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This paper develops a role-reversed auxiliary-calibration framework for identifying average and
conditional treatment effects when treatment selection may depend directly on both poten-
tial outcomes. The framework uses two side-specific auxiliary measurements: a baseline-side
measurement ) and a response-side measurement S. Their roles are reversed across the two
potential-outcome means: () calibrates treatment selection and S represents the outcome for
E[Y1], whereas S calibrates selection and @) represents the outcome for E[Yp]. Unlike proximal
causal inference or shadow-variable methods, the proposed approach targets generalized Roy
selection on potential outcomes rather than adjustment for a common latent confounder. We
establish identification of average, conditional, subgroup, and restricted-time treatment effects
without recovering the joint distribution of (Y7,Yy). The resulting calibrated orthogonal mo-
ment is twin-pair doubly robust: within each treatment arm, either the selection calibrator or
the adjoint outcome representer is sufficient for valid estimation. When both nuisance func-
tions are estimated, first-order bias reduces to the product of their estimation errors, yielding
product-rate robustness and supporting cross-fitted inference. Monte Carlo experiments illus-
trate the transition from accidental strong ignorability to selection on gains, showing that the
proposed estimator reproduces the standard AIPW benchmark under the former while remain-
ing accurate under the latter, where latent-confounder and armwise shadow-variable methods
fail. The methodology is further illustrated using a full-counterfactual benchmark based on the
Beat AML ex vivo drug-response resource and an observational study of ESBL bloodstream
infection, in which the estimated treatment effect agrees in direction with randomized-trial
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1 Introduction

This paper studies causal inference in the potential-outcome framework of Rubin (1974) when
treatment selection may depend directly on both potential outcomes. Such selection on gains
arises naturally in generalized Roy-type settings (Heckman and Honoré, 1990), clinical treat-
ment choice, organ-offer acceptance, and treatment-regimen switching. Unlike standard latent-
confounder models, selection on the potential-outcome pair generally renders the joint distribution
of (Y1,Yp) difficult or impossible to identify without strong structural restrictions. Rather than
recovering this joint distribution, we ask whether regular causal functionals remain identifiable.
We answer this question by developing an identification strategy for average, conditional, sub-
group, and restricted-time treatment effects, including the average treatment effect (ATE), the
conditional average treatment effect (CATE), the average treatment effect on the treated (ATT),
the average treatment effect on the controls (ATC), and restricted mean survival time (RMST),
without reconstructing the latent joint distribution of (Y7, Yp).

Our identification strategy is based on two observed side-specific auxiliary measurements. The
variable () measures the baseline side of the potential-outcome system, whereas S measures the
response side. These variables are neither ordinary instruments nor proxies for a common latent
confounder. Instead, they enter a role-reversed auxiliary-calibration architecture: for identifica-
tion of E[Y7], @ enters the selection calibration equation whereas S enters the adjoint outcome
representation; for identification of E[Yp], their roles are reversed. This role reversal is the central
identifying mechanism of the proposed framework and distinguishes it from existing proxy-based
identification strategies.

The proposed architecture differs fundamentally from proximal causal inference (PCI; Miao
et al., 2018). PCI assumes latent ignorability, (Y1,Yp) L D | U, X, and uses proxy variables to
recover adjustment for the latent confounder U. By contrast, our framework imposes no latent-
ignorability assumption. Treatment assignment may depend directly on the potential outcomes
through P(D =1 | Y1, Y0, 5,@Q, X), and the auxiliary measurements () and S are interpreted as
side-specific measurements of the potential-outcome system rather than proxies for a common
latent confounder. Identification is instead achieved through their role-reversed calibration and
representation roles.

The proposed framework is also distinct from shadow-variable approaches to nonignorable
missing data (D’Haultfoeuille, 2010). Conventional shadow-variable methods identify a single
partially observed outcome by exploiting an auxiliary variable excluded from the corresponding
missingness mechanism. Under selection on gains, however, such armwise exclusion restrictions
generally fail because treatment selection may continue to depend on the unobserved potential
outcome. Rather than imposing separate shadow-variable assumptions for each treatment arm,
our framework jointly identifies both marginal potential-outcome means through a coupled system
of role-reversed calibration and outcome representation.

Building on this identification architecture, we establish identification of regular causal func-



Table 1: Identification architectures compared.

Approach Selection structure Auxiliary information Target
Latent-confounder Y1,Y0) LD|U, X measurements of a common ATE under latent
proxy adjustment latent adjustment variable ignorability

U
Shadow-variable missingness depends on one a shadow variable Z with mean/distribution
NMAR outcome R1Z|Y, X of one partially

observed outcome

IV/MTE selection margin shifted by instrument for treatment LATE/MTE; ATE
an instrument choice under support and

extrapolation
This paper D may depend directly on baseline-side and response- ATE/CATE/ATT-
(11,Y) side auxiliary measure- type  functionals
ments @Q,S with role without joint-law

reversal identification

The first row includes the proximal causal inference architecture, in which the auxiliary measurements are proxies
for the common latent adjustment variable U.

tionals without recovering the joint distribution of the potential outcomes, derive calibrated or-
thogonal estimating equations with product-rate robustness, and develop cross-fitted estimation
and large-sample inference under flexible first-stage estimation. These results provide a unified
framework for estimation and inference under direct selection on potential outcomes, identified
through role-reversed calibration and range conditions on the side-specific auxiliary measurements
rather than through any restriction on the treatment-selection mechanism.

The main contributions of the paper are threefold. First, we introduce a role-reversed auxiliary-
calibration architecture for identifying regular causal functionals under direct selection on poten-
tial outcomes, allowing treatment assignment to depend directly on both potential outcomes
rather than on a latent confounder. Second, we develop the accompanying statistical theory,
establishing identification, orthogonal estimating equations, product-rate robustness, and cross-
fitted large-sample inference under flexible first-stage estimation. Third, we develop practical
estimation and diagnostic procedures and illustrate the framework through simulations and two
empirical applications, demonstrating its performance in both benchmark and observational set-
tings.

Table 1 summarizes the proposed framework in relation to existing identification architectures.
The key distinction is that our approach permits direct selection on the potential outcomes and
exploits role-reversed side-specific auxiliary measurements to identify regular causal functionals
without recovering the joint distribution of (Y7, Yp).

This paper complements Hoshino et al. (2026), which studies identification of the joint distri-
bution of (Y1,Yp) under generalized Roy selection. Whereas that paper characterizes when the
joint distribution is identifiable, the present paper asks whether regular causal functionals remain

identifiable even when the joint distribution is not. The role-reversed auxiliary-calibration frame-



work provides an affirmative answer by identifying these functionals directly without recovering
the latent joint law.

The remainder of the paper is organized as follows. Section 2 introduces the role-reversed
auxiliary-calibration framework. Section 3 establishes the identification results, and Section 4
develops estimation and large-sample inference. Section 5 reports simulation evidence, and Sec-
tion 6 presents the empirical applications. Technical proofs and additional implementation details

are collected in the Appendix.

2 Model and identification framework

Let the observed data be independent and identically distributed (i.i.d.) copies of
0=(D,Y,5Q,X), De{01}, Y =DV1+(1-D)Y,

where Y7 and Yj denote the potential outcomes, X is a vector of observed covariates, @) is a
baseline-side auxiliary measurement, and S is a response-side auxiliary measurement. Through-

out, the roles of @ and S are motivated by the linked-potential-outcome representation
Yl = g(}/b7 E)7

where E denotes response-side variation. This representation is purely heuristic and is not required
for identification.

Let 41 (y, x) and ¢y (y, =) be known square-integrable transformations. We consider the marginal
target functionals p1 = E[¢1 (Y1, X)], no = E[¢o(Yo, X)], and 7 = uy — po. The average treatment
effect corresponds to the special case ¢1(y,z) = £y(y,z) = y. Throughout we write L1 = ¢1(Y1, X)
and Ly = ¢p(Yo, X). Whenever an expression of the form ¢;(Y, X) is multiplied by D, it is in-
terpreted as ¢1(Y7, X); similarly, whenever £y(Y, X) is multiplied by 1 — D, it is interpreted as
lo(Yo, X). Treatment assignment is governed by the full propensity

p(Yl,}/o,S7Q,X) :P(D: 1 | Yla}/O"S’vaX)v

which is allowed to depend directly on both potential outcomes as well as the observed auxiliary
measurements. Thus treatment assignment need not become ignorable after conditioning on
observed covariates or an unobserved latent confounder. Exclusion of the auxiliary measurements
from the treatment assignment mechanism is therefore treated as a special case rather than a

primitive assumption.

