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Abstract

This study investigates pairwise endowment exchange without mone-
tary transfers under dichotomous preferences, motivated by the living donor
kidney exchange problem. In contrast to the standard strict preference
domain—where no mechanism satisfies efficiency, incentive compatibility,
and individual rationality simultaneously—these properties are jointly achiev-
able in this setting. We adopt a definition of mechanisms as welfare-based
correspondences rather than single-valued functions, treating welfare-equivalent
outcomes as identical. We provide the first characterization of mechanisms
satisfying these properties and show that all mechanisms in this class closely
resemble the priority mechanism (Roth, Sénmez, and Unver, |2005), support-

ing its use in pairwise kidney exchange.
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1 Introduction

This study examines voluntary endowment exchange without monetary transfers,
focusing on settings where only pairwise exchanges are allowed. Such size restric-
tions are practically relevant when larger exchanges are logistically infeasible, as

in living-donor organ exchange. However, under this restriction, no mechanism
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can satisfy Pareto efficiency, strategyproofness, and individual rationality simulta-
neously on the standard strict preference domain (Nicold and Rodriguez-Alvarez,
2012). We instead consider the dichotomous preference domain (Bogomolnaia
and Moulin, |2004), under which the priority mechanism (PM) proposed by Roth,
Sénmez, and Unver (2005) satisfies all three properties. Since its introduction,
the PM played a central role in the US when pairwise exchanges were considered.
Although programs in the US have since adopted more sophisticated rules, such
as three- or four-way exchanges or the incorporation of deceased-donor chains,
simple pairwise exchange remains relevant in other countries, including France,
Italy, Sweden, and India—see Bir¢ et al. (2021) for European countries and Kute
et al. (2025) for India. The PM has also inspired mechanism design in other con-
texts (Ergin, Sénmez, and Unver, 2020; Andersson et al., [2021; Manjunath and
Westkamp, 2021; Han, Kesten, and Unver, 2024]).

Despite this theoretical and practical relevance, the theoretical understanding
of the PM remains limited. This paper aims to address this gap by providing a
characterization result. Following Roth, Sénmez, and Unver (2005), we define a
mechanism as a correspondence resembling a welfarist solution. In fact, the PM is
a multi-valued correspondence: it selects all welfare-equivalent matchings (i.e., it
is Pareto-indifferent) and never selects two matchings with different welfare distri-
butions (i.e., it is essentially single-valued). Adopted in the literature (e.g., Roth,
Sonmez, and Unver, [2005; Andersson et al., [2021; Manjunath and Westkamp,
2021)), this definition avoids unnecessary complications that arise from artificially
forcing single-valuedness on the dichotomous domain. Such a definition is com-
mon in the literature on stochastic mechanism design, where welfare-equivalent
lotteries are treated collectively rather than individually.

In practice, this interpretation may be natural if the mechanism designer cares
only about the set of beneficiaries. For example, many kidney exchange programs
give priority to patients who are hard to match with a biologically compatible
donor, but do not necessarily specify where the graft comes from. Our main result
is the axiomatic characterization of a class of this welfare-based mechanisms by
consistency, strategyproofness, Pareto efficiency, and respect for improvementsE]

The axioms are motivated by practical and institutional concerns in pairwise
living donor exchange.

Consistency requires that, after any set of matched agents leaves the market,

Bogomolnaia and Moulin (2004) study the two-sided matching problem with the same pref-
erence domain and investigate stochastic solutions.
2These axioms imply individual rationality.



the mechanism induces the same outcome for the remaining agents as it did be-
fore their departure. This property is particularly relevant in paired living donor
exchange since not all surgeries can be performed simultaneously due to logistical
constraints]| Once a matching consisting of several exchanges is formed and an-
nounced, the actual transplant surgeries are typically carried out in stages. For
example, the first exchange may be performed today, and the second is sched-
uled for next week, depending on the availability of doctors, operating rooms, and
other resources. Suppose that, after the first exchange is completed, those two
patient-donor pairs leave the market. If the mechanism were inconsistent, then
a patient who remains in the market could legitimately complain that she would
now be matched if the mechanism were reapplied to the reduced market. Consis-
tency rules out such ex post objections and requires that the remaining allocation
continue to be justified even after some matched pairs depart.

Pareto efficiency corresponds to maximizing the number of patients who receive
acceptable kidneys under the pairwise exchange restriction, which aligns with the
primary objective of most kidney exchange programs Worldwidef_f]

Strategyproofness requires that patient-donor pairs have no incentive to mis-
report their types. Here, a pair’s type includes not only medical information but
also other aspects relevant to organ exchange. For instance, distance between
pairs may matter because patients or donors may be unwilling or unable to travel
to the partner hospital. An alternative to donor travel is the shipment of organs.
However, some patients or their physicians may be reluctant to accept the addi-
tional logistical or medical risks associated with organ shipment. Thus, even if two
pairs are medically compatible, their exchange may not be mutually acceptable
once travel constraints or shipment preferences are taken into account. In such
an environment, it is desirable that pairs truthfully report all relevant informa-
tion, rather than strategically concealing acceptable partners by pretending not
to accept certain modalities[]

Respect for improvements captures another incentive consideration of pairs and

corresponds to the notion of donor monotonicity introduced by Roth, Sonmez, and

3S6nmez and Unver (2005) make the same point in the kidney exchange problem.

4In general, Pareto efficiency corresponds only to the maximality of the set of matched agents
in the sense of set inclusion. Under the pairwise exchange restriction, however, all maximal
matchings have the same cardinality by a classical result in graph theory. Thus, in this setting,
Pareto efficiency is equivalent to maximizing the number of matched agents. Kratz (2024) studies
this equivalence beyond two-way exchanges.

5For example, OPTN guidelines include informed consent policies under which recipients
must indicate whether they accept the risks associated with shipped organs. See Klaassen et al.
(2025) for a discussion of the advantages and disadvantages of the two transportation modalities.



Unver (2005)@ In practice, a patient may register multiple donors in the exchange
system. Adding an additional donor can only expand the set of feasible matches
available to that patient. From the viewpoint of the exchange program, which
aims to facilitate as many transplants as possible, there is no reason to penalize a
patient for bringing additional donors into the system. Respect for improvements
formalizes this idea: if a patient’s potential exchange partners increase because
more donors become available, then the mechanism should not make the patient
worse off.

We call the class of mechanisms satisfying these axioms the tripolar priority
mechanisms (TPMs). TPMs generalize the use of priorities in the priority mech-
anism (PM). Under the PM, whenever a triage situation arises, a single priority
ordering over agents is used to resolve the conflict. In contrast, TPMs allow prior-
ities to depend on the agent whose endowment is contested: when a triage occurs
over the endowment of an agent, an agent-specific priority ordering is used to
determine the winner. In this sense, TPMs allow for a form of priority design.

Our main result shows, however, that this flexibility is extremely limited. The
agent-specific priority orderings must be closely related: aside from the top two
positions, all priority orders must coincide. Consequently, much like the PM, a
TPM determines matches sequentially according to a priority order, except that
the ranking among the top three agents may vary across preference profiles. In
this sense, all mechanisms satisfying the axioms remain essentially equivalent to
the PM. We therefore interpret our result as providing theoretical support for the

use of the PM in pairwise donor exchange and related applications.

1.1 Related Literature

This work contributes to the literature on matching mechanism design with di-
chotomous preferences and its applications. We are primarily motivated by the
pairwise kidney exchange problem initiated by Roth, Sonmez, and Unver (2005),
which builds on earlier work on matching with dichotomous preferences (Bogomol-
naia and Moulin, |[2004)) and living-donor kidney exchange problem (Roth, Sénmez,
and Unver, [2004). See Sonmez and Unver (2025) for a recent survey of kid-
ney exchange problem. Subsequent studies consider richer preference structures,

including age-based preferences and half-compatibility (Nicolo and Rodriguez-

6Bir6 et al. (2024)) also study respect for improvements in the housing market model (Shapley
and Scarf, [1974), emphasizing its practical relevance in the form of donor monotonicity in the
kidney exchange problem.



