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Abstract

In statistics, researchers have rigorously investigated the reproductive property, which
maintains that the sum of independent random variables with the same distribution follows
the same family of distributions. However, even if a distribution of the sum of random
variables demonstrates the reproductive property, estimating parameters appropriately from
only summed observations is difficult. This is because of identification problems when com-
ponent random variables have different parameters. In this study, we develop a method to
effectively estimate parameters from the sum of independent random variables with different
parameters. In particular, we focus on the sum of Gamma random variables composed of
two types of distributions. We generalize the result according to Moschopoulos (1985) to a
proportional hazard model with covariates and a frailty model to capture individual hetero-
geneities. Additionally, to estimate each parameter from the sum of random variables, we
incorporate auxiliary information using quasi-Bayesian methods, and we propose the estima-
tion procedure by Markov chain Monte Carlo. We confirm the effectiveness of the proposed
method through a simulation study and apply it to the interpurchase timing model in mar-

keting.
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1 Introduction

1.1 Background

In statistics, the "reproductive property,” which holds that the sum of random variables
that follow a distribution also follow the same family of distributions, is widely known.
For example, in a normal distribution, when X; ~ N(u;,02), the sum of random variables
follows the normal distribution, that is Y1 X; ~ N (X1, pi, >orq 02). If (u1,08)" =

2)T

(MQ’ 02 r

= o = (n,02)T = (u,02)T, the parameters (u,0%)” can be estimated from
the sum of random variables, and the confidential intervals for sample mean X can be
calculated as X ~ N(u,0?/n). However, when (u1,07)T # (u2,03)" # -+ # (pn,02)7,
it is not possible to identify each parameter from only the sum of observations without
additional information. In this study, we propose a method to appropriately estimate each
parameter from only the sum of random variables, where each random variable follows the
same distribution family but each distribution has different parameters. In particular, we
focus on the Gamma distribution that is composed of two types of distributions with different
parameters, and we apply it to survival analysis (e.g., Klein and Moeschberger, 2003; Ibrahim
et al., 2001) with covariates in which a Gamma distribution is employed as a baseline hazard
function. Moreover, we expand our model to the Gamma frailty model.

In marketing, Gamma distribution is widely used in lifetime value analysis (e.g., Schmit-
tlein, 1987; Moe and Fader, 2004; Fader and Hardie, 2009). Additionally, survival analysis,
including the Gamma hazard model, has been widely used to capture interpurchase timing
(e.g., Allenby et al., 1999; Seetharaman et al., 2003; Bijwaard et al., 2006). Interpurchase
timing models can predict the next time a customer will purchase products or can estimate
the effects of marketing variables such as price. Generally, interpurchase timing models fo-
cus on purchase duration analysis in a store or on one product category purchase in-store.
That is to say, the general interpurchase timing model deals with univariate survival times
in a store or product category. However, we should consider purchase behavior not only
within one store or product category but also among stores (competing stores, for example),
because customers can purchase products in more than one store. When considering stores,
we should model a multivariate survival analysis including competing stores. Leszczyc et al.
(2000) proposed the interpurchase timing model to consider competing stores using multi-
state hazard models. The parameters in these multi-state models are estimated differently
for each event (store), that is, their model assumes that each store has a different hazard
function. Thus, naturally, each realized duration value is generated from other distributions

with different parameters, whereby the idea of the reproductive property of a probability



distribution is necessary.

However, the purchase histories in competing stores cannot be obtained in general mar-
keting environments, including in database marketing (e.g., Blattberg et al., 2008), and only
accumulated interpurchase timing is observed in the database (Igari and Hoshino, 2018). In
these circumstances, general survival analysis (e.g., a proportional hazard model) cannot be
applied as is. Then, Chen et al. (2012) proposed a method to estimate parameters from
the sum of independent duration times. They assumed that each random variable follows
an independent and identical exponential distribution, and they deal with the sum of dura-
tions as an Erlang distribution based on the sum of durations. However, they held the very
strong assumption that each random variable follows the independent and identical distri-
bution, which goes against the proposal of Leszczyc et al. (2000) in which the parameters
of each store are different. Moreover, when component random variables have different pa-
rameters, it is difficult to estimate parameters from only cumulative observations because of
identification problems, even if the distribution of the sum of the random variables has the
reproductive property. In that case, auxiliary information is needed to accurately estimate

each parameter from the sum of random variables.

1.2 Data Combination Approach

Here, we review a method to use auxiliary information in the modeling from individual-
level data. It is widely known that observed individual-level data are likely to be biased
for various reasons, for example, from selection bias and nonignorable missingness. That
is to say, it is difficult to obtain complete individual-level data that is free from biases.
Researchers can sometimes obtain auxiliary information such as population-level information
or estimated means from large-scale surveys. This information is generally available from
government statistical databases or research institutions. However, this auxiliary information
is often limited to summary statistics such as variable averages or proportions, whereas
parameters that show relationships between dependent and independent variables are not
typically available.

In this situation, some studies use auxiliary information to strengthen the accuracy of
their individual-level data modeling. Imbens and Lancaster (1994) and Hellerstein and Im-
bens (1999) suggested using the generalized method of moments (GMM) to incorporate
macro-level auxiliary information obtained from governmental surveys into individual-level
models. Additionally, Igari and Hoshino (2017) expanded Imbens and Lancaster (1994)’s

method to Bayesian GMM and applied it to survival analysis using incomplete data. Igari



and Hoshino (2018) also employed Bayesian estimation for repeated durations with intermit-
tent missingness. They solved the problem of missing indicators not being observable in the
intermittent missingness by using the Bayesian approach. Similarly, Qin (2000), Chaudhuri
et al. (2008), and Huang et al. (2016) proposed empirical likelihood approaches that in-
clude auxiliary information in individual-level modeling. These kinds of data combinations
are commonly used in economics (Ridder and Moffit, 2007). Data combination involves the
piecing together of data that is obtained from different sources. Combining individual-level
data and auxiliary information is one type of data combination; thus, we refer to it as data
combination in this study. We propose a Bayesian estimation procedure from the sum of

Gamma random variables integrating auxiliary information.