Assumption 1 (Sampling and overlap). The observed data are i.i.d. and E[L?] + E[L3] < oo.
There exists a constant € > 0 such that € < p(Y1,Y),S,Q, X) <1 — € almost surely.



Table 2: Role reversal in auxiliary calibration.

Target Selection calibrator Outcome representer
m =ElL(Y1,X)] aY,Q,X) b1(S, X)
to = E[lo(Yo, X)]  qo(Y. 5, X) bo(Q, X)

2.1 Role-reversed calibration

The proposed identification strategy is based on a role reversal between the two auxiliary measure-
ments. For the treated mean pi, the observed outcome identifies Y7, so the missing information
concerns the baseline-side component. Accordingly, the baseline-side auxiliary measurement )
enters the selection calibration equation, whereas the response-side auxiliary measurement S en-
ters the outcome representation equation. For the control mean g, the roles are reversed: the
observed outcome identifies Yy, the missing information concerns the response-side component,
and the statistical roles of @@ and S are exchanged. We refer to q; and qg as the selection calibra-
tors and to by and by as the outcome representers. The calibrators solve the selection calibration
equations, whereas the representers solve the outcome representation equations. This terminology
emphasizes the distinct statistical roles of the auxiliary measurements rather than their interpre-
tation as proxies for a common latent confounder. Table 2 summarizes the role reversal underlying
the proposed identification strategy.

Identification proceeds in two steps. We first formulate latent calibration equations under
the full treatment propensity. These provide primitive sufficient conditions for identification. We
then show that they imply observable conditional moment restrictions involving only the observed
data. These observable equations constitute the basis for estimation and inference throughout

the remainder of the paper.

Assumption 2 (Latent selection calibration). There exist square-integrable functions ¢} (Y1, Q, X)
and ¢§(Yo, S, X) such that

E[p(Yi, Yo, 8,Q, X){1 +q}(¥1,Q, X)} | Y1,%0, 8, X| = 1,
E[{1 - p(¥1,Y0,8,Q, X)H1 + g6(Yo, S, X)} | V1, Y0, Q, X| = 1. (1)

Assumption 2 is stated directly in terms of the latent calibration equations. Primitive sufficient
conditions guaranteeing the existence of latent calibration functions are discussed in Appendix A.7.
The corresponding full-propensity weighted operators are described in Appendix E. When the aux-
iliary measurements do not directly affect treatment assignment, the latent calibration equations
reduce to latent odds-calibrator equations; see Appendix A.3. The latent calibration equations

imply observable conditional calibration equations involving only the observed data.

Remark 1 (Primitive instances of Assumption 2). Although stated as a high-level existence

condition, Assumption 2 holds in transparent primitive settings and is not a restatement of



the identification target. Two examples make this concrete. (i) Finite rank. Fiz X = x;
suppose the baseline-side exclusion @ L (Y1,S) | (Yo, X) holds, Yo | X = = has finite sup-
port {yo1,...,Yok}, and @ | X = x has support {qi,...,q;} with J > K. If the matrix
Mo(x)r; = P(Q = ¢; | Yo = yor, X = x) has row rank K, a treated selection calibrator ea-
ists; the control side is symmetric (Proposition 4). (ii) Gaussian source. In the additive model
Yo = mo(X)+ A4, YT =mi(X)+E, Q=A+¢, S = FE+ & with independent Gaussian
measurement errors, the latent calibrators exist in closed form (Lemma 5); this is precisely the
data-generating process underlying the Monte Carlo of Section 5. In both cases the condition
is a completeness/range restriction on the joint law of the side-specific auxiliary measurements
(Severini and Tripathi, 2006), not a restriction on the treatment-selection mechanism, which may
still depend directly on (Y1,Yy). When the treatment rule also depends directly on S or Q, the
same interpretation applies with the full-propensity weighted range conditions: the direct effects
of S,Q on treatment are absorbed by the weighted operators, and Proposition 8 and Lemma 3 in

Appendiz E give weighted-range and finite-rank sufficient conditions for this case.

Proposition 1 (Observed selection calibration). Under Assumptions 1 and 2,

E[Dg{(Y,Q,X)—(1—D)| 8, X] =0,
E[(1 - D)g5(Y, 5, X) - D | Q,X] =0. (2)

Proof. We prove the first equation; the second follows symmetrically. Since Y = Y7 whenever
D=1,

E[Dg;(Y,Q,X) (1 - D) | ¥1,Yp, 5, X]
[P(Y1,Y0, 5, Q, X)gf (V1,Q, X) = {1 = p(V1, Y0, $,Q, X)} | V1, Yo, S, X
o

=E
=E p Y171/07S7Q7X){1 + q{(YhQ:X)} ‘ Y17Y07S7X:| -1= 07

where the last equality follows from Assumption 2. Taking conditional expectations with respect
to (5, X) yields the conclusion. O

The second component of the identification strategy is the outcome representation equation.
Whereas the selection calibration equations characterize weighting functions correcting for treat-
ment selection, the outcome representation equations characterize functions recovering the target
outcome functionals through observable conditional mean restrictions. Together, the calibration

and representation equations determine the nuisance functions entering the calibrated estimating



scores. The observed calibration and representation equations define the following solution sets:

[Da(Y,Q, X) = (1= D) | 5, X] =0},
Qo = {¢: E[(1 = D)q(Y, 5, X) = D | Q, X] =0},
By = {b: E[D{f,(Y,X) - b(S, X)} | Y,Q, X] = 0},
Bo = {b: E[(1 = D){l(Y, X) = b(@, X)} | Y, S, X] = 0}.

The sets Q1 and Qg collect the admissible selection calibrators, whereas B1 and By collect the
admissible outcome representers. For any q; € 91, qo € Qo, b1 € B, by € By, define the treated

and control calibrated scores

[1(0;q1,01) = D{1 + 1 (Y, Q, X) H (Y, X) — b1(S, X)} + b1 (S, X),
Lo(O; g0, b0) = (1 — D){1 + qo(Y, S, X) H{o (Y, X) — bo(Q, X)} + bo(Q, X). (3)

The treatment indicators ensure that Y = Y7 in I'y and Y = Y} in I'y, so the shorthand notation

0,(Y, X)) is interpreted accordingly.

Assumption 3 (Exact calibrator-representer). There exists at least one tuple
nt = (g}, 4, b0) € Q1 x B1 x Qo x By

whose components satisfy the observed calibration and representation equations, and whose selec-

tion calibrators are induced by the latent calibration equations of Assumption 2.

Additional sufficient conditions guaranteeing score admissibility are collected in Appendix A.2.
An operator-theoretic interpretation of the observable calibration and representation equations,
together with the associated Riesz—adjoint formulation, is presented in Appendix A.4. Prim-
itive sufficient conditions for the latent calibration and representation equations are given in
Appendix A.7, and representative examples of identified causal functionals are summarized in
Appendix A.1.

The next section establishes that every exact calibrator-representer tuple identifies the same
target functionals. Consequently, uniqueness of the nuisance functions is unnecessary for identifi-
cation, and the resulting calibrated scores form the basis for estimation and inference developed

later in the paper.

3 Identification

Section 2.1 introduced the role-reversed calibration and representation equations together with
the associated calibrated scores. This section establishes identification of the marginal target func-

tionals, shows that the identified values are invariant to the choice of exact calibrator—representer



pair, and derives the twin-pair double-robustness property underlying the estimation theory devel-
oped in Section 4. Identification is obtained without recovering the joint distribution of (Y7, Yp);
instead, it relies only on these calibration and representation equations.

The following theorem establishes identification from the latent calibration equations. The ob-
servable calibration and representation equations are introduced only to characterize the solution

sets used in estimation and to establish the invariance result below.

Theorem 1 (Identification via latent calibration). Suppose Assumptions 1 and 2 hold. Then, for
any square-integrable b1 (S, X) and bo(Q, X), E{T'1(0;q%,b1)} = u1, E{To(O;q5,b0)} = po, and
thus,

E[T'1(0; 41, b1) — To(03 45, bo)] = 7.