Alvarez, 2017; Andersson and Kratz, 2020) These works highlight practical
features of living-donor exchange and also show that individual rationality, effi-
ciency, and strategyproofness cannot always be satisfied simultaneously with their
richer preference domains. Hatfield (2005) considers strategyproof single-valued
mechanisms with arbitrary exchange restrictions but still within dichotomous pref-
erences. While his result applies to a broader class of models than ours, it does
not provide a characterization. More generally, PM-like mechanisms have been
studied in various contexts, including multi-unit exchanges and balanced realloca-
tion (Han, Kesten, and Unver, 2024; Manjunath and Westkamp, [2021; Andersson
et al., 2021)). Unlike these previous studies, our contribution is primarily the-
oretical: we provide the first axiomatic characterization of PM-like mechanisms
under pairwise exchanges with dichotomous preferences, showing that the class of
mechanisms satisfying our axioms essentially coincides with the PM.

More broadly, our paper lies between characterization results in the standard
strict preference domain and those in general preference domains with indiffer-
ences. In the strict preference domain, the celebrated top trading cycle as a
mechanism—attributed to David Gale by Shapley and Scarf (1974)—is character-
ized by Pareto efficiency, strategyproofness, and individual rationality (Ma, 1994).
See Afacan, Hu, and Li (2024)) for a recent survey of this literature. With the pair-
wise exchange restriction, Root and Ahn (2025) provide the characterization of
group strategyproof and efficient mechanisms.

In general preference domains, these axioms can still be satisfied simultaneously
(Alcalde-Unzu and Molis, 2011; Jaramillo and Manjunath, [2012)); however, no
known characterization in this domain uses all three axioms. For example, Bogo-
molnaia, Deb, and Ehlers (2005)) show that standard characterization approaches
based on non-bossiness—a common method in the strict preference domain (e.g.,
Svensson, 1999; Papai, 2000; Pycia and Unver, [2017)——cannot be combined with
rich endowment structuresﬂ Ehlers (2014)) studies top trading cycles with fixed
tie-breaking and provides a characterization of this class of single-valued mecha-
nisms; however, mechanisms in this class are not necessarily Pareto efficient. These
results highlight the technical challenges of extending axiomatic characterizations
beyond strict preferences. In contrast, by restricting attention to the dichotomous

preference domain and limiting exchanges to pairwise swaps, our analysis restores

"Balbuzanov (2020)) studies random mechanisms that promote equity under strict preferences
with pairwise exchange constraints.

8In the strict preference domain, non-bossiness and strategyproofness are equivalent to group
strategyproofness (Papai, 2000; Takamiya, [2001). However, Ehlers (2002) shows that group
strategyproofness is incompatible with Pareto efficiency in the general preference domains.



an axiomatic characterization based on the standard desiderata.

From a technical perspective, the problem we study is closely related to the
maximum cardinality matching problem in undirected graphs. It is well-known
that the set of covered vertices by some matching possesses a well-known combina-
torial property called a matroid (Whitney, |1935]). This structural feature facilitates
the analysis of Pareto efficient matchings in our model, which is challenging in the
presence of indifferences as discussed above.

Finally, our result can also be seen as a new characterization of consistent so-
lutions for matching problems; see Thomson (1996) and Thomson (2011) for sur-
veys. The literature provides numerous characterizations of the Core as a solution
using variants of consistency and converse consistency, in the two-sided market
(Sasaki and Toda, |1992; Toda, 2006} Ozkal-Sanver, 2004) and the one-sided mar-
ket (Klaus, 2011 Klaus and Can, 2013; Klaus, 2017). Our objective, however,
is not to characterize any particular solution concept. Rather, we characterize a
class of mechanisms using consistency as an axiom motivated by practical consid-
erations. In this respect, the closest to ours are Sénmez and Unver (2010) and
Ergin (2000]), who study consistent solutions in the house allocation setting with
and without property rights and emphasize the practical relevance of consistency.

The rest of the paper is organized as follows. In section [2| we introduce the
model and the axioms. In section [3] the new class of mechanisms is defined. The
main characterization result is stated in section d Section [ concludes. Omitted

proofs and lemmas are found in Appendix [A]

2 Model

We consider the pairwise kidney exchange model (Roth, Sénmez, and Unver,
2005), which can also be viewed as the roommate problem (Gale and Shapley,

1962)), under dichotomous preferences.

2.1 Notations and Definitions

Let N = {1,2,..,n} denote the set of potential agents. We assume n > 5. Each
agent ¢ has a dichotomous preference over the set of agents N. A dichotomous
preference consists of three indifference classes. The top class contains the agents
whom 7 finds acceptable; the second class consists solely of agent i herself, which
can be interpreted as remaining unmatched. The bottom class contains all the

agents whom 4 finds unacceptable. Formally, we use a subset of agents RY C



N\ {i} to denote both a preference of i and the set of agents i deems acceptable
under the preference. Let RY be the set of all dichotomous preferences of agent i
over N and let RY := [],.y RY be the set of preference profiles. We define the
preference of agents when only a subset of agents are present in the market to
account for the variation of the market participants. Given RY € RN and S C N,
let RN |s:= R¥ NS be the restriction of RY to S. Let R7 be the set of preferences

of agent 7 restricted to S i.e.,
RS = {RVAS|RY e RV},

We use R to denote a generic element of R?. Define R := [[, ¢ R7. Given
RS e RS and T C S C N, we use R to denote the restriction of R to T and
R%, = Rg\T.

We focus on voluntary matching, in which two agents are matched only if they
are mutually acceptable. A graph can summarize mutual acceptability. Formally,
the mutual acceptability graph G (RS) = (S,E (RS)) is an undirected graph in
which agents are the vertices and an edge between two agents if and only if they
are mutually acceptable:

E(R%):={{i,j} cS|je R ic R}, andi,jec 5}
We also use A; (R%) :={j € S| {i,j} € E(R®) } to denote the set of mutually
acceptable partners for i at the profile R®.

A submarket consists of a subset of agents S C N and their preference profile
R% € R®. A matching for S is a : S — S such that a (a (i) =i for all i € S.
Under a matching, each agent is either paired with another agent (when « (i) # i)
or remains single (when « (i) = i.) Let M (S) be the set of matchings for S. A
solution is a correspondence associating a set of matchings with each submarket;

formally,
F:UgcnRY — (USCNQM(S)) \ {0}

such that F (RY) € 2M()\ {0} for each S C N and RY € R”.

Two matchings a and 5 in M (S) are said to be welfare equivalent at profile
R® if the following two conditions hold for each i € S:

a(i) € RY < B (i) € RY
a(i) =i B (i)

7.



Under two welfare-equivalent matchings, the status of each agent—whether matched
with an acceptable partner or not—is the same.

A solution F is Pareto indifferent if for any S, R°, a € F (RS ) and
g€ M(S), if B is welfare equivalent to «, then § € F (RS) . A solution F is
essentially single-valued if for any S, R°, and a,3 € F (RS), «a and (3 are
welfare equivalent. Following Roth, Sonmez, and Unver (2005), we define a mech-
anism as a solution satisfying the two properties; that is, a mechanism is a solution
F that is Pareto indifferent and essentially single-valued [’

A mechanism specifies a welfare distribution—it determines “who obtains an
acceptable match,” and then collects all welfare-equivalent matchings. This formu-
lation resembles the welfarist solution , which evaluates outcomes solely in terms
of welfare distributions; however, the axiom of consistency requires reference to
the specific matchings that implement a given welfare distribution. Therefore, our
analysis departs from the welfarist framework.