1.3 The Purpose of This Study

In this study, we deal with survival analysis using observations with summed durations. Igari
and Hoshino (2018) proposed a method to estimate parameters from summed durations in
the form of survival analysis with repeated events using auxiliary information. However, Igari
and Hoshino (2018) focused on finding durations that were not summed under unobserved
missing indicators. They estimated the original parameters of Weibull hazard models using
only the durations that were not summed. In other words, they did not estimate parameters
directly from summed durations.

In this study, we propose a method to estimate parameters directly from the sum of
independent random variables with different parameters. In particular, we consider summed
durations from two types of distributions. We show a diagram of this study in Figure 1. In
the figure, Y.omp is a random variable from a distribution with parameter 0comp, and Youn
is a random variable from a distribution with parameter 6,,,,. However, we can obtain only
the sum Y = Yeomp + Yown, and we must estimate both Ocomp and 0y, only from observed
Y. Particularly, we assume a Gamma distribution, and we estimate each parameter from
the sum of durations following the Gamma distributions with different parameters. The
Gamma distribution becomes an exponential distribution when the shape parameter equals
1; it also becomes an Erlang distribution when the shape parameter is an integer greater
than or equal to 2. That is, the model using the Gamma distribution incorporates Chen et
(2012)’s model, in which the Erlang distribution was assumed. Additionally, the Gamma
distribution has the reproductive property when the scale parameters are common among
all random variables (see Section 2).

Subsequently, Moschopoulos (1985) introduced the probability density function (pdf) for



the sum of Gamma distributions whose parameters differ from one another. In this study,
we generalize Moschopoulos’s (1985) result to a proportional hazard model with covariates.
Moreover, we expand the Gamma hazard model to a frailty model, in which the latent vari-
ables are used to capture individual heterogeneities. Unobserved heterogeneities, which can
be considered random effect models, generalized linear mixed models, or hierarchical Bayes
models, are important in individual-level modeling. In marketing, consumer heterogeneities
have also been modeled (e.g., Allenby, and Rossi, 1998; Allenby et al., 1999). However, even
if the pdf of the sum of durations follows the Gamma distributions with different parameters,
it is difficult to estimate each parameter from only summed durations because of identifica-
tion problems. Therefore, we incorporate the auxiliary information from one distribution to
estimate each parameter using the quasi-Bayesian method, as in Hoshino and Igari (2017)
and Igari and Hoshino (2018). Furthermore, we propose the estimation procedure by Markov
chain Monte Carlo (MCMC). The originality of our method compared to Chen et al. (2012)
or Igari and Hoshino (2018) is that we estimate parameters from only the sum of durations
following the Gamma distribution with different parameters. Though our proposed approach
can be expanded to the more general model that includes more than durations, we focus only
on the case in which the sum of durations is composed of two kinds of distributions. This is
because we aim to apply our method to database marketing, in which one distribution is in

its own database and the other refers to competing stores.

Observed duration
Y = Ycomp‘ + Yown
[ \

Customer % $% % Time

\ J \ J
1 I

Unobserved duration Unobserved duration
Ycomp“'F(gcomp) Yown~F (Oown)

8 Purchased in own store
& Purchased in competing store

Figure 1: Sum of Durations Following Different Distributions

The remainder of the paper is organized as follows. Section 2 covers a literature review for
Gamma distribution and the methods of Moschopoulos (1985). Section 3 provides a model
generalizing Moschopoulos’s (1985) result to a proportional hazard model with covariates and
an estimation procedure by quasi-Bayesian inference using MCMC. Section 4 summarizes

the simulation study and applies the proposed model to interpurchase timing in marketing.



Section 5 concludes the paper.

2 Literature Review

2.1 Gamma Distribution and Reproductivity

First of all, we introduce the Gamma hazard model. Let the y be a time-to-event following

the Gamma distribution Ga(a, A) of which the pdf is

(010 0) = gyt ean(-u/ ). (1)

where « is a shape parameter and A is a scale parameter that are a > 0 and A > 0. If
we incorporate the covariate vector @ into the model, the scale parameter is represented as
A = exp(x? @), which is considered a proportional hazard model. The expectation of the
Gamma hazard model is E[y|a, A\] = a.

Here, we consider the sum of random variables following the Gamma distribution. The
Gamma distribution has the reproductive property, and the sum of random variables follows
the Gamma distribution only when the scale parameters A are common among all distri-
butions (e.g, Krishnamoorthy, 2006). When yx(k = 1,..., K) follows Ga(ax, \) with a; #
S FE QR Y = Zszl yy follows Ga(}_, ar,\). However, even when the sum of the Gamma
random variables follows the Gamma distribution, the shape parameters aj, ..., ax cannot
be accurately estimated because of an identification problem. Besides, the scale parameter A
is assumed to be common for each distribution. It is natural that Gamma distributions that
have different shape parameters have different scale parameters as A\; #,...,# Ag. More-
over, if we incorporate covariates in the model, the scale parameter becomes A\ = exp(z! By),
which follows a different distribution than the others. However, it is known that a Gamma
distribution does not have the reproductive property when the scale parameters differ.

In response, Moschopoulos (1985) and Sim (1992) proposed the pdf for Gamma distribu-
tions with different shape and scale parameters. Moschopoulos (1985) introduced the pdf of
the sum of random variables with different parameters in the Gamma distributions from the
moment-generating function. We will introduce the details of Moschopoulos (1985) in the
next subsection. Sim (1992) also proposed the pdf for the sum of Gamma random variables
that are correlated. Johnson et al. (1994) provided a detailed review of the distribution of the
sum of the Gamma random variables. Additionally, Nadarajah (2008) also reviewed the sum
of random variables from distributions, including the Gamma distribution. In this study, we

will employ the method of Moschopoulos (1985) and generalize it to the proportional hazard



model and frailty model.