Proof. We prove the result for p;; the proof for g is identical. Since Y = Y; whenever D =1,
Fl(O,Q{,bl) = D{l + q{(yvaaX)}{Ll - bl(S7X)} + bl(SvX)ﬂ
where L; = ¢1(Y1, X). Therefore,

HPl(O,Q{,bl) ’YhYOaSa X]
= E{p(YhYb,S,Q,X){l ""_qf(YlaQ?X)}{Ll _b1<SvX)} ’ YleUvSﬂX} +b1(S7X)'

Since L; and by (S, X) are measurable with respect to (Y1, Yp, S, X), Assumption 2 implies

E{Fl(07q{7b1) | Yl,Yb,S,X]
= {Li = bi(S, X)YE[p(Y1, Yo, 8, Q, X){1 +¢f(Y1,Q, X)} | V1,5, S, X| + b1 (S, X) = Ly.

Taking expectations yields E[T'; (O; ¢{, b1)] = E[L1] = p1. The proof for uq is identical, replacing D
by 1— D and conditioning on (Y7, Yy, @, X ). Combining these results yields the last statement. [

Theorem 1 establishes that the calibrated scores recover the target functionals whenever the
latent calibration equations hold. The latent calibrators, however, are not observed. In prac-
tice, estimation is based on the observable calibration and representation equations introduced
in Section 2.1. These equations generally admit multiple solutions. The next result shows that
this nonuniqueness is immaterial for identification: every exact calibrator—representer tuple con-

structed from the observable solution sets yields the same target value.

Theorem 2 (Invariance over observable solution sets). Suppose Assumptions 1, 2, and 3 hold.
Then, for every (q1,b1) € Q1 x By and (qo,bo) € Qo x By, we have E[I'1(O;q1,b1)] = pu,
E[T0(O;q0,b0)] = po, and E[I'1(O0;q1,b1) — To(0;qo,b0)] = 7, independently of the particular

choice of (q1,b1,qo,bo) within the corresponding observable solution sets.

Proof. We prove the result for the treated mean; the control case is identical. Let (qI, b]i) denote

the treated component of an exact calibrator-representer tuple. The difference I'1(O;q1,b1) —



' (0; qif, b{) admits the decomposition established in Proposition 2 below. Since g1, q{ € Q; and

b1, bI € B, every bias component in that decomposition vanishes. Hence
E{T1(0;q1,01)} = E{T1(O: q}, b))} = u,

where the second equality follows from Theorem 1. The proof for pug is identical, and subtraction

yields the result for 7. O

The invariance result implies that exact calibrator-representer pairs are interchangeable. The
next theorem strengthens this observation by showing that, within each treatment arm, only one

element of the pair needs to be correctly specified.

Theorem 3 (Twin-pair double robustness). Suppose Assumptions 1, 2, and 3 hold, and that
the treated solution sets Q1 and By contain score-admissible elements. Then, for the treated

mean,E{T'1(O; q,b)} = p1 under either of the following conditions:

(i) ¢ € Q1, while b(S,X) is any score-admissible function for which the expectation is well
defined;

(i) b € By, while ¢(Y,Q, X) is any score-admissible function for which the expectation is well
defined.

The analogous statement holds for the control mean with (Qq, By) and D replaced by 1—D. Conse-
quently, the ATE calibrated moment ¥(O;n) = I'1(O;q1,b1) —To(O; qo, bo) is unbiased for T if, in
each arm, at least one member of the calibrator—representer pair is correct. Thus misspecification
of the calibrator on one side is harmless when the corresponding adjoint representer is correct,

and vice versa.

Proof. We prove the treated statement; the control statement is identical. Let b e Bi and qJr €

be exact score-admissible representatives, which exist by hypothesis.
Clause (i). If ¢ € Qy, then (q,bf) € Q1 x By, and Theorem 2 gives E{T'1(O; ¢,b')} = ;. For

any score-admissible b,

by the observed calibration equation defining ¢ € Q;. Hence E{T'1(O;q,b)} = u1.
Clause (ii). If b € By, then (¢f,b) € Q1 x By, and Theorem 2 gives E{T'1(O;q",b)} = u;. For

any score-admissible g,

by the adjoint representation equation defining b € B1. Thus E{T'1(O0;¢,b)} = p1. The ATE claim
follows by applying the same argument to the control mean and subtracting the two marginal

statements. ]



Remark 2 (How twin-pair double robustness differs from AIPW). Theorem 3 establishes a gen-
uine double-robustness property, but the nuisance pair differs fundamentally from that of ordinary
AIPW. In AIPW (Robins et al., 1994), robustness is with respect to misspecification of either the
treatment propensity score or the outcome regression under an tgnorability architecture. Here, the
observable nuisance replacing the propensity score is the selection calibrator defined by the cali-
bration equation, while the regression component is replaced by the adjoint outcome representer.
The robustness property is therefore intrinsic to the role-reversed calibration architecture: within
each treatment arm, misspecification of the selection calibrator is harmless if the adjoint outcome

representer is correctly specified, and vice versa.

Remark 3 (Twin-pair versus model-union robustness). The twin-pair double robustness of The-
orem 8 should be distinguished from a model-union robustness between ordinary adjustment and
role-reversed calibration. Under strong ignorability, the adjustment representative is nested in the
calibrated moment class and reduces to the usual AIPW signal. Appendiz R discusses an optional
architecture-adaptive extension, but the robustness property used in the main development is the

calibrator—representer double robustness of Theorem 3.

The preceding invariance and twin-pair double-robustness results are both consequences of a
more general decomposition of the bias induced by arbitrary calibration and representation errors.
This decomposition also forms the basis for the orthogonality and product-rate results developed

in Section 4.

Proposition 2 (Exact mixed-bias identity). Let (qI, b]i) be an exact treated calibrator—representer

pair satisfying Theorem 1. Then, for every (q1,b1) and (qo,bo),

E[T1(O;q1,b1)] — i1 = HED(q1 —q])(L1 — b1)] + E{1 — D — Dgf}(by — b])],
E[Lo(O;q0,b0)] — o = E(1— D)(qo — q)(Lo — bo)] + E{D — (1 — D)gl}(bo — b})].

Proof. For the treated score, add and subtract ' (O; qi, b1) and I'1 (O; qI, b];), expand the resulting
differences, and use Theorem 1 to replace E[I';(O; q{,bi)] by p1. The control identity follows

analogously. 0

A direct Cauchy—Schwarz bound applied to the mixed-bias identity yields the following product-

rate consequences.

Corollary 1 (Product-rate consequences). Under the conditions of Proposition 2, the following
consequences hold.
(i) [Product-rate bias bound] The first-order bias satisfies

IN

[B{01(31,00)} — E{T1(an, 00} < [ld = aullp b = balp,

[E{T0(d0,b0)} — E{To(g0,b0)}| < lldo — qolli—p B0 — bollr-p-

A

10



(7i) [Rate double robustness] If
lar = aillp llbr = ballp = 0p(n~"7?), 1o — oll1—p 1o = boll1—p = op(n~'7?),
then
E{T1(@1,01)} = E{T1(q1,00)} = 0p(n™%),  E{To(do, bo)} — E{To(g0, bo)} = 0p(n~"/?),

s0 that the first-order bias of the calibrated ATE estimator is o,(n~'/2).

(iii) [n‘1/4 sufficient condition] The conditions of the preceding paragraph are satisfied whenever

lG—allp = 0p(n™ %), [[bi=billp = 0p(n™ %), |l@o—qolli—p = 0p(n™ %), |lbo—bolli—p = 0p(nH/*).

The preceding results identify the marginal functionals u1, ug, and 7. Because the covariates
X enter every calibration and representation equation, the same calibrated scores also identify
conditional and weighted causal functionals. The next result makes this conditioning argument

explicit.

Theorem 4 (Conditional and weighted identification). Suppose the conditions of Theorem 2 hold.
Then, for every bounded measurable function h(X), it holds

E[R(X)T1(0; q1,01)] = E[A(X)61 (Y1, X)],  E[(X)T0(O; g0, bo)] = E[A(X)lo(Y0, X)].

Consequently, E[I'1(O;q1,b1) | X] = E[(1(Y1, X) | X] and E[T'0(O; qo,bo) | X] = E[lo(Yo, X) | X]

almost surely. In particular, under the identity transformations ¢1(y,x) = Ly(y,x) =y,
T(X) =E[Y1 — Yo | X] =E[l'(0;q1,b1) — 'o(O; qo, bo) | X].