Let

N¥(R®):={ie S|a(i) € R} foralla € F (R")}

be the set of agents who obtain an acceptable match under mechanism F' at profile
RS,

We use the following notation for a linear order of agents:
> 11,19, «vn) Uk

With this, we mean >’ is an order over a subset of agents {i1, i, ..., 4} in which
i¢ is the (th ranked agent for each ¢ € {1,2,..,k} and k € {1,2,..,n}. We also

use >’

i«,; to denote the order obtained by switching the rankings of ¢ and j in >’

without changing the relative rankings of the other agents. Let
>:1,2,3..,n

be the natural ascending order 1,2, 3, .., n of agents.
Abusing notation, we identify matching o € M (S) with the set of all its
matched pairs:
a={{i,a(i)} |i€ S and a (i) #i}.

9Bogomolnaia, Deb, and Ehlers (2005) use the two properties as axioms. Following Roth,
Sénmez, and Unver (2005), Ergin, Sénmez, and Unver (2020), Manjunath and Westkamp (2021)),
and Andersson et al. (2021)), we instead impose them as requirements for a solution to be a
mechanism.




2.2 Axioms of Mechanisms

We are interested in the following five axioms.
I is Pareto efficient if for any S C N and o € F (RS), there isno g € M (9)

such that
(1): foreachie S, (i) Ria(i)

(2) : for some j €S, f(i)Pfali)

In the current setting, mechanism F' is Pareto efficient if and only if the set of
matched agents N*" (R®) is maximal for each profile R¥. Furthermore, it is known
that the number of matched agents is the same under any two maximal matchings
in G (RS ) for each profile R®. Thus, Pareto efficiency is equivalent to maximizing
the number of matched agents.

F is consistent if for any S C N, R° € R, and a € F (RS), for each T' C
S s.t. a(T) C T, the restriction to S\ T’ remains chosen i.e., ag\r € F (R® |s\7).
Consistency requires that when matched agents leave the market with their part-
ners, the mechanism treats the remaining agents in the same manner.

F' is strategyproof if no agent can benefit by misreporting her preference
regardless of other participants and their preference profile; Formally, for any
S C N, R¥ e R and Q7 € RY, we have (i) R7B (i) for all « € F (R®) and
e F (RS, Q%M

F is said to respect for improvements if an agent getsThe following lemma
completes the characterization weakly better off when she is found acceptable by
weakly more (in a set-inclusion sense) agents; Formally, for any S C N, i,5 € S,
RS € R¥, and Q7 € R such that QF € {R§, R U {i}}, we have 3 (i) R} (i)
foralla € F (RS ) and § € F (Rf I Q}g ) This axiom requires that the mechanism
should not punish an agent when weakly more agents find her acceptable and
the two preference profiles are otherwise the same. In the context of living donor
exchange, this property is called donor monotonicity (Roth, Sénmez, and Unver,
2005)).

F is individually rational if for any S C¢ N, i € S and R® € R®, we
have a (i) € R{ U {i} for all « € F (R%). That is, under individually rational
mechanism, no agents are forced to match with an unacceptable partner.

Individual rationality is implied by Pareto efficiency and respect for improve-

ments.

10Bogomolnaia, Deb, and Ehlers (2005) introduced two variants of strategyproofness for corre-
spondences: weak and strong strategyproofness. The above definition is strong strategyproofness
in their terminology. Under essential single-valuedness, the two notions are equivalent; therefore,
we simply call it strategyproofness.



Lemma 1. If F is Pareto efficient and respects for improvements, then F' is

individually rational.

Proof. Assume that there are preference profile R, agent i, matching a € F (RS )
s.t. (i) = j and j ¢ Ry U{i}. By Pareto efficiency, i € R because otherwise a
matching that leaves ¢ and j unmatched while treats the other agents the same as
in o Pareto dominates . Let Q% := Ry \ {i} for all h # i. By Pareto efficiency,
B (i) € R U{i} for any matching 3 € F (Q%;, RY). R® is obtained from (Q;, R{)
by replacing Q7 with Ry one at a time and these replacements should not make i

worse off by respect for improvements. This contradicts (i) ¢ R U {i}. O

3 Tripolar Priority Mechanism

This section introduces a new class of mechanisms. Each mechanism in this class
implements the PM with priorities that are allowed to vary across preference
profiles. Accordingly, the class of mechanisms we study is defined by restricting
the extent to which these priorities may deviate from a fixed reference priority
order. Our characterization result shows that such deviations must be highly
limited.

Intuitively, the PM uses a single priority order to break the tie whenever triage
cases occur: the highest priority agent wins. The new mechanism is slightly more
flexible in that it may apply different priority orderings to different triage cases
depending on whose endowment is over-demanded. However, these endowment-
specific priorities must be close to each other in sharp contrast to school choice
Abdulkadiroglu and Sénmez (2003) in which the priory orderings of schools can be
completely different. In this sense, our characterization result also demonstrates
the limitation of priority design in the one-sided matching model.

Given a reference priority order, for notational convenience we relabel agents
when necessary and represent the reference priority order by the natural ascending
order >: 1,2, 3,...,n. This entails no loss of generality. Throughout the rest of the
paper, including the appendix, we assume that the reference priority order is the

natural ascending order >.

3.1 Priority Mechanism

We first introduce the PM and then extend its domain to all submarkets to account
for the variable population. Given a mutual acceptability graph G (RN ) and a

reference priority order of agents >: 1,2, ...,n, we calculate

10



o &0 :={aeM(S)|a(i)e RNU{i} foralli € N} (ie., the set of all indi-

vidually rational matchings).

e In general, for k € {1,2,...,n}, let £¥ C £ be such that

ok {a €& a(k)#k} if there exists a € EF ' sit. a (k) # k
gkl otherwise.

The PM is defined as follows:
PM~ (RY) ==&
For a given preference profile R® in the market with S, define
PM~ (R%) = {aeM(S)|3B8ePM” (R* (0)_g) st. B|s=a},

where the preference profile (R?, () _g) means that each agent i € N'\ S finds no
other acceptable i.e., R; = () while each agent i € S submits R; = R?.

3.2 Agent-Specific Priority Profile

Given reference order >: 1,2,...,n, an agent-specific priority profile > :=
{>i};en is a collection of linear orders with each >; defined for N\ {4} such that

e >:2.345 ..,nor >1:3,2,4,5,...n
e >5:1,3,4,5,..,nor >5:3,1,4,5,...n

e > 1,234, ..,i—1,i+1,..,nor >;:21,3,4,...i — 1,1+ 1,..,n, fori =
3,4,..,n

e Ji # 5 € {1,2,3} sit. >;: 5, k,4,5,...,nand >,: 4,k ,4,5,..,n, where k €

{1,2,31\ {i, j}

The priority associated with agent i (or the endowment of agent i), denoted by >,
is an ordering over the rest of the agents. If all orders >; have a common linear
extension over N i.e., U;eny >; is acyclic, then we have a single priority order over
all agents N that is applied to all endowments; this corresponds to the PM.

The class of agent-specific priority profiles is quite small. Given the reference
priority order >, each agent-specific priority >; can differ only in the relative

rankings among the top two agents; otherwise, it must coincide with the reference

11



priority order. Note that >; is defined over N \ {i}. Therefore, the top two agents
in >; are agent 2 and 3 (similarly for >5). As a result, agent 1,2, and 3 play some
special roles. Also, there cannot be an “odd length cycle” among the top three
agents in the sense that two of the three who both prioritize one another over the
third (this corresponds to the fourth bullet point in the above definition).