2.2 Moschopoulos’s (1985) Method

Now we consider the time-to-events y = 22{21 yr with yp ~ Ga(ag, \p) where o # ag #

. #ag and A\ # Ay # ... # Ak Moschopoulos (1985) represented the pdf for y as follows:

CZ oyt exp(—y/w) (2)

p(ylan, ..., ax, A1y oy A R

where w = min(Ay, ..., A\g), p = Zszl oy, C = Hle(w/)\k)ak7 and

r+1

57«4_1 T = 0, 1, ceeny 50 = 1,

K
Y = Z (1—w/A)" Jr, r=1,2,..... )

k=1

From the above, we can construct the likelihood function. However, even if the pdf
for the sum of durations is represented, the individual parameters cannot be estimated
appropriately because of the identification problem. We will describe this in details in the
simulation section. Thus, in this study, we propose an estimation method for the different

parameters of the Gamma distribution using auxiliary information.

3 Proposed Method

3.1 The Gamma Frailty Model for Sum of Durations

We consider a Gamma frailty model for repeated events. Let individual i(i = 1,2,...,n)’s
Jj(j =1,2,..., J;)-th time-to-event be y;; with y;; = Zle Y(kyij Where yayi; ~ Galag, Ayiz)-
Only y;; can be observed and y(1)ij, .-, Y(x)i; cannot be observed. Here, oy is a shape
parameter that is ay # -+ # ag, and Ay is a scale parameter that is A\(1);; # -+ #
A(k)ij- We incorporate the covariate and latent variables in the scale parameter as A(x);; =
exp(bi fi + a:T,Bk) Then, f; is a latent variable with f; ~ N(u,0?),  is a covariate vector
excluding the intercept term, By is a coefficient vector that is 31 # - - - # Bk, and by is the
coefficient for the latent variable f; that is by # - - - # bi. Here, one of by is fixed to 1 (e.g.,
bi = 1). This gives one of the frailty models. We set y; = (i1, ..., vis,)%, y = (yi, ..., y)T,
a=(ay,..,ax)t, B=(BT,...B85)T and b= (by,...,bx)7T.



The likelihood function of the proposed model is

vl 5.8) = [T [ wilon .0, Fop(siles o)
=1

P
j

_ ﬁ/ ﬁ [Ci Oij.rl; 1e$p(—yij/Wij) o(filpe, o)
i=1" j=1 ! =0 wfgﬂr(ﬂ +7) 7

where wi; = min(A1)ij, - A(k)ij)s P = Zszl ay, Cij = H/f:l(wij/)‘(k)ij)akv and

r+1
5ij,r+1 = m E S'Yij,s(sij,r%»lfsv r=0,1,.., 5ij,0 =1

K (5)

"Yij,r = Z ak(l — Wij/)\(k)ij)T/r; T = 1, 2, ..... .
k=1

However, it is difficult to estimate a, 3, b and f; appropriately. Thus, we estimate them

using the auxiliary information.

3.2 Incorporating Auxiliary Information

The parameters can be identified to incorporate auxiliary information y* in Moschopou-
los (1985). Thus, we incorporate the auxiliary information, similar to Imbens and Lan-
caster(1994), Chaudhuri et al. (2008), and Igari and Hoshino (2017, 2018). Generally, when
there are K-th types of distributions, the auxiliary information for K — 1 distribution is
needed. In this study, we consider K = 2 hereafter. We use the auxiliary information y* for
one kind of distribution.

We set a moment condition from the auxiliary information y* for Ga(ai, A(1y;;) by the

GMM, Then, the moment condition is

m(yyijlar, B1,01) = y* — Elyayijla, By, b1] (6)
In practice, we use the Monte Carlo method:

Elyayijloa, By, b1] =

—

Elyayijlon, B, by, filp(fi)dfi

L
1
~ Z ZE[y(l)ij|al7/617b17 le]
=1

where L is the number of Monte Carlo simulation and f! is generated from f! ~ N(u,0?).

The expectation of the proposed model is E[y(1ij|ou, B, fi] = cnexp(by fi + x};61).



The objective function of the moment condition is

T
. N([1 1
L, = _2<N Zm(y(l)ij|a1a/817b1)> Q<sz(y(1)ij|alvﬁl7bl)>v (8)
%,J %,J

where N is a total number that is N = Y | J; and € is an optimal weight matrix that is
Q= E[m(y(l)mal,,@l,bl)m(y(l)ij|a1,,6'1,b1)T} _1. This form is a kind of quasi-Bayesian
inference (e.g., Chernozhukov and Hong, 2003; Hoshino, 2008) and Bayesian GMM (Yin,
2009; Igari and Hoshino, 2017).

3.3 Quasi-Bayesian Estimation

We use the method by Hoshino and Igari (2017) and Igari and Hoshino (2018), which ex-
panded the quasi-Bayesian inference (Chernozhukov and Hong, 2003; Hoshino, 2008; Yin,
2009). The quasi-Bayesian method permits the objective functions such as GMM or M-
estimator instead of the likelihood function.

Hoshino and Igari (2017) developed the quasi-Bayesian posterior distribution by dividing
the objective function of quasi-Bayes into the likelihood and the additional moment con-
ditions from auxiliary information. Let 6 be a parameter vector for a model. Then the

quasi-Bayesian posterior is

q(8ly) o< p(y|0) x exp{L,} x p(0), 9)

where p(0) is a prior distribution for 6, Please refer to Hoshino and Igari (2017) for an
introduction to this method. From this form, we can use the likelihood function to draw
some parameters efficiently.