Proof. We prove the treated identity; the control case is identical. For any bounded measurable
function h(X), define ¢ (y, x) = h(x)l1(y, ). Since h(X) is measurable with respect to (¥, Q, X),
if by € By, then h(X)b1(S, X) belongs to the corresponding representation class for E{L. Moreover,

T'1(0;q1, hby; 1) = h(X)T1(O; q1, br; 41).

Applying Theorem 2 to the transformed functional £} yields E[h(X)T] = E[h(X)¢1(Y1, X)]. Since
this holds for every bounded measurable h, the conditional expectation identity follows from the
defining property of conditional expectation. The CATE representation is obtained by taking
l =4y =id. O

Extensions to restricted-time outcomes, including RMST under right censoring, are presented

in Appendix C.5 and Appendix J.
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4 Estimation and inference

Section 3 established identification through the calibrated scores and showed that the identified
values are invariant over the observable calibration and representation solution sets. We now de-
velop estimation and inference based on these scores. The nuisance functions are estimated from
the observed calibration and representation equations, and then substituted into the calibrated
scores. Cross-fitting is employed throughout (Chernozhukov et al., 2018) to accommodate flexible
nonparametric or machine-learning estimators while preserving the orthogonality properties es-
tablished in Proposition 2. We first introduce the nuisance estimation strategy and then establish
the asymptotic properties of the resulting estimators.

The estimation procedure mirrors the identification strategy. The selection calibrators are
estimated from the observed calibration equations defining the solution sets Q; and Qg, whereas
the outcome representers are estimated from the observed representation equations defining By
and By. The resulting nuisance estimators are obtained on auxiliary samples and substituted into
the calibrated scores on independent evaluation samples through cross-fitting. To describe the
estimation procedure, partition the sample into K approximately equal folds {Z1,...,Zx}. For
each fold £, let Zf denote its complement. Using observations in Z;, construct nuisance estimators

@ a Y B
These estimators are then evaluated on observations in 7, ensuring that every observation is eval-
uated using nuisance functions estimated from an independent sample. Various computational
approaches satisfying these estimating equations, including sieve, RKHS, and machine-learning
implementations, are discussed in Appendix A.11, while practical implementation issues are sum-
marized in Appendix A.12.

For each observation i € 7y, define the cross-fitted calibrated scores
f‘li = Fl (O“ Eéik)v/l;gik)) ’ ]-/:‘Oi = FO (017 E]\(()ik),/l;(()ik)) R

where the nuisance estimators are obtained from the complementary sample Z;. Pooling the

scores over all folds yields the cross-fitted estimators
LN 1 o
fn=->Tu,  fio==> Tou,  7=J1— fo
nia iz

The mixed-bias decomposition in Proposition 2 immediately yields the orthogonality property
of the calibrated scores. Specifically, the leading bias terms vanish whenever either the selection
calibrator or the outcome representer is correctly specified. Consequently, nuisance estimation
errors enter only through their interaction, substantially weakening the accuracy requirements

needed for asymptotically valid inference.
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Proposition 3 (Orthogonality). Suppose the conditions of Theorem 2 hold. Then the first-order
effect of perturbing either the selection calibrator or the outcome representer around an exact
calibrator—representer tuple vanishes. Consequently, the bias of the calibrated scores depends on
nutsance estimation errors only through the mixed second-order terms characterized in Proposi-

tion 2.

Proof. The result is an immediate consequence of Proposition 2. The decomposition contains no
terms that are linear in the calibration error alone or in the representation error alone. Hence the

leading contribution of nuisance estimation errors is given entirely by their mixed products. [

The orthogonality result implies that first-order inference depends only on the interaction
between the calibration and representation estimation errors. It is therefore sufficient to require
consistency of each nuisance estimator together with a second-order product-rate condition. These

assumptions accommodate a broad class of nonparametric and machine-learning estimators.

Assumption 4 (Nuisance estimation). For each treatment arm t € {0,1},
I3 —afllz=0p(1), B =blll2=0p(1), G — allz b — b]ll2 = 0p(n~"/?).

Moreover, the nuisance estimators are obtained using samples independent of the observations on

which the corresponding calibrated scores are evaluated.

The product-rate condition is sufficient to establish asymptotic linearity of the cross-fitted es-
timators. The limiting influence functions are given by the population calibrated scores evaluated
at the exact calibrator-representer tuple to which the first-stage estimators converge; because the
calibrated-score variance is not invariant across the solution set (only the mean is, by Theorem 2),

the relevant tuple is this probability limit rather than an arbitrary exact tuple.

Theorem 5 (Asymptotic linearity). Suppose Assumptions 1, 3, and 4 hold. Then

V(i —p) =

V-

@
I
—

{T1(0sa], b)) = 1 } +0,(1),

V(o — po) = {Fo(Oz‘; ap, b)) — Mo} + 0p(1),

@
Il
—

Ve 1) =

Rl
M§

-

Il
—

{01(0s af, b]) = To 033 6, 00) — 7} + 0,(1).

(2
Proof. Cross-fitting renders the nuisance estimators asymptotically independent of the evaluation
observations. Proposition 3 eliminates the first-order effect of nuisance estimation, while Assump-
tion 4 implies that the remaining second-order remainder is op(n_l/ 2). The expansion therefore

follows from a standard empirical-process argument. ]

13



The asymptotic linear representation immediately yields asymptotic normality by the central
limit theorem. The asymptotic variances are given by the variances of the corresponding influence

functions.

Theorem 6 (Asymptotic normality). Suppose the conditions of Theorem 5 hold. Then

\/ﬁ(ﬁl —,U;l) WN(Ouvl)ﬂ \/ﬁ(ﬁO—MO) WN(()?‘/O)? \/ﬁ(’?—T) WN(OavT)u
where Vi = Var(T'1(0; ¢}, b)), Vo = Var(To(O; ¢}, b)), and V> = Vax(T1(O; ¢1,b1) —To(O; ¢}, b))).
Proof. The result follows immediately from Theorem 5 and the central limit theorem. O

The asymptotic variances admit consistent plug-in estimators based on the empirical vari-
ances of the cross-fitted calibrated scores. Consequently, standard Wald confidence intervals and

hypothesis tests are asymptotically valid.

Corollary 2 (Variance estimation and Wald inference). Suppose the conditions of Theorem 6
hold. Let
PO LN ~ 1 & A 1

n
i=— > (i — fin)?, Vo = ﬁZ(FOi — fio)?, *Z {(T1; — Do) — 7%

i=1 =1

3

Then 171 SN Vi, ‘//\b NN Vo, ‘A/T NN V:, and thus

V(T —T)

V.

~ N(0,1).

Analogous results hold for fiy and [ig.

Proof. Consistency of the variance estimators follows from the law of large numbers together with
the consistency of the nuisance estimators and the asymptotic linear representation in Theorem 5.
The Wald result then follows from Slutsky’s theorem. O

The preceding results establish that estimation and inference can be carried out using any
nuisance estimators satisfying the product-rate condition in Assumption 4. The orthogonality
of the calibrated scores ensures that first-order inference is insensitive to regularization bias in
either nuisance component, while cross-fitting accommodates flexible nonparametric and machine-
learning methods. The semiparametric efficiency bound and the efficient influence functions for
the calibration-restricted model are characterized in Appendix L, drawing on the semiparametric-
efficiency framework of Bickel et al. (1993); Newey (1994) and the conditional-moment-efficiency
theory of Ai and Chen (2003); Severini and Tripathi (2012). The next section investigates the

finite-sample performance of the proposed procedures through simulation studies.
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5 Simulation

This section reports Monte Carlo evidence for the proposed role-reversed calibration estimator.
The simulations are designed to highlight two features of the theory. The first design is a selection-
on-gains design in which treatment depends directly on both potential outcomes and conventional
adjusted contrasts have the wrong sign. The second design is an accidental-ignorability design in
which treatment is strongly ignorable given X, used to examine whether the calibrated procedure

can safely recover the standard adjustment benchmark.

Data-generating process. Let X ~ Bernoulli(1/2) and A, F,vg,vs nd N(0,1) with vg and

vg multiplied by 0g = g = 0.45. Define
mo(X) =1+0.4X, 7(X)=0.5+ 05X, mi(X) =mo(X) + 7(X),

Yo = mo(X) + A, and V7 = mi(X) + E. Thus E[Y; — Yy | X] = 7(X) so that 7(0) = 0.5,

7(1) = 1.0, and the population ATE is 0.75. The side-specific auxiliary measurements are
Q:A—i-I/Q, S:E+VS,

where () measures the baseline-side component and S measures the innovation-side component.