We now define the new mechanism. The tripolar priority mechanism
(TPM) with =, denoted by TPM~, is a mechanism defined as follows:

PM>e2 (RS) if Ay (R%) = Ay (R%) = {i} and >;:2,1,...

PM>103 (RS) if A, (RS) = A, (RS) ={2} and >5:3,1,...

PM>203 (RS) if Ay (RS) = A, (RS) ={1} and >;:3,2,...
PM~te2 (R®) if {1,2,3} forms an isolated odd cycle in G (R¥),

TPM” (R%) =
>5:3,1,.., and >3:2,1,...

PM~2¢3 (RS) if {1,2,3} forms an isolated odd cycle in G (RS) ,
>1:3,2,.., and >3:1,2, ...
\PM> (R%) otherwise.

The TPM resembles the PM. Depending on the preference profile R and the
induced mutual compatibility graph G (RS), only the ranking among the top
three agents can vary. These priority flips correspond to the difference among
the agent-specific priorities. For example, suppose the only acceptable partner for
both agent 1 and agent 2 is agent 4. In this case, the mechanism matches the
agent with a higher priority in agent 4’s priority, >,. If agent 1 ranks higher than
agent 2 in >,, agent 1 is matched with agent 4; otherwise, agent 4 is matched with
agent 2. This situation corresponds to the first line of the above definition of the
TPM with ¢ = 4.
The two examples illustrate how the TPM works.

Example 1. Suppose that there are 3 agents, N = {1,2,3}, and the mutual
acceptability graph is given in Figure [I}

12



].(>1Z 3, 2)

3(>5: 1,2) 2(>5: 1,3)

Figure 1: G (RN ) for Example

Since the third line of the definition of the TPM applies —namely, As (RS ) =
As (R%) = {1} and >;: 3,2,...—we have TPM~ (R") = PM™>=* (R"). In this
case, agent 1’s priority, >, ranks agent 3 above agent 2. Therefore, agent 3

matches agent 1, and agent 2 remains single.

The next example explains the problem with an odd length cycle in the prior-

ities of top three agents.
Example 2. Suppose that there are 3 agents, N = {1,2,3}, and the mutual

acceptability graph is given in Figure 2]

Figure 2: G (RN ) for Example
1(>1Z 2, 3)

3(>5: 1,2) 2(>5:3,1)

In this case, there is no way to avoid violating priorities without giving up
Pareto efficiency. If we force the mechanism to match agents 1 and 2, agent 3 can
benefit by declaring agent 1 unacceptable. The fourth condition on agent-specific

priority profiles rules out this possibility.

4 Main Result

The main result of this paper is the following theorem.

13



Theorem 1. A mechanism F satisfies consistency, Pareto efficiency, strategyproof-
ness, and respect for improvements if and only if F = TPM> for some agent-

specific priority profile >.

This characterization implies that all mechanisms satisfying the axioms closely
resemble the PM, thereby providing support for its use in pairwise donor exchange
problems. Although TPM allows for some degree of priority design among the top
three agents, this flexibility may be negligible relative to the typical size of living
donor organ exchange markets. For instance, the UK Living Kidney Sharing
Scheme routinely include around 250-300 patient-donor pairs per matching run
in the pool, with about 15-25% being new registrants each quarter (Bir6 et al.,
2021)). The national program in Spain involves over 100 participating pairs per
run (Andersson and Kratz, 2020). In the United States, the National Kidney
Registry’s pool size, defined as the number of unmatched patient—donor pairs (a
proxy for registered pairs), is on the order of 100-300 pairs, meaning that a single
snapshot of the quarterly pool already contains at least one hundred incompatible
pairs (National Kidney Registry, 2018).

Our result also relates to recent work highlighting the usefulness of the PM-
based approaches in (balanced) exchanges of multiple goods (Andersson et al.,
2021; Manjunath and Westkamp, [2021). The characterization highlights the
strong structural implications of the axioms: even in the simplest pairwise ex-
change environment, mechanisms satisfying these properties must closely resemble

PM-type rules.

4.1 Proof Sketch

The formal proof is provided in the Appendix. Here we outline the structure of
the proof. It is routine (though somewhat lengthy) to verify that TPMs satisfy
all the axioms. To establish necessity, the argument proceeds in three steps.
First, we construct an agent-specific priority order >;. For each S C N\ {i},
consider preference profiles R(%) whose associated graph G (R(i’s )) is a complete
bipartite graph with 7 on one side and agents in S on the other, with edges between
i and every agent in S (Figure[3])["]] Any Pareto efficient and individually rational

mechanism F' must match agent ¢ with exactly one agent in S, leaving the others

HR(S) denotes a class of preference profiles because the graph G (R(i’s)) can arise from
multiple profiles. An edge represents mutual acceptability, whereas the absence of an edge
may reflect either mutual unacceptability or one-sided acceptability. Hence different preference
profiles may induce the same graph G (R(+9))
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Figure 3: G (R(i’s))

Jis|

single. This induces a choice function
Cy 2N\ 5 N\ {3}

such that C; (5) € S for each S C N\ {i}. Intuitively, C; (S) identifies the agent
selected when a triage situation arises among agents in S over the endowment of
agent ¢. Consistency of mechanism F' implies that C; is rationalizable i.e., there
is no cycle in its revealed preference relation (Lemma . Hence, there exists a
linear order on N \ {i} that rationalizes C;, which we adopt as >;[7|

Second, we characterize the admissible heterogeneity in the profile of priorities
> = (>;). The restriction arises from situations in which priorities must jointly
determine which agents obtain the endowments of two agents. To see this, consider

k2k3}) whose graph is a complete bipartite graph with

preference profiles R(#7}H{k1,
two agents {7, j} on one side and three agents {ky, ko, k3} C N\ {i, 7} on the other
(Figure {4)).

Pareto efficiency implies that one of ki, ko, k3 remains single; without loss of

generality, suppose it is k3. By Pareto indifference and essential single-valuedness,
F (R({@j}v{kl,kmkS})) = {0y, s}

where oy = { {i,k1},{j, ka} }, oo = { {i, ko }, {j. k1 }}. If {i, k1 } leave the market

under «q, consistency implies

Gihaks}= {1 ko}} € F (RO 21

12Gee, e.g., Chambers and Echenique (2016) for fundamental results in revealed preference
theory.

aq
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Figure 4: G ( R<{z‘7j},{kz1,k2,k3}))
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7
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ks

Hence ky >; k3. By symmetry, by >; ks.

Thus, the top two agents in {k1, ko, k3} must be identical under >; and >;
although their relative order may differ. Extending this argument shows that any
pair of priorities can differ only in their top two positions (Lemma [4| and Lemma
B).

Consider the top two agents 1 and 2. Since >; is defined on N \ {1}, the
top two positions are filled by agent 2 and another agent: let’s call her agent 3.
Similarly, agents 1 and 3 occupy the top two positions of >,. If a cycle such that
1 >93 > 2 >3 1 arises, the mechanism becomes manipulable. Thus, we get the
fourth restriction on agent-specific priorities (Lemma @ In sum, the constructed
order profile (>;),., is an agent-specific priority profile.

Third, we show that F (RS ) = TPM™ (RS) for every preference profile R®.
If this fails at some profile R, mechanism F must violate the priorities (>)iens
which in turn creates a profitable manipulation for the agent who benefits from

the priority violation (Lemma [7)).

4.2 Independence of Axioms

We present four mechanisms that satisfy all but one of the axioms in the main
result.