Additionally, Hoshino and Igari (2017) showed that the latent variables can be incorpo-
rated into the moment conditions. When the parameter is @ and the latent variable is f, the
quasi-Bayesian posterior distribution ¢(8, f|y) with latent variable f is generally represented

as

a(0, fly) < p(yl0, f) x exp{L,(0)} x p(8) x p(£10), (10)

where p(f|0) is a prior distribution for f.

3.4 Sampling using MCMC

We draw the samples for quasi-Bayesian posterior distribution by using the MCMC.
For sampling the parameters for the Gamma duration model, 8* = (log(a)T,ﬁT7 bT)T,



we use the random-walk Metropolis—Hastings (MH) algorithm to draw samples as follows:
0*(cand) ~ J\/—(0>~<(old)7 ‘I’), (11)

where 6*(°!4) is the previous value in the MCMC iteration, and ¥ is a variance-covariance
matrix adjusted to an appropriate acceptance rate.

Then, the probability of accepting the new candidate sample 8*(can®) g

. q(e*(cand)|y)
mln{17 W . (12)

In the calculation of q(0*(m"d) ly), the latent variable in the moment condition is integrated
out, and we calculate E[y(1);;|a1,B1,b1] using the Monte Carlo method in each MCMC
iteration.

For sampling the latent variable f;, we can use the general data augmentation method
(Tanner and Wei, 1987; Albert and Chib, 1993),

Ji

p(£il6%, yi) o< [ ] p(wis| fi, 07 )p(filp, o), (13)
j=1

where the term exp{L} } is canceled out when sampling f; because f; is integrated out in the
moment condition E[y(1);;|a1,B1,b1]. That is to say, we can use the usual MH algorithms
here. Please refer to Hoshino and Igari (2017) for details on the quasi-Bayesian inference

with latent variables.
For sampling ;1 and o2, the term exp{L} is canceled out, and p and % can be drawn
from a full-conditional posterior distribution using a usual Gibbs sampling approach (e.g.,

Gelman et al., 2013).

4 Application

4.1 Simulation Study

In this section, we introduce two types of simulation studies: (1) the basic Gamma hazard
model without latent variables, and (2) the Gamma frailty model with latent variables. In
particular, we show the performance of the proposed model in comparison with existing
models. That is, we construct three models in both simulations as follows:

(1) Moschopoulos’s (1985) model without auxiliary information (Non-Macro)

(2) The proposed model with one piece of auxiliary information (Proposed NMR =1)

10



(3) The proposed model with three pieces of auxiliary information (Proposed NMR=3)
where models (2) and (3) are the proposed models, but they differ in the amount of auxiliary

information. NMR means the number of moment restriction.

Simulation 1: Basic Gamma Hazard Model
In simulation 1, we evaluate a basic Gamma hazard model without latent variables, and
one observation is given for each individual, that is J; = --- = J, = 1. Now, we explain
a procedure for generating simulation data. In simulation 1, we assume the sum of du-
rations comprises one duration from distribution A and one from distribution B: yay; ~
Ga(aA,)\(A)Z-), Aayi = exp(Bat + x;8{') and Y(B)i ~ Ga(aB,)\(B)i),)\(B)i = exp(BF + x;8F)
where a? # of | B3 # BE, and B # BE. Here, we generate YAy ~ Ga(aA,)\(A)i) and
Y(B)i ~ Ga(a®, A(Byi) once for each individual 4, and set y; = y(ay; + y(B)i- The covariate =
is generated as x; ~ N(0, 1), and we assume that the covariate z is common among distri-
butions A and B. That is, the z should be a stable variable such as demographics. However,
we can observe only y; and z;. The true values of parameters are set to a = 1.2, o =1,
B =1,8{=04,pF =12 pF=1

Additionally, in Proposed NMR=1 and Proposed NMR=3, we use auxiliary information
for distribution A. Concretely, in Proposed NMR=1, we use the mean value for distribution
A. On the other hand, in Proposed NMR=3, we use three pieces of auxiliary information:
(i) the total average duration for distribution A, (ii) the average duration for distribution
A that is > 0, (iii) the average duration for distribution A, that is x < 0. If we use more
than one piece of auxiliary information, we generalize the moment condition in equation (6)

to the S-th dimensional vector as

Iil [Z/T - E[y(A)i|Bé4vﬂiq)H
m(y(A)i‘aAaﬂéqvﬂfl) = ) (14)

I? [y — ElyayilBg, 8]

where I? = 1 when individual ¢ belongs to group s (e.g., gender or age range), and E[y(A)iW(;‘, ﬁf‘]] =
atexp(BE + x;4{'). In simulation 1, the Monte Carlo integration in equation (7) is not re-
quired, because there are no latent variables in the model.

We set the simulation number to 200 and draw a total of 80,000 MCMC samples after
20,000 burn-in phases, and we set the thinning interval per 10. The resulting number of
MCMCs after thinning and burn-in was 8,000. We set the sample size as n = 100 and
n = 500. We confirm the convergence of the MCMCs by the Geweke (1992) method. We

11



show the summary of simulation results in Table 1. The table shows the results from an
average of 200 simulation data sets. The ” Average” shows mean values for each posterior
mean and the "MSE x10%” shows the mean squared error (MSE) which shows performance of
the models. The ”"MSE Ratio” is fixed when the MSE of Proposed NMR=3 equals one; when
"MSE Ratio” is greater than 1, the accuracy of the model is worse than that of Proposed
NMR=3. The table shows that the results of Proposed NMR=3 are the best of all models
in terms of MSEs. Additionally, the results of Proposed NMR=1 are worse than those of
Proposed NMR=3 but better than those of Non-Macro. Next, we show the boxplot of results
for each posterior mean in Figure 2. The figure shows that Non-Macro cannot effectively
estimate parameters but that the Proposed NMR=3 can. From the results of simulation
study 1, we understand that even if the pdf for the sum of durations is represented by
the Moschopoulos (1985) method, the individual parameters cannot be estimated because of

lack of identification. However, using auxiliary information, the parameters can be estimated