In the selection-on-gains design, treatment is assigned according to
D | Y1,Yy, X ~ Bernoulli [expit{1.5 — 1.1Yy — 1.1Y7 }].

Treatment is therefore more likely among units with low values of both potential outcomes. This
produces a sign reversal: the true treatment effect is positive at every value of X, but the observed
treated group has poor realized outcomes and conventional treated—control contrasts are negative.

For this design, exact calibrators and representers are available. Let o = 1.5 and g = 81 =

—1.1. The outcome representers are
b1(S, X) = my(X) + 5, bo(Q, X) = mo(X) + @,

and the exponential selection calibrators are

q1(Y1,Q, X) = exp {—Oé — B1Y1 = Bo[mo(X) + Q] — % 305} ;

q0(Yo, S, X) = exp {Ot + BoYo + Bi[mi(X) + 5] - ;5%0?9} :

The normal moment-generating identity verifies the latent calibration equations, and the zero-
mean measurement errors verify the representation equations. Hence the design provides a trans-

parent benchmark in which the role-reversed calibration restrictions hold exactly and the true
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CATE is known.

Estimators. We compare the proposed role-reversed calibration estimator with conventional
estimators based on selection on observables together with several regularized implementations
of the proposed estimator. The benchmarks include the naive treated—control estimator, the X-
adjusted estimator, the standard cross-fitted AIPW estimator using X only, the unregularized
role-reversed calibration estimator, and several regularized implementations based on Tikhonov
penalization. For the role-reversed calibration estimator, we report both the unregularized estima-
tor obtained by solving the empirical calibration and representation equations and the regularized
estimators that stabilize the first-stage calibration problem.

The four-dimensional calibration classes are
q1(y, ¢, ) = exp(bo + 011y + 612 + b132),

qo(y, s, x) = exp(boo + 001y + bo2s + bozx),

and the outcome representers are

bi(s,x) = v10 + Y118 + Y12, bo(q, x) = o0 + Y01q + Y02

The rich-basis specification augments these models with pairwise interaction terms. All nuisance
functions are estimated by two-fold cross-fitting as described in Section 4. Additional implemen-
tation details, including optimization algorithms, tuning parameters, and first-stage diagnostics,
are reported in Appendix A.

Table 3 reports the finite-sample performance of the competing estimators under the selection-
on-gains design. The experiments use n = 2,000, R = 1,000 Monte Carlo replications, and two-fold
paired cross-fitting.

The results clearly distinguish the proposed estimator from methods based on selection on
observables. Although the true ATE equals 0.75, the naive estimator, the X-adjusted estimator,
and the AIPW benchmark are all centered at negative values because ignorability fails under
the data-generating process. In contrast, the role-reversed calibration estimator is essentially
unbiased.

The unregularized estimator, however, exhibits substantial finite-sample variability because
the empirical calibration problem is occasionally ill-conditioned. Tikhonov regularization sub-
stantially reduces this variability while preserving negligible bias. The rich-basis implementation
performs almost identically to the four-dimensional specification, indicating that the regulariza-
tion effectively stabilizes the additional degrees of freedom.

Appendix A.13 further compares the proposed estimator with proximal causal inference under
a family of data-generating processes that interpolates between a classical common-confounder

setting and the selection-on-gains regime considered here. It also provides, in Appendix A.14,
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a numerical illustration of Proposition 9, demonstrating that the proposed estimator cannot in
general be reproduced by combining two independent armwise shadow-variable analyses.

The preceding experiment demonstrates the behavior of the proposed estimator under the
selection-on-gains regime for which it is designed. We next consider the opposite benchmark
in which treatment assignment is strongly ignorable given X, allowing us to assess whether
the adjustment-anchored implementation automatically recovers the conventional AIPW solution

when the role-reversed structure is unnecessary.

Accidental strong ignorability. To study the opposite endpoint, we keep the same potential-
outcome and auxiliary-measurement structure but replace the treatment assignment mechanism
by D | X ~ Bernoulli{expit(l —2X)}. Thus treatment is strongly ignorable given X. For this
design, we set mo(X) = 142X, while keeping 7(X) = 0.54+0.5X. The true CATESs remain 0.5 and
1.0, and the ATE remains 0.75. The larger baseline slope makes the raw treated—control contrast
misleading, because units with lower baseline outcomes are more likely to receive treatment.

The adjustment-anchored representatives are

1—e(X)
e(X)

Go.A(X) = _eX) bia(X)=mi(X),  boa(X)=mo(X).

q1,4(X) = S eX)’

In the estimated version, e(X), m1(X), and mo(X) are learned by fold-specific within-X sample
means. This is the adjustment-anchored implementation of the calibrated-moment class, rather
than a separate estimator outside the proposed framework.

Table 4 reports the corresponding Monte Carlo results under accidental strong ignorability.

The accidental-ignorability design confirms the intended anchoring behavior. When treat-
ment is ignorable given X, the X-adjusted and AIPW benchmarks are centered at the truth.
The Sargan—Hansen diagnostic branch also recovers the AIPW benchmark, indicating that the
adjustment-anchored representative is selected in this regime. By contrast, the unanchored role-
reversed calibration estimator is highly unstable because the strict side-specific calibration system
is not informative when the auxiliary measurements are unnecessary for identification.

The fixed dual-shrinkage implementation also has small bias and RMSE, but its coverage is
below nominal because the reported plug-in standard errors do not account for the fixed shrinkage.
We therefore treat this estimator as a diagnostic rather than as the recommended inferential
procedure. Overall, the simulations show that role-reversed calibration removes the sign reversal
under selection on gains, while the adjustment-anchored branch recovers the conventional solution

under accidental ignorability.

Recommended implementation. For applied use we recommend the Tikhonov primal-only
role-reversed calibration, or its rich-basis analogue, as the primary estimator: across these designs
it is the least biased and most stable implementation of the calibrated moment, with near-nominal

coverage. Regularization is here an implementation layer for the inverse problems induced by
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role-reversed calibration, not the source of identification. The Sargan—Hansen statistic is used
as an architecture diagnostic—indicating whether the data are in the selection-on-gains or the
accidental-ignorability regime—rather than as an inferential procedure, so that the reported in-
ference is not based on post-selection switching between branches; the unanchored calibration and
the adjustment-anchored branch are retained as comparison and diagnostic devices.

Two further experiments in the appendices isolate the identification content of role-reversed
calibration rather than its finite-sample performance: Appendix A.13 interpolates between a
common-confounder regime, in which proximal causal inference is correctly specified, and the
selection-on-gains regime, in which it fails while role-reversed calibration remains valid; and Ap-
pendix A.14 exhibits a design in which two independent shadow-variable analyses fail but role-
reversed calibration succeeds. Additional robustness checks under alternative designs and tuning

parameters are reported in Appendix A.15.

6 Empirical applications

We illustrate the proposed role-reversed calibration estimator using two complementary empiri-
cal applications. The first uses the Beat AML functional-genomics resource, in which complete
ex vivo drug-response measurements provide an observed-counterfactual benchmark, allowing di-
rect comparison with the true treatment effect. The second analyzes carbapenem treatment for
extended-spectrum [-lactamase (ESBL) bloodstream infection using the MIMIC-IV database,
where the target causal effect is not directly observed and must be inferred from observational
data. Together, these applications evaluate the proposed methodology in both a benchmark

setting with known ground truth and a real-world observational setting.

6.1 Observed counterfactual benchmark: Beat AML

We use the Beat AML 2.0 functional-genomics resource as a benchmark in which the complete
vector of potential outcomes is observed. Primary acute myeloid leukemia (AML) specimens are
screened ex vivo against a large panel of therapeutic agents, yielding continuous drug-response
measurements for every specimen under every assayed compound. We define the potential out-
come under drug class d as the negated area under the dose-response curve, Y (d) = —AUC(d), so
that larger values correspond to greater drug activity. The Beat AML 2.0 resource contains 805
patients and 942 specimens with paired ez vivo drug-response, genomic, transcriptomic, and clin-
ical measurements. Because all relevant potential outcomes are observed, the average treatment
effect is known and provides a ground-truth benchmark for evaluating causal estimators.