First, a mechanism can satisfy consistency, Pareto efficiency, and strategyproof-
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ness without respecting improvements. Consider the following variant of the PM:

P (RS) B PM~2¢3 (RS) if RS € P
PM~ (RS ) otherwise,

where the class of preference profiles P is defined as follows: For each R® € P

(1) - 4,5 € Ay (R)
(2) : 4€ A, (R%) and2¢ RYUR?
(3) : 5€A3(R") and 3 ¢ RY URY.

Agents 2 and 3 have different potential partners (4 and 5, respectively). However,
only one of them can be matched with 4 or 5 because 1 is guaranteed to be matched
with one of these agents. If there is another potential partner ¢ € A; (RS) U
A (RS) U A; (RS) \ {4,5}, then all of {1,2,3,4,5} are matched anyway.

Now consider a profile R ¢ P such that {4,5} = A, (RS) 4= Ay (RS) 5=
A3 (R®),2 ¢ RY UR{, but 3 € RY URZ. In this case, 3 will be left single by
F. Thus, 3 benefits from 3 ¢ RY U R;. Note that this mechanism is individually
rational.

Second, a mechanism satisfying consistency, Pareto efficiency, and respect for
improvements may violate strategyproofness. Consider the following variant of
the PM:

PM~1=2 (R%) if 2 € R}

F(R%) =
() PM~ (R%) otherwise.

That is, whenever agent 1 finds agent 2 acceptable,the priorities of 1 and 2 are
swapped. This creates a problem when agents 1 and 2 share a unique mutually
acceptable partner, say agent i, while agent 2 finds agent 1 unacceptable (1 ¢ RS )
In this case, agent 1 can benefit by hiding the acceptability of agent 2.

Third, the null mechanism defined by F (R®) = {0} , for all R® satisfies all
the axioms except Pareto efficiency.

Finally, the following “bossy” variant of the PM satisfies all axioms except
consistency:
PM~>34 (R%) if {1,2} € E (R%)

F(R%) =
() PM~ (R%) otherwise.
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5 Concluding Remarks

We characterize a class of mechanisms in voluntary pairwise matching problems
with dichotomous preferences. This result provides theoretical support for the use
of the PM in real-world living-donor exchanges, where pairwise exchanges play
central roles in some countries. Our results may further help explain the distinctive
features of the PM, in line with recent studies demonstrating the usefulness of PM
variants in contexts where impossibility results occur under the standard strict
preference domain.

Our characterization also highlights important limitations of the PM approach
in the context of living-donor exchange. In particular, TPM can accommodate
only a very limited degree of heterogeneity in individualized priorities. As a conse-
quence, PM-like mechanisms are poorly suited for exchange programs with explicit
distributional objectives. For example, the Spanish National Kidney Exchange
Program prioritizes cycles within the same region over otherwise identical cycles
spanning multiple regions. Similarly, many kidney exchange programs incorporate
age differences among donors within a cycle[™] In smaller markets, such as France,
however, the limited scope for priority design may still be sufficient to address

these distributional policy goals.

Appendix A: Omitted Proofs

Throughout Appendix A, we use F' to denote a mechanism satisfying consistency,

Pareto efficiency, strategyproofness, and respect for improvements.

A.1 Lemmas

Since F' is essentially single-valued, we know that the set of agents who are matched
with mutually acceptable partners is the same across all matchings chosen by F'.
Let N¥ (RS ) be the set of all matched agents under F' at the preference profile
RS,

We first construct agent-specific priority profile > := {>;},.. For each ¢ and
S C N\ {i}, consider an equivalent class of preference profiles R such that
G (R%9) is the bipartite graph with agent i being the unique agent (node) on
one side and 7 is connected with all agents in S who are on the other side of the

graph.

13To incorporate such objectives, these programs typically rely on integer optimization tech-
nologies.
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Since F' is Pareto efficient and individually rational, one of the agents in S is
matched with ¢ while the rest of agents remain single at any preference profile of
R5) This induces a choice function

C; 2\ 5 N\ {3}

such that C; (5) € S for each S C N\ {i}. Intuitively, C; (S) identifies the agent
selected when a triage situation arises among agents in S over the endowment of
agent 7. >; is defined as the revealed preference relation of C;. Formally, we define
>; as

>i={(j,k) € N*|3S C N\ {i} s.t. C;(S) =j and k € S}.

Since F' is consistent, >; is a linear order on N \ {i}.
Lemma 2. >; is acyclic.

Proof. Assume not so. Then, there are distinct agents ji,...,jx € N \ {i} and
distinct (opportunity) sets Si,..,Sxk C N\ {i} s.t. Jk, Jjxk+1 € Sk and C; (Sk) = Ji
for all k£ € {1,2,..K}, where jxy1 = j1. Let S* := {ji,..,jx} and suppose
without loss of generality C; (S*) = ji;. This means that N (R®57)) = {j;,4}
and hence a (S*\ {j1,jx}) = S*\ {j1,jx} and a (i) = j; for all & € F (R®S)).
figrixy) = F (RO0ID),

The same preference profile R%{17x}) can be reached from R!
From C; (Sk) = jk, we know that N (R®5%)) = {i, jk}, and so B (Sk \ {j1,jKx}) =
Sk \ {j1,jx} and B (i) = jk for all 8 € F (R"“S%)). By consistency, 8 |(i, jx}€
F (R(i,SK) |{i7jth}) = F (R(iv{jlij}))‘

Finally, j; = a (i) and jx = (5 (i) contradict essential single-valuedness of F' at
ROAix}) ag desired. O

By counsistency, a |, j1 € F (R®S)

9K) as follows.

Since >; is complete, the acyclicity of >; implies the transitivity of >;. Thus,
we have well-defined orders {>;},.y.

By construction of >;, the following lemma is an immediate consequence.

Lemma 3. Suppose >; is given as >;: j1,J2, -, jn—1 and {i,jx} € E (RS). If
ji & N¥ (R%), then for all o € F (R%), a (i) € {Jj1, .., ju—1}-

Proof. Assume not so. Then, there is a € F (R%) st. a (i) € {jis1, .., jn1} U
{i}. By Pareto efficiency, i must be matched and so « (i) € {jxr1,.--,Jn_1}. As

4 Consistency of F ensures that F chooses the same set of matchings at all profiles inducing
the same bipartite graph G (R(i’s)).
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a(S\{i,a(i),jr}) =S\ {i,a(i),jr}, Consistency implies

S
a ia@i € F (R |giat)) -

We divide into two cases.
Case 1 {ji,« (i)} ¢ E (R®): In this case, R® |{;a(i),,} actually belongs to the
class RO-{2()3k}) - Since >; is the revealed preference of C;, C; ({ (), jx}) = J.
This means that (i) = j forall g € F ( |{i,a(i),jk}), which contradicts essential
single-valuedness of F' at (RS |(;a()j.}) as a (i) # ji.
Case 2 {ji,a (i)} € E(R%): In this case, {ji,a (i)} € E(R% |fa@) ) and
consistency imply that N (R |(; a(i).jry) = {i, @ (i)}. Consider Q{m DIk — (),
If

jr € NF (Q{m )k} ,(R® ‘{i,a(i),jk}){i’a(i)}> :

then j, can manipulate F at R |{WZ (i),jr} Via Q{Z ol@)ge} Therefore, j; should

remain single at this new profile. However, this is a contradiction because

{2041)7 } S
<Q Jk (R |{i,a(i),jk}>{i7a(i)}>

is in the clags R(-{a().dk}), O

The Lemma [ states that if agent ji is left unmatched by F' even though he has
a mutually acceptable candidate 7, then agent ¢ must be matched with those with
higher priority than j; according to >;. Note that Lemma [3| explains an agent’s
unfavorable outcome via >; only when the agent is mutually acceptable with 4.
However, due to indifferences, triage decisions may arise between agents who do
not share any mutually acceptable partners as long as they are connected in the
compatibility graph. In this sense, the role of the priority ordering >; is not limited
to the above situation; rather, it must coordinate with other priority orderings to
jointly determine triage outcomes. Consequently, these priority orderings must
be closely aligned with one another. To see this, consider the following situation.
Three agents, {k1, ko, k3}, demand the endowments of i and j, and the mutual
acceptability graph G (R({i’j}*{kl’kQ’k?’})) is a complete bipartite graph with ¢ and j
on one side and {k1, ko, k3} on the other (Figure [5).