appropriately.
Table 1: Simulation Results (Simulation 1)
True Average MSEx1¢
Value Non- Proposed Proposed Non-  Proposed Proposed
Macrc (NMR=1) (NMR=3) Macrc  (NMR=1) (NMR=3)
n=10(
o 1.2 1.014 0.808 1.349 103.31 36.56 11.59
of 1 1.101 1.472 1.008 104.63 39.14 7.06
BOA 1 5.044 3.181 0.959 4199.49 2425.53 6.26
B 0.4 0.530 0.755 0.410 107.85 117.08 0.03
[308 1.2 5.123 1.170 1.267 4352.95 3.12 7.10
BlB 1 0.814 0.797 0.992 121.37 5.18 1.79
MSE Ratio 761.44 644.31 1.00
n=500
o 1.2 1.050 1.000 1.191 45.38 10.26 2.62
o8 1 1.126 1.223 1.033 43.05 11.20 1.91
BoA 1 1.501 1.107 1.027 107.77 4.46 1.95
[31A 0.4 0.740 0.633 0.402 15.94 9.32 0.00
BOB 1.2 1.394 1.179 1.188 60.11 1.70 1.59
[318 1 0.731 0.824 0.995 11.43 4.84 0.31
MSE Ratio 2863.63 1661.82 1.00

Simulation 2: Gamma Frailty Model
Next, we consider the Gamma frailty model for repeated durations. Let individual i’s j-th

time-to-event be y;; with y;; = y(a)i; +y(B)i;- We consider two types of Gamma frailty mod-

12
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Figure 2: Boxplot in Simulation 1 (n = 500)
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els: yeayi; ~ Gala™, Nayig), Mayij = exp(x 8 + fi) and y(pyij ~ Ga(a®, Apyij); AByij =
exp(wi;BP + bafi). Then f; ~ N(u,0?). However, only y;; and z;; can be observed in the
analysis. The true values of parameters are set to a? = 1.2, o =1, g4 = 04, 8 =1,
by =12, =1, 0% = 0.5, and b; is fixed at 1. The procedures for generating data sets and
auxiliary information in simulation 2 are the same as in simulation 1. In simulation 2, we
set the number of repeated events at 3, that is J; = --- = J,, = 3. The MCMC algorithms
for estimating the model in simulation 2 are shown in Section 3.

We set the simulation number to 100, and the sample size at n = 200. The number of
MCMCs and the convergence are the same as in simulation 1. We show the summary of
simulation results in Table 2 and the boxplot of results for each posterior mean in Figure 3.
The interpretations of the table are the same as in simulation 1. The table shows that the
results of Proposed NMR=3 are the best of all models in terms of MSEs, while the results of
Proposed NMR=1 are worse than those of Proposed NMR=3 but better than those of Non-
Macro. Next, the boxplot shows that Non-Macro cannot estimate parameters appropriately
but that the proposed model Proposed NMR=3 can. From the results of simulation studies 1
and 2 we can understand that, even if there are some latent variables (as in the frailty model),

the proposed model using auxiliary information can estimate each parameter effectively.

Table 2: Simulation Results (Simulation 2)

True Average MSEx1¢
Non- Proposed Proposed Non-  Proposed Proposed

valle i cro (NMR=1) (NMR=3)  Macro (NMR=1) (NMR=3)
o 12 1152 0738 1104 50.28  25.30 273
o8 1 1.018 1.427 1.124 44.91 23.80 3.04
8. 04 0637 0660 0401 12245  98.26 0.13
B2 1 0937 0745 0941 35474  15.93 0.76
be 12 1286 1013 1162 7659  15.44 1.89
u 1 -146F 104  107¢ 44582  249.4: 2.5¢
o2 05 1100 0750 0593 15511  10.93 177
MSE Ratio 468.1¢  127.7: 1.00

4.2 Application to Interpurchase Timing Model in Marketing

Model for Empirical Analysis
As we previously mentioned, interpurchase timing models using the proportional hazard
model have been widely studied in marketing (e.g., Jain and Vilcassim, 1991; Helsen, and

Schmittlein, 1993; Allenby et al., 1999; Seetharaman et al., 2003; Bijwaard et al., 2006; Igari
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Figure 3: Boxplot in Simulation 2 (n = 200)
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and Hoshino, 2018). In empirical analysis, only purchase histories in a company’s own store
can be observed, but we assume that the purchase number in competing stores can be known
to researchers by using auxiliary information such as marketing surveys. We show a diagram
of the analysis in Figure 4. First, we consider the two distributions: own store and competing

stores. We let the consumer ¢’s j-th interpurchase timing observed in the individual database

own

be y;;. Here, y;; comprises the sum of Kj;-th durations, the one-duration in own store, y;*",

and (K;; — 1)-th durations in competing stores. That is y;; = ( kK;'jl_l yf;mp(k)) + g
In the hazard function, we use covariate x;; in the individual duration, but we do not

use covariates in competing durations because marketing variables cannot be obtained in

competing stores.

Observed duration

1 2
y= yc(ognp + ycgoznp T+t Vown

A

[ \
Customer % 3 £33 %> Time
" '
Unobserved duration  Unobserved duration
ycompNF(ecomp) yown"'F(gown)

& Purchased in own store
$ Purchased in competing store

Figure 4: Interpurchase Timing Model in Empirical Analysis

The scale parameters are represented as A" = exp(by fi + :cgﬁ) and A" = exp(f;),
where by is fixed to 1. The latent variable f; is explained by the demographic variable d;,
that is f; ~ N(dI'n,o?). We assume b; > 0 as a theory constraint, and we set 02 = 1 to
simply perform the estimation.