We compare the FLT3-inhibitor axis with the PI3K/mTOR inhibitor axis. The treated poten-
tial outcome Y7 is defined as the mean negative AUC of Quizartinib, Sorafenib, and Crenolanib,
whereas the untreated potential outcome Yj is the corresponding mean for GDC-0941, BEZ235,
and Idelalisib. The response-side auxiliary measurement S is the held-out FLT3 inhibitor Mi-

dostaurin, the baseline-side auxiliary measurement () is the held-out PI3K inhibitor PI-103, and
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the adjustment covariate X is the standardized ELN2017 cytogenetic-risk score. The resulting
analysis sample contains n = 325 specimens with complete measurements. Further details of the
data construction, variable mapping, and sample selection are reported in Appendix A.16.

The ground-truth average treatment effect in the analysis sample is 7 = E[Y] — Y] = —20.80.
Because the treatment effect is known exactly in this benchmark, differences between competing
estimators directly reflect their ability to recover the target estimand rather than uncertainty
about the underlying causal effect. To mimic an observational study, we generate treatment
assignment according to a known selection-on-gains mechanism that depends directly on the
realized potential outcomes and reveal only the observed outcome. The resulting data satisfy
the role-reversed calibration framework while retaining the known ground-truth treatment effect,
thereby allowing direct evaluation of competing estimators.

Table 5 reports the estimated treatment effects under four benchmark selection mechanisms,
ranging from random treatment assignment to selection driven entirely by the treatment gain.
Additional details on the data construction, variable mapping, auxiliary-measurement diagnostics,
practical criteria for assessing response-side relevance, and robustness analyses based on alterna-
tive drug-axis constructions are provided in Appendices A.16-A.18. Under random assignment,
all estimators recover the ground-truth average treatment effect. As treatment selection increas-
ingly depends on the outcome gain, however, the naive estimator, the AIPW benchmark, and
proximal causal inference become progressively biased, whereas the proposed role-reversed cali-
bration estimator is the least biased estimator in every regime and is essentially unbiased under

the gain- and innovation-driven regimes for which it is designed.

bias against 7 = —20.80 (activity units)

Selection regime Naive AIPW Common-U calibration (2SLS) Role-reversed
No selection (random D) —-0.0 —-0.0 +0.1 +0.0
Baseline-only (k.=0, k,=2.5) —-39.3 —14.6 —14.0 +10.1
Selection on gains (k.=2.5,k,=1.0) —38.6 —20.5 —25.6 +0.2
Innovation-only (k.=3.0, £,=0) —-235 126 —20.0 —-2.5

Table 5: Bias of each estimator on the Beat AML continuous benchmark across four selection
regimes (n = 325; Monte Carlo over 1,000 benchmark selection draws). Under no selection all
estimators are unbiased. As selection loads onto the FLT3-specific innovation, the naive, AIPW,
and proximal-2SLS estimators acquire large bias that overstates the activity gap (more negative

than the truth), while the role-reversed calibration tracks the known effect.

These results provide a real-data validation of the proposed identification strategy. This
application is intended as a validation of the proposed identification strategy rather than a clinical
comparison between drug classes. Its value lies in providing a setting where the target causal
effect is known exactly, allowing direct assessment of estimator performance. Because the true

treatment effect is known, the observed differences cannot be attributed to modeling assumptions
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or unknown confounding. Instead, they demonstrate that when treatment assignment depends
on the treatment gain rather than on a latent common confounder, the role-reversed calibration
estimator successfully recovers the target effect, while conventional adjustment and proximal

methods do not.

6.2 Observational application: ESBL bloodstream infection

Our second application considers carbapenem treatment for bloodstream infection caused by
extended-spectrum f-lactamase (ESBL)-producing Escherichia coli and Klebsiella pneumoniae
using the MIMIC-IV database. Unlike the Beat AML benchmark, the counterfactual outcomes
are not observed, so the treatment effect must be inferred from observational data.

This application is motivated by confounding by indication. Patients with suspected or con-
firmed ESBL infection are substantially more likely to receive carbapenem therapy, implying that
treatment assignment depends on expected treatment gain rather than solely on baseline prog-
nosis. This setting therefore represents the selection-on-gains mechanism studied in this paper.
The empirical treatment assignment by resistance phenotype, illustrating both confounding by
indication and the remaining overlap between treatment groups, is reported in Appendix A.22.

The treatment indicator D is definitive carbapenem therapy versus piperacillin—tazobactam.
The outcome is the 30-day restricted mean survival time. The response-side auxiliary measure-
ment S is third-generation cephalosporin non-susceptibility, the baseline-side auxiliary measure-
ment @ is the Charlson comorbidity index, and the adjustment covariates X consist of standard-
ized age and sex. The analysis sample contains n = 540 treatment episodes. Further details of
the data construction and variable mapping are provided in Appendix A.20.

Time zero is the index positive blood culture. The outcome is the restricted mean survival
time at a 30-day horizon, RMST@30 = min(7, 30), where T is the time in days from culture to
in-hospital death; specimens not observed to die within the horizon—including those discharged
alive before day 30—are assigned the full 30 days, so the primary analysis treats discharge alive as
survival through the horizon rather than as censoring. The treatment D is the definitive regimen
administered in the window from 48 hours to 7 days after culture. Because this classification
requires survival into the definitive-therapy window, the analysis conditions on reaching definitive
therapy; the estimand should accordingly be read as a hospital-episode restricted-survival contrast
among patients reaching definitive therapy, not as a population 30-day survival effect. Robustness
to the outcome horizon and to the phenotype definition is reported in Appendix A.21.

Table 6 reports the estimated treatment effects obtained from the naive estimator, the standard
ATPW benchmark, and the proposed role-reversed calibration estimator. Additional analyses
comparing the results with the MERINO randomized trial and examining sensitivity to alternative
outcome definitions, auxiliary measurements, and working-model specifications are reported in
Appendix A.21. Whereas both the naive estimator and the AIPW benchmark remain close to the

null under this observational adjustment specification, the proposed estimator yields a positive
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estimate of the effect on the 30-day restricted mean survival time, whose direction is consistent

with the randomized evidence.

Endpoint Naive ATPW  RR-calibrated

RMST@30 (days), n = 540 —0.67 —0.07 +8.71
[—1.96, +0.63] [—2.33, 42.20] [+2.34, +15.07]

Table 6: Effect of a carbapenem (carbapenem — piperacillin—tazobactam) on 30-day restricted
mean survival time, MIMIC-IV E. coli/K. pneumoniae bloodstream infection; 95% influence-
function confidence intervals in brackets. The naive and AIPW contrasts sit at or below the null
under this observational adjustment specification, while the role-reversed calibrated estimate is

positive and excludes zero, agreeing in direction with the MERINO randomized trial.

The randomized MERINO trial reported substantially higher 30-day mortality under piperacillin—
tazobactam than under carbapenem therapy (12.3% versus 3.7%), establishing the superiority of
carbapenems for ESBL bloodstream infection. Although our observational analysis targets a
different estimand based on restricted mean survival time rather than binary mortality, the ran-
domized trial provides an external benchmark for the direction of the treatment effect rather than
for its numerical magnitude. The proposed role-reversed calibration estimator agrees with this
benchmark, whereas the naive estimator and the conventional AIPW benchmark do not. These
findings illustrate how the proposed estimator behaves in a clinically motivated observational set-
ting: conventional adjustment methods rely on observed baseline covariates and therefore do not
fully account for treatment assignment driven by expected treatment gain, whereas the proposed

estimator leverages a response-side auxiliary measurement aligned with treatment-specific benefit.

7 Conclusion

This paper developed a role-reversed auxiliary-calibration framework for identifying regular causal
functionals under direct selection on potential outcomes. Unlike latent-confounder or shadow-
variable approaches, the proposed framework does not seek to recover a common latent confounder
or the joint distribution of the potential outcomes. Instead, identification is achieved through a
pair of side-specific auxiliary measurements whose calibration and representation roles are reversed
across the two marginal potential-outcome means.

The resulting calibrated orthogonal moment possesses a twin-pair doubly robust structure:
within each treatment arm, either the selection calibrator or the adjoint outcome representer is
sufficient for valid estimation. When both nuisance functions are estimated, the first-order bias
reduces to the product of their estimation errors, yielding product-rate robustness and supporting
cross-fitted estimation and inference under flexible first-stage estimation.

A distinctive feature of the framework is its treatment of continuous and restricted-time out-

comes. Retaining the observed outcome value, rather than coarsening it to a binary endpoint,
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expands the calibration operator and can preserve calibration directions that endpoint coars-
ening would destroy. The same architecture therefore identifies average, conditional, subgroup,
and restricted-mean-survival-time effects within a single calibrated-moment construction, without
recovering the joint distribution of the potential outcomes.