In this situation, which two of {kj, ks, k3} are matched with either i or j con-
stitutes the only welfare-relevant information. The role of the priority >; is to
coordinate with the priority >; to jointly triage among agents demanding both i

and j. To ensure this joint role, some restrictions on the heterogeneity of priorities
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Figure 5: G ( R<{z‘7j},{kz1,k2,k3}))

ki
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ks

must be imposed. The following interplay of Pareto indifference and consistency
shows that the situation already imposes quite stringent restrictions:

Consider the above graph G (R({i’j}*{kl’k%%’})). Since F' is Pareto efficient,
without loss of generality, we can suppose that only k3 is left single by F'. Because
of Pareto indifference, F' (RUHHkuk2kal)) = Loy an} where

o = {{Z,k’l},{j,k’g}} N and
Qo = {{ika}’{ja kl}}

If we pick up iy and let {i, k1 } leave the market, the remaining market is G (R(j’{kQ’k?’})) ,
and, by consistency, the same match should be recommended by F'i.e., oy |{ks,k51=
{{j. k2}} € F (RUk2ks})) which means that ky >; k3. By symmetric reasoning,

we deduce that ks >; k3; therefore, the top two agents in one priority >; must be
the top two in another priority >, as well (the relative ranking among the top two
can be different in two priorities). The next lemma 4| generalizes this observation.

We use the following notation: for i € N, S C N\ {i}, and ¢ € {1,2,..,|S|},

o; (€] S) := “l-th ranked agent with respect to >; among S.”

Lemma 4. For any distinct pair i,5 € N, and for any subset of other agents
S C N\ {i,5} with |S| > 3, the following statements hold:

(a) {o: (1] 8),0:(2] $)} = {0 (1] 5) .0 (2] S)}, and

(b) o; (k| S)=0;(k|S) forall k € {3,4,..,|5S|}.

Proof. (a): We prove this by contradiction. Assume that there are i # j, S C
N\ {i,j} with |S| > 3 such that ky = 0;(1]S), ko := 0;(2|S5), and k3 €
{o;(1]8),0;(2]S)} with all distinct. Consider a preference profile R® in the
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equivalent class RU#7H{kik2ks}) - By Pareto efficiency, all but one of {k, ks, k3} are
matched. We divide into three cases:

Case 1 k; is the unmatched: By Pareto indifference of F,

a={{i,k},{j, ks}} € F(R").

By consistency,
o |{i7k17k2}€ F (RS |{i7k17k2}) :

However, RS (i, 1y is in RGF1k2) and so ky should be matched as ky >; ko,
which is a contradiction.

Case 2 ky is the unmatched: Note that ky >; ky >; k3. By Pareto indifference of
F

?

a={{i,ks}.{j,ka}} € F(R").

By consistency,
@ [fita) € F (R Jfikaska) -

However, (RS |{i,k2,k3}) is in RG-{F2#3}) and so ks should be matched as ky >; ks,
which is a contradiction.

Case 3 k3 is the unmatched: Note that either k3 >; ko or k3 >; k. Without loss
of generality, suppose k3 >; k. By Pareto indifference of I,

a={{i,k},{jk}} € F(R").

By consistency,
& ke € F (B |(ikaka))

However, (RS |{j7k27k3}) is in RUAk2:k3}) and so ks should be matched as ks >; ko,
which is a contradiction.
(b): Assume that o; (k | S) # o (k| S) for some k € {3,4,..,]S|} and S C N with
|S| > 3. Let

S i={oi(m|S)|m=12k}U{o;(m|S)|m=1,2k})\{o:(2]|5)}.
Then,

{oi(1157,0i(215,0; (25} ={o: (1] 5),0i (k] ), 05 (k] 9)}.
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Note that all of the three in the above sets are distinct because
o (1] S)#o0i(k[S)#o0;(k]|S)

and
oj(k]S)&{o;(115),0;(2]9)}={0i(1]5),0:(2]S5)}.

One can apply (a) to S” because
151 2 {oi (1] 5,00 (2] 5,05 (2] 5} = 3.

But this is a contradiction since o; (2 | S") ¢ {0; (1] 5"),0, (2| S")}. O

We apply this implied restriction to every pair of priorities to obtain the fol-

lowing common structure among all priorities.

Lemma 5. 3D C N such that |D| = 3 and the following two hold:

(1): D={o;(m|N\{i})|m=1,23} fori ¢ D
(2): D\{t} ={os(m[N\{i}) [m=1,2} forieD

Proof. Let

(1) A={oi(m|N\{i}) | me {12, . |A} fom¢,4}‘

A=<A
{ C N (2): A\{i} ={o;(m | N\ {i}) |me{1,2,..,|A| —1}} forie A

Observe that N € A. Take an arbitrary agent ic € N and fix it. Let i; :=
oiy (n— 1| N\ {ip}). Then, for each pair j, k € N \ {ig, i1},

oj(n =1 N\{j}) = ox (n = 1| N\ {k}) € {io,ia}

by part (b) of Lemma {4 and our universal assumption |[N| > 5. Let w; :=
o;j(n—1| N\ {j}) for some (and hence for all) j € N\ {io,1}; w; is the common
€N\{io,i1}" Let AO = N.

Let A; := Ag \ {w1}. We show that A; € A. The unique agent i satisfying

i ¢ Ay is wy. It is immediate to see

worst agent with respect to {>;};

[ (m | N\ fun}) | m € (1,2, [ A1} = Ay,
For any other agent ¢ with ¢ € Ay, the (n — 1)th priority agent with respect to >;
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is wy. So,

{oi (m [ N\A{i}) [m e {1,2, ., [Ai] = 1}} = Ay \ {i}.

Assume that we are given {A¢},cry, 4 C A with [4] > 5 and {weteqyq gy
with w, being the (n — ¢)th priority agent with respect to >; for all : € A, and
the (n — ¢+ 1)th priority agent with respect to >; for all i € N \ A,_;. Pick
ip € Ay arbitrarily and let iy := oy, (n —k | N\ {ip}). Since |Ax| > 5, for each

pair j, k € Ag \ {io, i1},

[Ag}

oj(n =k [ N\{j}) = or(n =k | N\ {k}) € {io,ir}

by part (b) of Lemma [i] Let wyi1 := oj (n—k | N\ {j}) for some (and hence
for all) j € Ag \ {i0,i1}. wit1 is (n — (k+ 1))th priority agent with respect to
>; for all i € Agy = Ag \ {wis1}; and wyyq is (n — k)th priority agent with
respect to >; for all i ¢ A, by part (b) of Lemma [l Therefore, Ay € A.
This inductive construction works up to & = n — 4 and we have A,,_4 € A with
|A,—4] = 4. Renaming agents if necessary, let A,_4 = {1,2,3,4} and wy = k for
each k =5,6,..,n.