The pdf, given latent variable f;, is

g teap(—yig /A

Nagwmeom— of Kij =1
p(yij|a7ﬂabl7fi) = , (15)
so iyt eap(—yi; Jwis)
.. 13,7 J4g i i . B
Cz] Zr:() w:;j+rr(pij+r) Zf KZJ >1
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_ ; own comp _
where w;; = mm()\ij s Aij )s Pij = Qown + (Kij — 1)comp, and

Cij = (wij/A?jwn)aown % (wl,j/Af;mp)(Kijfl)acomp

r+1
1
Oijrt1 = P ;S’Yij,s(sij,rJrlfsy r=0,1,...., do=1 (16)

iJ

Yij,r = Oéown(l - wij//\oym)r/r + (Kij - l)Oécomp(l - wij//\fjmp)r/’/‘, r= 1, 2, .....

As there are latent variables f; in the model, the Monte Carlo calculation in equation (7)

is required, and f; are drawn from equation (13).

Purchase History Data
We use the Syndicated Consumer Index (SCI) data provided by Intage, Inc. in Japan. The
SCI scanner panel data is the de facto standard for purchase panel data in the Japanese
marketing field. The SCI records purchases along with the kinds, quantities, and prices
of products purchased, the stores where items were purchased, and the date and time of
purchase. Although the scanner panel data records purchase histories within competing
store chains, we treat it as the database for a particular store, which is incomplete and lacks
information about competing stores. We choose a familiar general merchandise store chain
in Japan for the analysis. We also use purchase data for haircare items such as shampoo,
conditioners, and treatment products. We analyze the data for the period from January 2015
to June 2016. From the purchase data, we consider consumers who purchase products in this
category more than three times during the period. We select the sample size (n = 200) and
total events number (= 1214) for the parameter estimation. The histogram of the observed
duration is shown in Figure 5.

Next, we define the covariates and the auxiliary information used in our analysis. First,
for the covariates « in the Gamma hazard model, we use two variables: ”Price” and "log
(Previous Amount).” Here, the "Price” is scaled and equals 1 when the price at the purchase
incidence equals the regular price. In the marketing field, the effects of price discounts are
very important. Second, we use five variables for d: ”gender (male 1),” ”age,” ”child,” ”job
(fulltime 1),” and ”family size (1, 2, etc.).” Finally, we give the auxiliary information for the

expected duration for own store y%. We use a total of seven pieces of information: ”all,” ”age

under 30,” "age in 30s,” ”age in 40s,” ”age in 50s or more,” ”price under 0.9,” and ”price

greater than or equal to 0.9.” The summary statistics are shown in Table 3.

Results
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Table 3: Summary Statistics

Average

Basic Information

Sample Size 200

Total Events Number 1214
Duration

Observed Cumulated Duration 63.763

The Number of Cumulated Duration 1.557
Time-Dependente Variable

Price 0.997

Previous Amount 717.878
Denographic Variables

Gender (Male=1) 0.085

Age 42.255

Child 0.545

Job (Fulltime=1) 0.235

Familiy Size 3.365
Auxiliary Information

Total 44.928

Age under 30 53.307

Age 30s 37.7%

Age 40s 43.035

Age 50s or more 54.244

Price under 0.9 42.104

Price greater than or equal to 0.9 45522

In the real data analysis, we construct two models: (1) the proposed model with auxiliary
information, and (2) the competing model without auxiliary information. In each analysis,
we draw 5,000 MCMC iterations after 25,000 burn-in phases. We confirm the convergence of
each model using the Geweke (1992) method. First of all, we check the accuracy of estimated
results compared to the auxiliary information (=true value) as in Chaudhuri et al.(2008).
We show the estimated expected duration for the own store E[y°*"] in Table 4. From this,
we can understand that the competing model cannot estimate the durations of the own store
but the proposed model can.

Next, we show the estimated results for parameters in the own store in Table 5. The
table shows the results from the proposed model with auxiliary information and the com-
peting model without auxiliary information. The table shows the posterior mean, posterior
standard deviation, and Bayesian 95% credible intervals. Additionally, the * in the table
shows significance from Bayesian 95% credible intervals. In the models, it is interpreted that

if the coefficient of a covariate is positive, the duration becomes long. On the other hand,
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Figure 5: Histogram of Observed Duration
Table 4: Checking Accuracy of Estimated E[y°""]
Auxiliary Estimated
I nformation Proposed Model  Competing Model
Total 44.93 43.58 17.22
Age under 30 53.31 45.95 17.84
Age 30s 37.80 37.40 16.31
Age 40s 43.03 43.88 7.1
Age 50s or more 54.24 50.85 18.39
Price under 0.9 42.10 40.33 1133
Price greater than or equal to 0.9 45.52 44.26 18.45

we understand that if the coefficient of a covariate is negative, the duration becomes short.
In other words, the interpretation of coefficients in the proposed model is contrary to that
of the general proportional hazard model.

The results of the duration model show that the coefficient of ”Price” is significantly
positive. That is, when ”Price” becomes higher, the duration becomes longer. In the mar-
keting field, it is widely known that price discounts make interpurchase timing shorter (e.g.,
Jain and Vilcassim, 1991; Helsen and Schmittlein, 1993; Seetharaman et al, 2003; Igari and
Hoshino, 2017, 2018). Additionally, the purchase amount in the previous (the last) event
should be significantly positive, because a customer who purchased more products in the last
purchase event will purchase products later more certainly than a customer who purchased
fewer products.. The table shows that the estimated results in the proposed model do not
contradict general marketing knowledge. A comparison of the coefficients of the two models
shows that the shape parameters a are estimated to be approximately the same. However,

the coefficients of ”Price” differ between the models. The coefficient of ”Price” in the com-
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peting model is overestimated in comparison to that of the proposed model. In contrast,
the coefficient of 70" in the competing model is underestimated in comparison to that of the
proposed model.

The estimated coefficients for demographic variables in the two models have the same
tendency. It can be interpreted that the coefficient of gender (male) is positive, which
shows the durations for male customers are longer than those for female customers. On the
other hand, the coefficients of age, child, job, and family size are negative. Families with
many children consume more products than those with fewer children. However, because
there are no demographic variables whose coefficients are significant, the interpretation of
positive or negative should be just a suggestion. Thus, the estimated results are consistent
with the previous literature, and evidently, the proposed model can estimate parameters

appropriately.