The empirical applications illustrate the framework in two complementary settings. In the
Beat AML ez vivo drug-response benchmark, where the complete vector of potential outcomes is
observed, the proposed estimator accurately recovers the known treatment effect under benchmark
selection-on-gains mechanisms, whereas conventional adjustment and proximal methods become
increasingly biased. In the observational ESBL bloodstream-infection application, the estimated
treatment effect agrees in direction with the randomized MERINO trial, while conventional ad-
justment methods remain close to the null under confounding by indication.

The proposed framework provides a new identification architecture for causal inference under
selection on potential outcomes and complements existing approaches based on latent-confounder
adjustment, shadow variables, and instrumental variables. The semiparametric efficiency theory
for the calibration-restricted model—efficient influence functions and the associated efficiency
bound in the selection-on-gains regime—is developed in Appendix L. Future work includes richer
nonparametric implementations, such as reproducing-kernel Hilbert space representations, and

broader applications involving continuous and restricted-time outcomes.

Data availability

The Beat AML functional-genomics data used in Section 6 are publicly available from the Beat
AML 2.0 resource (Bottomly et al., 2022) (Vizome; dbGaP accession phs001657). The chronic
lymphocytic leukaemia ex vivo drug-response data used in the appendix benchmark are pub-
licly available in the BloodCancerMultiOmics2017 Bioconductor package (Dietrich et al., Jour-
nal of Clinical Investigation, 2018, 128(1):427-445). The MIMIC-IV data underlying the ESBL
bloodstream-infection application require PhysioNet credentialed access under a data-use agree-
ment and cannot be redistributed by the authors; independent reproduction requires obtaining
MIMIC-IV access and re-running the cohort-construction queries provided with the replication

code. Data sources and all preprocessing steps are documented in the supplementary material.

Code availability

Replication code for all simulations, tables and figures is provided with the paper, organized by
manuscript output and using a shared configuration file that fixes the Monte Carlo replication
count and the simulation sample sizes. The code reproduces the benchmark and observational
analyses and all reported numerical results, and reconstructs the ESBL analysis file from the
source tables through the included extraction queries. The code will be deposited in a public

repository with a persistent digital object identifier upon submission.
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Method Target Truth Mean Bias Std. dev. Mean s.e. RMSE Coverage

Naive ATE 0.750 -0.228 -0.978 0.052 0.053 0.979 0.000
Naive CATE X =0 0.500 -0.287 -0.787 0.063 0.064  0.789 0.000
Naive CATE X =1 1.000 0.143 -0.857 0.089 0.089 0.862 0.000
X-adjusted naive ATE 0.750 -0.072 -0.822 0.054 0.055 0.824 0.000
X-adjusted naive CATE X =0 0.500 -0.287 -0.787 0.063 0.064  0.789 0.000
X-adjusted naive CATE X =1 1.000 0.143 -0.857 0.089 0.089  0.862 0.000
AIPW (W = X) reference ATE 0.750 -0.072 -0.822 0.055 0.056  0.824 0.000
AIPW (W = X) reference CATE X =0 0.500 -0.287 -0.787 0.064 0.065  0.789 0.000
AIPW (W = X) reference CATE X =1 1.000 0.143 -0.857 0.091 0.091  0.862 0.000
RR-calibrated (unanchored) ATE 0.750 0.760 +0.010 1.202 0.169  1.201 0.948
RR-calibrated (unanchored) CATE X =0 0.500 0.565 -+0.065 1.978 0.180 1.978 0.945
RR-calibrated (unanchored) CATE X =1 1.000 0.958 -0.042 1.349 0.213  1.349 0.953
Sargan—Hansen diagnostic branch ATE 0.750 0.760 +0.010 1.202 0.169  1.201 0.948
Sargan—Hansen diagnostic branch CATE X =0 0.500 0.565 +0.065 1.978 0.180 1.978 0.945
Sargan—Hansen diagnostic branch CATE X =1 1.000 0.958 -0.042 1.349 0.213  1.349 0.953
Tikhonov primal-only (4-dim) ATE 0.750 0.749 -0.001 0.045 0.042 0.045 0.933
Tikhonov primal-only (4-dim) CATE X =0 0.500 0.497 -0.003 0.055 0.054 0.055 0.948
Tikhonov primal-only (4-dim) CATE X =1 1.000 1.000 +0.000 0.068 0.064 0.068 0.946
Tikhonov primal+dual (4-dim) ATE 0.750 0.592 -0.158 0.074 0.096 0.174 0.577
Tikhonov primal+dual (4-dim) CATE X =0 0.500 0.397 -0.103 0.078 0.103  0.129 0.879
Tikhonov primal+dual (4-dim) CATE X =1 1.000 0.787 -0.213 0.139 0.159  0.254 0.663
Rich-basis Tikhonov primal-only ATE 0.750 0.749 -0.001 0.045 0.043 0.045 0.943
Rich-basis Tikhonov primal-only CATE X =0 0.500 0.497 -0.003 0.056 0.055 0.056 0.949
Rich-basis Tikhonov primal-only CATE X =1 1.000 1.000 +0.000 0.067 0.064 0.067 0.948

Table 3: Monte Carlo for the conditional average treatment effect (CATE) and average treatment
effect (ATE) under the selection-on-gains design (R = 1,000, n = 2,000, two-fold paired cross-
fitting). The unanchored row solves the strict calibration GMM objective without a Tikhonov
penalty; numerical initialization is described in the replication file. The true ATE and both CATEs
are positive. The Naive, X-adjusted naive, and AIPW(W=X) rows are sign-reversed because all
three implicitly assume ignorability that does not hold; their 95% intervals therefore have a high
zero-inclusion rate even though the true values are positive. In this regime the Sargan—Hansen
test always rejects the X-anchor branch (T-statistic at X-anchor has mean ~ 59, pgg = 87), so the
selector returns the unanchored role-reversed calibration estimate. The unanchored role-reversed
calibration is consistent (bias +0.010) but has Monte Carlo standard deviation 1.202 on the ATE;
the elevated SD reflects the high variability of the unanchored GMM fit in this finite-dimensional
implementation, which Appendix P.1 traces to rare ill-conditioned first-stage fits. Although these
rare folds also inflate the mean standard error (0.169, against a median of 0.057), the coverage
remains near nominal because the plug-in standard error inflates on precisely those folds, so the
per-replication standard error tracks the per-replication error (correlation a~ 0.99); the interval
width therefore adapts to the instability rather than ignoring it. The Tikhonov primal-only
implementations (in bold) reduce mean squared error by a factor of about 705 on the ATE
relative to the unanchored calibration; in this finite-dimensional design, Tikhonov representative
selection is the main stabiliser of the calibration fit. The Tikhonov primal+4dual row reports the
fixed-shrinkage diagnostic estimator; under selection on gains the adjoint-representer depends on
the response-side auxiliary measurement .S, and shrinking it toward the X-only outcome regression
introduces a non-negligible bias of about —0.16 on the ATE.
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Method Target Truth Mean Bias Std. dev. Mean s.e. RMSE Coverage

Naive ATE 0.750 0.450 -0.300 0.047 0.047  0.304 0.000
Naive CATE X =0 0.500 0.501 +0.001 0.074 0.071  0.074 0.946
Naive CATE X =1 1.000 1.000 -0.000 0.072 0.071 0.072 0.945
X-adjusted naive ATE 0.750 0.751 +0.001 0.051 0.051  0.051 0.946
AIPW (W = X) reference ATE 0.750 0.751 +0.000 0.051 0.051  0.051 0.943
RR-calibrated (unanchored) ATE 0.750 -0.573 -1.323 36.21 3.870 36.22 0.923
Sargan—Hansen diagnostic branch ATE 0.750 0.754 +0.004 0.133 0.056  0.133 0.943
Tikhonov primal-only (4-dim) ATE 0.750 0.779 +0.029 0.914 0.633  0.914 0.957
Tikhonov primal+dual (4-dim) ATE 0.750 0.751 +0.001 0.066 0.053  0.066 0.883

Table 4: Monte Carlo under accidental strong ignorability with null auxiliary measurements
(R = 1,000, n = 2,000, two-fold paired cross-fitting). Treatment depends on X only. The
adjustment-anchored branch matches the AIPW(W = X) benchmark, while the unanchored role-
reversed calibration fit is unstable because the strict role-reversed system is not informative in
this regime; its coverage nonetheless stays near nominal for the same reason as in Table 3 (the
plug-in standard error inflates on the unstable folds, tracking the per-replication error).
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Remark 4 (Indicator and higher-order functionals). Although the formal transformation ¢; could
be chosen as an indicator 1{y < c}, identifying marginal and conditional distribution functions
and, by inversion, quantile contrasts, or as y?, identifying marginal second moments and potential-
outcome variances, this paper deliberately focuses on continuous and restricted-time functionals.
By Appendiz C.5 an indicator target draws on a strictly smaller selection-calibration dictionary
and weaker response-side relevance than the underlying continuous outcome. Functionals that

intrinsically depend on the joint law of (Y1,Yy) remain outside the framework.

