

Claim A.3.1. Suppose that assumption Cs(zy) > Cs(z) holds. For any cy(zy)y — Cs(z) and cy(), there exists
a p € (0,1) such that f/s(_w) — 2175@) = 0 if and only if either —l%(QCb(m) = Cp(ay)) > (2C5(a) = Co(ay)) >
—k(2eh(2) = Chiay)) 07 —k(260() = Coiay)) > (2¢s(a) = Co(ay) > —R(2e0(a) = Chiay))-

Proof. By rearranging equations (A.3.1) - (A.3.4), the surplus f/s(xy) — 2‘75(90) can be expressed as,

Viay) = 2Ve(w)
0.5%p(ay)

A - /I~ 2 x) xT
T+0.5M/7~Tb(wy)( ) ~ y))]

= [(2%(@) = Cs(ay)) +

- 1
Tt 267 (o) } , (A.3.14)

. |:T’ + pﬁs(w) +2-0.5- 7~rb(w) + 0577(1,(Ly)m

which can be considered as a function of (2¢(z) — Cs(zy)s 2Ch(z) — Ch(ay)) for a fixed pair of cy(zy) — Co(a)
and cy(,) since we have Lemma A.3.1. The question we now ask is under what value of (2¢,(y) — Co(zy)s

2Cp(z) — Ch(zy))» P is in between 0 and 1.
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To check this, we divide possible values of (2¢,(z) = Cs(ay)s 2Cb(z) — Cb(zy)) into the following four cases
since we have fixed values of k and % for a fixed pair of Cs(zy) — Cs(x) aNd Cy(y): Case (i) fl%(Zcb(w) — Ch(ay)) >
(2¢5(2) = Cs(ay)) > —l%(2cb(z) — Cp(ay)); Case (ii) —l%(2cb(m) = Ch(ay)) > (2Cs(2) = Cs(ay)) > —k(2cb<x) — Co(ay))s
Case (iil) (2¢5(a) = Cs(ay)) = max{—ff(ch(m) — Ch(zy))s —E(QCb(x) — Cy(ay))} and Case (iv) (2¢5(z) — Cs(ay)) <
min{—k(2¢5(z) — Co(ay))s —k(20h(2) — Chay)) }-

In case (i), we show that there exists a p € (0,1) such that the right hand side of equation (A.3.14) equals
zero. When p goes to 1, the system of equations (A.3.1) - (A.3.8) becomes the same as the system of equation
(A.1.1) - (A.1.8). Thus, when p goes to 1, the right hand side of equation (A.3.14) goes to VS(W) - 2‘75(1),
which is positive if (2¢5(z) —Cs(ay)) > fl%(2cb($) —Cp(ay)) (Claim A.1.3). Similarly, when p goes to 0, the system
of equations (A.3.1) - (A.3.8) becomes the same as the system of equation (A.2.1) - (A.2.8) so that the right
hand side of equation (A.3.14) goes to Vs(ly) —2175(1) which is negative if (2¢5(2) = Cs(ay)) < —k(QCb(m) —Ch(ay))
(Claim A.2.2). Since the right hand side of equation (A.3.14) is a continuous function of p, we can apply
the intermediate value theorem to it and obtain the desired result.

Similarly, in case (ii), we can show that there exists a p € (0, 1) such that the right hand side of equation
(A.3.14) equals zero. When p goes to 1, Claim A.1.3 tells us that the right hand side of equation (A.3.14)
is negative since (2¢(z) — Cs(zy)) < 715(201,(,3) — Ch(zy))- When p goes to 0, Claim A.2.2 tells us the right
hand side of equation (A.3.14) is positive since (2¢s(y) — Cs(ay)) > —k(2cb(m) — Cp(zy)). Again by using the
intermediate value theorem, we obtain the desired result.