Table 5: Estimated Results for Own Store
Posterior Mean Posterior Sd CI95 Low CI95 High

Proposed Model(with Auxiliary Infromation)

o 0.7417 0.1069 0.5518 0.9952 *

S Price 0.2627 0.1568 0.0186 0.5847 *
log(Previous Amount) 0.3907 0.0633 0.2411 0.5016 *

b 0.4745 0.0956 0.2980 0.6414 *
Intercept 29137 0.4773 2.0048 3.8586 *
Gender (Male=1) 0.2463 0.3080 -0.3499 0.8369
Age -0.0011 0.0082 -0.0172 0.0148
Child -0.3019 0.1853 -0.6684 0.0530
Job (Fulltime=1) -0.0393 0.2067  -0.4471 0.3735
Family Size -0.0592 0.0810 -0.2206 0.0999

Conpeting Model(without Auxiliary Infromation)

a 0.7593 0.1137 0.5843 0.9941 *

B Price 1.6323 0.2694 1.0283 21282 *
log(Previous Amournt) 0.2078 0.0487 0.1118 0.3178 *

b 0.0434 0.0363 0.0020 0.1344 *
Intercept 3.7593 0.4477 2.8806 4.6215 *
Gender (Male=1) 0.2929 0.3088  -0.3218 0.8919
Age -0.0004 0.0081 -0.0167 0.0154
Child -0.2776 0.1893  -0.6467 0.0922
Job (Fulltime=1) -0.0553 0.2018  -0.4525 0.3461
Family Size -0.0665 0.0841  -0.2325 0.1017

Next, we show the distribution of expected estimated durations in competing stores,
that is E[y°°™P], in the proposed model. The posterior mean of the shape parameters of
competing stores Qcomyp is 1.655. We show the distribution of expected durations E[y;""""]
in competing stores in Figure 6. Thus, the proposed model can estimate the unobserved

distribution of durations in competing stores. Marketing managers may find this useful to
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understand consumer behavior in competing stores.
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Figure 6: Expected Durations E[y“""] in Proposed Model

5 Conclusion

In this study, we propose a method to estimate parameters from the sum of independent
Gamma durations with different parameters. Concretely, we generalized the Moschopoulos
(1985) result to the proportional hazard model with covariates and to frailty models. We
also incorporate auxiliary information by the quasi-Bayesian methods and propose the es-
timation procedure by MCMC. In two simulation studies, we show that the results of the
proposed model with auxiliary information are better than those without it. The proposed
model reproduces the true parameters appropriately. Additionally, we apply our model to
the interpurchase timing model in marketing. From the estimated expected durations, we
show the accuracy of the proposed model with auxiliary information in comparison to the
competing model without auxiliary information. The results show that the proposed model
can estimate the effects of price and the previous amounts, which does not contradict the
findings of previous studies. Moreover, we show that the proposed model can calculate the
expected duration of competing stores, which is usually unobserved.

Our approach can be applied to other proportional hazard models whose baseline hazard
function is represented by exponential, log-normal distributions instead of Gamma distribu-
tions. However, specifying the pdf of the sum of durations is necessary. For example, the pdf
of the sum of Weibull durations is not yet known (Nadarajah, 2008). It is also expected that
the proposed method will be expanded to the Cox proportional hazard model (Cox, 1972),

whose baseline hazard function is expressed in a nonparametric form. We set this as a goal
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for future research. Additionally, we consider only two types of distributions, but our model
can be applied to three or more types of distributions. However, to estimate parameters
appropriately, the auxiliary information for K — 1-th distributions is generally required for
the analysis of K-th type of distributions.

In this study, we demonstrate the effectiveness of our model through a simulation study.
In real data analysis, we verify the accuracy by the estimated expected durations. Model
selection using information criteria such as the Bayes factor in quasi-Bayesian inference is
proposed by Li and Jiang (2016). Using this method, we can discuss the overidentification
problem in GMM (e.g., Hansen, 1982) and discuss which auxiliary information should be
used. We posit this as another goal for future research.

Moreover, our model can be applied to recency, monetary, frequency, and clumpiness
(RMFC) analysis (Zhang et al., 2013; 2015) in marketing. Clumpiness has recently emerged
as an important concept to capture consumers’ purchase behaviors. Researchers can capture
the irregularity of interpurchase timing called clumpiness, which we think is generated from
purchase behavior in competing stores. Our model can capture the causes of clumpiness as
a sum of independent random variables. In the future, we will expand our model to RFMC

analysis in marketing science.

Acknowledgments

We would like to acknowledge Intage Inc., who provided us the dataset we used for the

empirical analysis. This work was supported by JPSP KAKENHI (18H05689 and 18H03209).

References

Albert, J. H. and Chib, S. (1993). Bayesian analysis of binary and polychotomous response

data. Journal of the American Statistical Association, 88, 669-679.

Allenby, G. M. and Rossi, P. E. (1998). Marketing models of consumer heterogeneity. Jour-

nal of Econometrics, 89, 57-78.

Allenby, G. M., Leone, R. P. and Jen, L. (1999). A dynamic model of purchase timing with
application to direct marketing. Journal of the American Statistical Association, 94,

365-374.

Bijwaard, G. E., Franses, P. H. and Paap, R. (2006). Modeling purchases as repeated

events. Journal of Business €& Economic Statistics, 24, 487-502.

22



Blattberg, R, C., Kim, B, D. and Neslin, S, S. (2008). Database marketing: Analyzing and

managing customers. Springer Science & Business Media.

Chaudhuri, S., Handcock, M. S. and Rendall, M. S. (2008). Generalized linear models in-
corporating population level information: An empirical- likelihood- based approach.