For any distinct pair i, € N \ A,_4 and for each m € {3,4}, o, (m | A,—4) =
o; (m | An—4) by part (b) of Lemma . Therefore, without loss of generality, we

can express priority order >; for each i € N \ A,,_4 as follows:

> 1,234, .0—1,t+1,..,nor >;:2,1,3,4,.a—1,1+1,..,n.
For each j € {1,2,3}, applying part (b) of Lemma {4 to pair {j,5}, we have
0; (3] Ap—a \ {j}) = 4. This yields D :={1,2,3} € A as desired. O

In the rest of Appendix A, without loss of generality, we assume that D =
{1,2,3} the set of agents occupying the top positions in all priority orderings,
except in their own. The remaining agents are ordered according to the natural
ordering >. The following lemma completes the characterization of all admissible

agent-specific priority profiles, >.

Lemma 6. 3i # j € {1,2,3} s.t. >;:4,k,4,5,...,n and >;:i,k,4,5,..,n, where k €

{1,2,34\ {i, 7}

Proof. Toward the contradiction, assume that there is an odd-length cycle in their
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priorities: without loss of generality, assume that we have
2>13>91>32.

Consider submarket with S = {1,2,3} in which every pair is mutually acceptable:
R? = {j, k} for all distinct i, j,k € {1,2,3}. By Pareto efficiency, the two of them
are matched while one of them remains single under . Without loss of generality,
suppose 3 is the unmatched. Now, consider Q5 := R3 \ {1}. Then, (Q3, R%,)
is in class R®H3Y . Since 3 >, 1, 3 becomes matched with 2, which contradicts

strategyproofness of F'. O

Lemma 7. Let k ¢ N¥ (R%) with Ay, (R®) # 0, and 8 be a mazimum matching
in G (R®) with B (k) # k. Then, there is h € N¥ (R®) such that (k) = h and
h > B(k) k.

Proof. We prove this by contradiction. Assume that there are R%, k ¢ N¥ (RS )
with A (RS) # (), and a maximum matching 3 in G (RS) with g (k) # k; and yet
suppose that for all h € NF (RS)7

B(h) # hor k>4 h.

Take o € F' (RS ) Let v := aAp be the symmetric difference of the two matchings,
and let p be a path in v whose one endpoint is k. Let j be the other endpoint of

p (Figure [6)). Let
NP :={j" € S|{j,j"} €p for some j” € S}

be the set of agents involved in this path.
Then, N?\ {k} C N¥ (R®).1If 8 (h) # h for all h € N* (RY), then 3 matches

strictly more agents than «, contradicting the maximality of o. Therefore,
5 = {h e NP\ {k, B (1)} | k >p0 b} # 0.
Since a (N?) = NP, consistency implies that
a |ne€ F (RS |nw) .

Next, consider a submarket with agents S := NP\ {k, 8 (k)} and preference profile
R% |g. Matching a N p | matches all but one agent, S’ \ {a (3 (k))}; therefore,

any maximum matching in this submarket must match all but one. Therefore,
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Figure 6: An illustration of the symmetric difference v = aAp

U7 18

19 110

The edges corresponding to matching « are drawn in red, while those of matching
[ are drawn in blue; and dashed lines indicate edges that do not belong to either
matching in G (R¥). The edge {is, ig} belongs to both a and 8. The symmetric
difference of a and S is all edges used in exactly one of o and . In this example,

vy=aAB=aUpB\ {{is,is}}.

The path p from k to 5 and NP are

p {{k i}, {in,in}, {12, 45}, {23,3}}
NP {k, i1, 2,13, 5} .
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there is the unique agent i* € S’ who is unmatched under each selected matching
6 € F (R |s); in other words, N¥ (RY |¢/) = 5"\ {z*} We will consider the
manipulation incentive of ¢* and arrive at a contradiction.

Assume for a moment i* € S<*, which we will prove later. Recall that & is the

only unmatched agent at R¥ |y» i.e.,
N¥ (R |n») = NP\ {k}.
By strategyproofness of F', submitting {5 (k)} should not make k better off:

NT(({B(K)}, RS,) Inv) = NP\ {k}.

If
{*,8(k)} € E(({B(R)}, BZ) |nw ),

then
Ju{i,B(k)} e F(({B(HR)}, RE,) Inw )

because N¥' ({8 (k)}, R%,) |n») = NP\ {k} and Pareto indifference of F. How-

ever, our assumption i* € S<¥ and Lemma |3/ imply

ke N"(({8(k)}, REy) Ine)

which is a contradiction. Hence, {i*, 8(k)} ¢ E (({3(k)},R%,) |n»). If B(k) €

RY and i* ¢ Rg(k), then through the change

({8 ()} Ry R paany) Inve) = ({8 (1)}, R UL} s RE (i say) o)

B (k) additionally finds i* acceptable and the two profiles are otherwise same.
Hence, respect for improvements of F' implies that ¢* should not get strictly worse
off. We will show that ¢* actually gets strictly worse off. If k£ remains single at

this new profile, then

{7, 8(k)} € E(({B ()}, Ry UL} R o piay) Ive)

and Pareto indifference of F' imply

SU{i, B(k)} € F(({8(K)}, Riw ULi'}, RS g payy) |aw) -

54* is not necessarily j.

1
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But then Lemma [3] implies that

ke NF(({B (R}, Rigy UL}, R sy Ine)

a contradiction. Therefore, £ must be matched at this new profile. k’s only

acceptable partner is 3 (k); thus, any selected matching in this profile

o' € F(({8(k)}, R3py U {i"}, R say) Ive)

must match them: ¢’ (k) = 3 (k) by individual rationality of F'. By consistency,

o' |s€ F ({8 (R)}, Ry U{i}, R pry) |sr) -

By our construction, ¢* is the unique unmatched agent at this submarket. There-

fore, ¢* is also the unique unmatched agent in the original market as well:

N (({B (k)Y Ry UL}, R syy) |vw) = NP\ {i*}

Thus, ¢* gets worse off, which contradicts respect for improvements of F'.

The remaining possibilities for R are

(a): B (k) ¢ R and i* ¢ R3,

or

(b) : (k) ¢ R and i* € R},

If (a) is the case, since the change from (a) to (b) is the improvement of i* and F’

respects for improvements,

N (RS UL R ) ) = NP\ R}

Thus, the rest of the analysis is the same under (a) and (b). So, we suppose (b).

Consider another preference profile

Q% = (REU{B (D)}, E..)

When Q° is the true preference profile, by the discussion so far, i* must be the

unique unmatched agent:
NP (Q% |ne) = NP\ {i*}.
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However, submitting R3 instead, i* gets better off as
NT (R o) = N"\ {k},

contradicting strategyproofness of F. Therefore, as long as i* € S<F, we get a
contradiction.

As stated above, we now prove that i* € S<*. Agents 1 and 2 need to be
treated differently as they are special.
Case 1 k=1 or 2: We consider only k = 1 because of the symmetry.

If i* € S\ S<!, then either (1) i* =2 or (2) * =3 and 8 (1) = 2 with 3 >, 1.

First consider case (1). By the choice of i*,
NT (R |g) = S"\ {i"}.

Note that 3 |¢ is a maximum matching in G (R |¢) with 8 | (2) # 2. Since
1¢9,
59 = {he 9\ (282} | 2550 h} = 9\ {2.8(2)).

That is, for the submarket P° |g, all the premises of the above discussion are true
and all the candidates of i* for this submarket is in S<2. Therefore, the logic as
above leads to a contradiction. Thus, (1) is not possible.

Next, consider case (2). In this case, 1,2 ¢ S’ implies that all the candidates of
i* for the submarket R | is in S<%. Thus, we can get a contradiction as above.
Case 2 k > 3: Let k > 3 be the smallest number (the highest priority agent) for
whom * ¢ S<F holds. But then,

e {12, k—1}.

The minimality of %k yields the desired contradiction from N (RS | S/) = 5"\

("}, O

A.2 Proofs for The Main Result

Lemma 8. TPM> satisfies consistency, Pareto efficiency, strategyproofness, and

respect for improvements.