On the other hand, in case (iii), we can show that there exists no p € (0,1) such that the right hand
side of equation (A.3.14) equals zero. When p goes to 1, Claims A.1.2 and A.1.3 tell us the right hand side
of equation (A.3.14) is non-negative since (2¢s(y) — Cs(ay)) > —I%(2cb(m) — Cp(ay))- When p goes to 0, Claim
A.2.2 tells us it is non-negative since (2¢4(z) = Cs(zy)) = —k(?cb(m) — Ch(ay))- These imply what we wanted to
show since p is unique (Lemma A.3.1).

Similarly, in case (iv), we can show that there exists no p € (0,1) such that the right hand side of
equation (A.3.14) is zero. In this case, when p goes to either zero or one, the right hand side of equation

(A.3.14) goes to non-positive. B

A.4 Proof of Theorem

We notice that all Claims in Appendix A hold for any given ¢ Cs(z) and ¢p(z). By combining all Claims,

s(zy) —
the Theorem is established once we show k > k. Showing this is equivalent to showing p(y,) > Ty(zy) due
to the definitions of k and k.
We show 7y(zy) > Tb(ay) as follows: From equations (A.1.12) and (A.2.13),
TV + Cp(z)

rv + Co(z)

2-0.5-m T " |
b 7+ 0.50/ (Fp(ay) + Fo(a))

= Cs(ay) — Cs(z) = 0-5(Fp(ay) + Fo(x))

This equation implies 75y + Ty(2) = 2Tp(2y)- Als0, We have Ty > Tp(q) SINCE Tp(py) Ts(z) = To(z) (Ts(ay) +

Ts(z)). These results imply @p(zy) > Tp(ay)-
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B Proof of Corollary 1

In Appendix B, under equations (A.3.9) - (A.3.13), we show that 9p/OESS > 0 if ESB < 0 and that
Op/OESS < 0if ESB > 0. We write 0p/0ESS > 0 as follows:

dp 9p  OTy(a) OTb(ay)

DESS ~ Ofty(x) Ofp(ny) OESS

We look at the sign of dp/OESS by looking at the sign of each term on the right hand side.

First, we look at the sign of 07y(,,)/OESS. From equation (A.3.9), the sign is positive if ESB < 0, and
negative if ESB > 0.

Second, we look at the sign of 07 (y)/0Tp(ay). To investigate the sign, we note that 7, = Ty (y) + To(a)
is constant by equation (A.3.11). We also note that 7 = Ty (zy) + Ts(z) is constant because it can be shown
B = (Ty(zy) + (@) (Tb(zy) + To(z)) as we did in Claim A.1.2. With these results, equation (A.3.13) can be
rewritten as

7~1—b’frs(ar:) ~

— — B.1
Ts + Ts(x) ( )

Th(z) =

This implies that 677(5(@/37?1,(11/) = 37?6(95)/8(7?;, — 7~Tb($)) < 0.
Finally, we look at the sign of 0p/0%,,). By substituting equation (B.1), 7y = Tp(zy) + () and

s = Ts(ay) + Ts(z) iNtO equation (A.3.10), we obtain

~s_~ex ~s"|_2Nsx~
LR (B.2)
Ts(x)Ts(x) Ts + Ts(x)

This equation implies dp/07(,) < 0.

References

[1] Burdett, K., and D. Malueg (1981), “The theory of search for several goods”, Journal of Economic
Theory, 24, 362-376.

[2] Carlson, J., and P. McAfee (1984), “Joint Search for Several Goods”, Journal of Economic Theory, 32,
337-345.

[3] Johri, A., and J. Leach (2002), “Middlemen and the Allocation of Heterogeneous Goods”, International
Economic Review, 43, 347-362.

[4] Mortensen, D. and R. Wright (2002), “Competitive Pricing and Efficiency in Search Equilibrium”,

International Economic Review, 43, 1-20.
[5] Rubinstein, A., and A. Wolinsky (1986), “Middlemen”, Quarterly Journal of Economics, 102, 581-593.

[6] Zhou, J. (2012), “Multiproduct Search”, mimeo. (https://sites.google.com/site/jidongzhou77 /research)

25



	DP2015-006 サーチ活動に関する範囲
	EOSsubmit