Journal of the Royal Statistical Society: Series B, 70, 311-328.

Chen, Y. and Steckel, J. H. (2012). Modeling credit card share of wallet: Solving the incom-

plete information problem. Journal of Marketing Research, 49, 655-669.

Chernozhukov, V. and Hong, H. (2003). An MCMC approach to classical estimation. Jour-
nal of Econometrics, 115, 293-346.

Cox, D. R. (1972). Regression models and life-tables (with discussion) . Journal of the Royal
Statistical Society: Series B, 34, 187-220.

Fader, P. S. and Hardie, B. G. (2009). Probability models for customer-base analysis. Jour-
nal of Interactive Marketing, 23, 61-69.

Gelman, A., Carlin, J. B., Stern, H. S., Dunson, D. B., Vehtari, A. and Rubin, D. B.
(2013). Bayesian data analysis 3rd. Chapman & Hall/CRC.

Geweke, J. (1992). Evaluating the accuracy of sampling-based approaches to the calculation
of posterior moments. In Bayesian statistics 4, J. M. Bernardo, J. O. Berger, A. P.

Dawid, and A. F. M. Smith eds., 169-193. Oxford University Press.

Hansen, L. P. (1982). Large sample properties of generalized method of moments estimators.

FEconometrica, 50, 1029-1054.

Hellerstein, J. K. and Imbens, G. W. (1999). Imposing moment restrictions from auxiliary

data by weighting. The Review of Economics and Statistics, 81, 1-14.

Helsen, K. and Schmittlein, D.C. (1993). Analyzing duration times in marketing: evidence

for the effectiveness of hazard rate models. Marketing Science, 11, 395-414.

Hoshino, T. (2008). A Bayesian propensity score adjustment for latent variable modeling

and MCMC algorithm. Computational Statistics & Data Analysis, 52, 1413-1429.

Hoshino, T. and Igari, R. (2017). Quasi-Bayesian inference for latent variable models with
external information: Application to generalized linear mixed models for biased data.

Keio-1ES- discussion paper series.

Huang, C. Y., Qin, J. and Tsai, H. T. (2016). Efficient estimation of the Cox model with
auxiliary subgroup survival information. Journal of the American Statistical Associa-

tion, 111, 787-799.

23



Ibrahim, J. G., Chen, M. H. and Sinha, D. (2001). Bayesian survival analysis. Springer Sci-

ence & Business Media.

Igari, R. and Hoshino, T. (2017). A survival analysis incorporating auxiliary information by
a Bayesian generalized method of moments: Application to purchase duration modeling.

Journal of the Japanese Society of Computational Statistics. 30, 27-44.

Igari, R. and Hoshino, T. (2018). A Bayesian data combination approach for repeated du-
rations under unobserved missing indicators: Application to interpurchase-timing in

marketing. Computational Statistics € Data Analysis, 126, 150-166.

Imbens, G. W. and Lancaster, T. (1994). Combining micro and macro data in microecono-

metric models. The Review of Economic Studies, 61, 655-680.

Jain, D.C. and Vilcassim, N. J. (1991). Investigating household purchase timing decisions:

A conditional hazard function approach. Marketing Science, 10, 1-23.

Johnson, N. L., Kotz, S. and Balakrishnan, N. (1994). Continuous univariate probability

distributions, vol. 1, Wiley-Interscience.

Krishnamoorthy, K. (2006). Handbook of statistical distributions with applications. Chapman
and Hall/CRC.

Klein, J. P. and Moeschberger, M. L. (2003). Survival analysis: Techniques for censored and

truncated data 2nd. Springer Science & Business Media.

Leszczyc, P. T. P., Sinha, A. and Timmermans, H. J. (2000). Consumer store choice dy-
namics: An analysis of the competitive market structure for grocery stores. Journal

of Retailing, 76, 323-345.

Li, C. and Jiang, W. (2016). On oracle property and asymptotic validity of Bayesian gener-

alized method of moments. Journal of Multivariate Analysis, 145, 132-147.

Moe, W. W. and Fader, P. S. (2004). Dynamic conversion behavior at e-commerce sites.

Management Science, 50, 326-335.

Moschopoulos, P. G. (1985). The distribution of the sum of independent gamma random
variables. Annals of the Institute of Statistical Mathematics, 37, 541-544.

Nadarajah, S. (2008). A review of results on sums of random variables. Acta Applicandae

Mathematicae, 103, 131-140.
Qin, J. (2000). Combining parametric and empirical likelihoods. Biometrika, 87, 484-490.

Ridder, G. and Moffitt, R. (2007). The econometrics of data combination. In Handbook of
Econometrics, Heckman, J,J. and Leamer, E. eds., 6, 5469-5547.

24



Seetharaman, P. B. and Chintagunta, P. K. (2003). The proportional hazard model for pur-
chase timing: A comparison of alternative specifications. Journal of Business € FEco-

nomic Statistics, 21, 368-382.

Schmittlein, D. C., Morrison, D. G. and Colombo, R. (1987). Counting your customers:

Who-are they and what will they do next?. Management science, 33, 1-24.

Sim, C. H. (1992). Point processes with correlated gamma interarrival times. Statistics &

Probability letters, 15, 135-141.

Tanner, M.A. and Wong, W.H. (1987). The calculation of posterior distributions by data

augmentation. Journal of the American Statistical Association, 82, 528-540.
Yin, G. (2009). Bayesian generalized method of moments. Bayesian Analysis, 4, 191-207.

Zhang, Y., Bradlow, E. T. and Small, D. S. (2013). New measures of clumpiness for inci-
dence data. Journal of Applied Statistics, 40, 2533-2548.

Zhang, Y., Bradlow, E. T. and Small, D. S. (2015). Predicting customer value using clumpi-
ness: From RFM to REMC. Marketing Science, 34, 195-208.

25



	DP(en)_7694_20181217050428
	Sum_of_Durations