Proof. Since Pareto efficiency is not an inter-preference property, TPM” inherits
it from the associated priority mechanisms.
Before turning to inter-preference properties, observe that the five exceptional

cases in the definition of the TPM that induce priority flips are mutually exclusive:
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if one of them holds, none of the others can. This remains true even after some
matched pairs leave the market; that is, the relative priorities among the remaining
agents are unchanged when matched pairs exit. Let N (RS) denote the set of
agents matched under TPM~ (RS )

(1) TPM™ satisfies respect for improvements: In TPM”, any weak expansion of
the set of compatible partners A; (RS ) will not hurt i’s welfare.

(2) TPM” satisfies consistency: Note that in each of the exceptional cases with
priority flips, there is a set of three agents {1,2,j}, 7 € N\{1, 2}, and one of {1, 2}
remains single while the other two are matched with each other under TPM> (RS )
The status (matched or not) of the three agents are not affected by the departures
of other matched agents and, conversely, their presence will not affect the status of
the rest of the participants. In this sense, the three agents {1, 2, j} are essentially
separated from the rest of the market. TPM~ (RS ) treats the rest of the agents
S\ {1,2,5} in the same way as PM” (R¥ |g\1,2;}) - Therefore, TPM> inherits
consistency from PM~.

(3) TPM” satisfies strategyproofness: Assume not so. Then, there are R, k € S
with k ¢ N (R%), QF, o € TPM” (Q%, R%,) such that a (k) € Ay (R%). Since
the PM is strategyproof for any priority, any such manipulation must change the
priority. There are many cases, all of which we will examine individually.

Case 1 k£ = 1 or 2: We consider only £ = 1 because 1 and 2 are symmetric.
1¢ N (RS ) holds only if one of the followings hold:

! A () =0
2. Ay (RS) = A, (RS) ={i} and >;: 2,1
3. {1,2,3} is a connected component in G (PS) and >5:3,1.., and >3:2,1,..

Case 1.1 A; (R%) = : There is no way to manipulate.
Case 1.2 A; (R%) = Ay (R%) = {i} and 2 >; 1:

In this case, the priority used is >y i.e., TPM~ (RS) = PM~1+? (RS). Any
misreport Q7 with A, (Q7, R%)) = A5 (R%) = {i} cannot have the mechanism
choose matching « with « (1) = ¢ even if the priority changes. Therefore, a
possible misreport must be Q7 with A, ( Y RS 1) = {1,4}. In this case, observe
that the new priority used is either > or >;.,3. In either case, 2 is the 2nd priority
agent. Since there are two acceptable partners {1,i} to agent 2, agent 2 must
be matched at ( Y RS 1). This in turn implies that 1 cannot be matched with ¢
because 1 and ¢ are the only acceptable partner for 2 and hence 2 must be matched

with either 1 or <.
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Case 1.3 {1,2,3} is a connected component in G (PS) and >j:3,1.., and >3:
2,1, ..

In this case, 1 cannot be matched with either 2 or 3 simply because 1’s turn
comes after 2 or 3 regardless of her preference revelation.
Case 2 k= 3: If A; (Rs) = (), there is no way to manipulate. We consider the
case with As (R¥) # 0 and 3 ¢ N (R®). In this case, each i € A3 (R®) must be
matched with 1 or 2 for any matching 3 in TPM™ (RS). Therefore, | Az (RS){ <2
Case 2.1 First, suppose that Az (RS) = {i}.
Case 2.1.1If i € {1,2}, then {3 (i), i} = {1,2}, B (i) >; 3, and Ag) (R%) = {i}.

Therefore, the priority used at original profile R® is >. 3 cannot match with i as

long as the priority used is > and Agg;) (R®) = {i}. The only situation in which
agent 3 can change the priority is when a unilateral misreport by 3 results in an
isolated odd cycle {1, 2,3} in the mutual acceptability graph and 3 >p; i. In this
case, 3 and [ (i) will be matched as they are both prioritized over i. Thus, 3 ends
up being matched with the unacceptable 3 (i).

Case 2.1.2 If i ¢ {1,2}, then 5 (i) € {1,2} and we are in one of the following
two situations: Agq) (RY) = {i}; or A; (R%) U Ay (R%) = {i,j} with some j ¢
{1,2,3,7} and both of A, (RS) and A, (RS) are nonempty. In either case, 3
cannot change the priority used.

Case 2.2 Suppose Az (R%) = {i,j} with ¢ # j. Then, 8({i,j}) = {1,2} and
Ay (R%) U Ay (R®) = {i,j} with both of them nonempty.

Case 2.2.1If {i,j} = {1, 2}, then {1, 2, 3} forms an isolated odd cycle with 1 >, 3
and 2 >; 3. Therefore, 3 has no way to change the priority used.

Case 2.2.2 Suppose {i,j} # {1,2}. Note that {i,j} N {1,2} = . In this case, 3
cannot unilaterally cause the priority flip.

Case 3 k € {4,5,..,n}: The only way that k changes the priority is to pretend to
find one of {1,2} acceptable. However, any such misreport will match & with an
unacceptable partner for sure.

Thus, no agents can manipulate TPM”. O]

Theorem 1. F' satisfies consistency, Pareto efficiency, strategyproofness, and

respect for improvements if and only if F = TPM> for some >.

Proof. Suppose I’ satisfies the axioms. Let > = {>;},. be the linear orders
constructed from F as in the previous section. Also, by relabeling agents if needed,
we assume D = {1,2, 3} and otherwise the agents are ordered according to >. Let
NF (RS ) denote the set of matched agents under F at R°, and let N (RS ) denote
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the set of matched agents under TPM> at R°. We prove F = TPM> by showing
i¢ N (R®) if and only if i ¢ N (R)

for each agent i. Fix an arbitrary agent 7. If A; (RS ) = (), the statement is true
by individual rationality. So, assume A4; (R*) # 0.

Case 1 i = 1 or 2: By symmetry, we focus on 1. If 1 ¢ N¥ (RS), then any
maximum matching 3 that matches 1 leaves some h € N (RS ) with h >g 1
unmatched by Lemma (7l This is possible only when (1) >g0y: 2,1, h = 2, and
Ay (P%) = Ay (P%) ={B(1)}sor (2) B(1) =2 with 3 > 1, h =3, and 4, (P°) =
As (P%) ={2}; 0r (3) B(1) € {2,3} with 3 >, L or 2 >3 1, h € {2,3}\ {B (1)},
and {1,2,3} constitute an isolated cycle in G (P®). These are exactly the three
conditions under which 1 can be unmatched under TPM> even if A, (RS ) # .
Hence, 1 ¢ N (R¥).

Conversely, if 1 ¢ N (RS ), then one of the three conditions holds. 1 cannot
be matched under F' by Lemma [3] because matching 1 with one of her acceptable
mates inevitably leaves another agent whose priority is higher than 1 unmatched.
Case 2 i > 3: Assume i € (N (R®) \ N¥ (R%)) U (N¥ (R%) \ N (R®)). Take i
to be the smallest number.

Let o € TPM™ (R®). If i € N (R®) \ N¥ (R®), by Lemmal(7] there is h €
N (R®) such that a (k) = h and h >, i. This means that h € {1,2,..,i — 1}
and

he N (R%)\ N (R%),

which contradicts the choice of i. Hence, i € N¥ (R%) \ N (R®). i ¢ N (R%)
implies that any maximum matching that matches ¢ must leave another agent
heN (RS) with A > ¢ unmatched. Take any g € F (RS). Since [ is a maximum
matching with 3 (i) # 4, there is b/ such that # > ¢ and ' ¢ N (R%). This
contradicts the choice of i because i’ € N (R%) \ N¥ (R%). O
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