A Additional results

A.1 Examples of identified causal functionals

The proposed role-reversed calibration framework applies to a broad class of linear and restricted-
time causal functionals through the transformation ¢;. By selecting different transformations, the
same identification and estimation framework covers average, conditional, subgroup, policy, and
restricted-time treatment effects without requiring identification of the joint distribution of the
potential outcomes.

Table 7 summarizes representative examples. Throughout the paper, the primary focus is on
average and conditional treatment effects for continuous outcomes together with restricted mean
survival time (RMST). The remaining examples illustrate the flexibility of the general formulation

rather than introducing additional methodological developments.

28



Target Choice or construction Comment

Average treatment effect /¢ (y,x) = y; condition the score on Main continuous targets
(ATE) and conditional X for CATE

average treatment effect

(CATE)

Subgroup or weighted ATE ~ Use h(X)y or weight the identity Root-n for fixed sub-
score groups/weights

Policy value V(d) =E[d(X)Y1 + {1 —d(X)}Yo] Estimate by E[d(X)I'; +

{1 - d(X)}Ty)

Restricted mean survival £¢,(T,z) =T A L; IPCW under cen- Restricted survival time

time (RMST) soring gained up to horizon L

Days alive and out of hospi- Days alive and out of hospital by L Jointly reflects survival

tal (DAOH) and hospital stay

Ventilator-free or organ- Support-free days by L Restricted-time continu-

support-free days ous outcome

Biomarker or viral-load re- Continuous change (e.g., Alog;; Continuous response on

sponse viral load) its natural scale

Table 7: Representative examples of continuous and restricted-time causal functionals covered by

the transformation #;.

A.2 Score admissibility and calibrated-moment validity

The identification results in the main text require only square integrability sufficient for the
displayed conditional expectations to be well defined. For estimation and asymptotic inference,
however, the calibrated scores must possess finite second moments. The following definition

isolates this additional regularity condition.

Definition 1 (Score admissibility). An exact calibrator-representer tuple

n = (g1, 01,90, bo)
is said to be score-admissible if
E{T'1(0;q1,b1)*} + E{T0(0; g0, by)*} < o0.

This condition is required only for reqular estimation and asymptotic inference. It is generally
stronger than square integrability of the individual nuisance functions because the calibrated scores

contain products such as
Q1(Y7Q7X)61(S7X)7 q0<Y7S7X)bO(Q7X)
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A convenient primitive sufficient condition is

E[|L1]* + | Lo|* + g1 (Y1, Q, X)|* + |g0(Yo, S, X)|*
+1b1(S, X)|* + |bo(Q, X)[*] < oo.

A stronger but simpler sufficient condition is uniform boundedness of the four nuisance func-
tions together with L1, Ly € L*(P).

Lemma 1 (Fourth moments imply score admissibility). The fourth-moment condition in Defini-

tion 1 implies that the calibrated scores belong to L?(P). Consequently,
Var(I'1(O; q1,b1) — T'o(O; g0, bo)) < oo.
Proof. 1t is sufficient to consider the treated score. Since Y = Y] whenever D =1,

IT1(0; q1,b1)|* < 2D{1 + q1(Y1,Q, X)}*{L1 — b1(S, X)}?
+2|b1(S, X)[2.

The expectation of the first term is finite by the Cauchy—Schwarz inequality together with the
fourth-moment condition, while the second term is finite because fourth moments imply second

moments. The control score is treated identically. Finally,
(a —b)? < 2a° + 2b°

implies that the treatment-effect influence function also belongs to L?(P). O

The next definition distinguishes identification of the target functionals from existence of

nuisance-function solutions.
Definition 2 (Calibrated-moment validity). A calibrator—representer tuple
1 = (q1,b1, 90, bo)
is said to be calibrated-moment valid for (ui, uo) if
E{T'1(0;q1,b1)} = pa, E{T0(O; qo0,b0)} = po-

An exact calibrator—representer tuple is calibrated-moment valid whenever its selection cali-
brators are induced by the latent calibration equations in Assumption 2. Theorem 2 further shows

that every exact tuple yields the same identified target values.
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A.3 Reduction to latent odds calibrators

The latent selection calibration equations in Assumption 2 allow the full treatment propensity
p(YhYbastaX) - P(D =1 ‘ Yl,Yb,S,Q,X)

to depend directly on the auxiliary measurements .S and ). A cleaner special case obtains when

the auxiliary measurements are excluded from the treatment rule, so that
p(Yh%vSaQaX) == 71—(}/17}/07X)’

In this case the latent calibration equations reduce to the odds-calibrator conditions

1 —n(Y1,Y, X)
E{¢!(Y1,Q, X) | Y1, Y, S, X} = —
{q1( 1)@7 )’ 1, O’S’ } 77()/17}/0,)() ’
and (Y1,Yp, X)
E ’ Y X Y Y X _ T™(ry, Yo, .
{ao (Yo, 8, X) |11, Y0, Q, X} = =752

Thus the odds-calibrator formulation is a transparent special case of the weighted calibration
equations used in the main text. The weighted formulation is more useful for applications in

which the observed auxiliary measurements may also influence treatment decisions.

A.4 Riesz—adjoint representation of role-reversed calibration

The observable calibration and representation equations introduced in Section 2.1 admit a natural
formulation as linear operator equations on Hilbert spaces. A Hilbert-space interpretation of these
calibration equations is provided in Appendix A.9. Although this perspective is not required for
the identification or estimation results in the main text, it provides a useful interpretation of the
proposed calibration framework, clarifies the role of minimum-norm solutions, and connects the
proposed methodology with classical inverse problems.

Throughout this appendix, all nuisance functions are regarded as elements of suitable square-
integrable Hilbert spaces. For the treated side, selection calibrators belong to L2(Py7 Q,x ), Whereas
outcome representers belong to L?(Ps x). The observable calibration equation therefore defines
an affine solution set in L? (Py,0,x), while the representation equation defines the corresponding
adjoint relation in LQ(PS, x). The control-side equations admit an entirely symmetric formulation
with the roles of () and S exchanged.

This operator-theoretic formulation has several advantages. First, it shows that the observable
calibration and representation equations are adjoint moment equations induced by a common con-
ditional expectation operator. Second, it provides a canonical characterization of minimum-norm
calibrators through orthogonal projections in Hilbert space. Third, it permits regularization

through standard techniques such as Tikhonov penalization, thereby accommodating ill-posed
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inverse problems and weak auxiliary measurements. Finally, the singular-value representation de-
veloped below provides a convenient language for quantifying identification strength and studying
finite-rank approximations.

The results presented in this appendix are complementary to the main text. The identifica-
tion and inference theory developed in Sections 3 and 4 relies only on the observable conditional
moment equations and does not require the operator representation below. The Hilbert-space
formulation is introduced primarily to clarify the mathematical structure of the calibration equa-
tions and to connect the proposed methodology with the existing literature on inverse problems

and regularization.

A.5 Full-propensity weighted operators

The latent calibration equations in Assumption 2 may be interpreted as operator equations in-

duced by the full treatment propensity
p(Yl,Y(),&Q,X) :P(D =1 | Ylay()’SvaX)'

This subsection records the corresponding population operators, which provide the primitive
objects underlying the observable calibration equations developed in the main text.

For the treated side, define the weighted conditional expectation operator
(T1q) (Y1, Yo, S, X) = E[p(Y1, Y, 5, Q, X)q(Y1,Q, X) | Y1, Y, 5, X].
Then the latent calibration equation becomes
Ti(1+¢7) = 1.
Similarly, define the control-side operator
(Tog)(V1, Yo, @, X) = E[{1 — p(V3, Y0, S, @, X)}a(Yo, S, X) | Y3, Yo, Q, X],

so that
To(1+¢f) = 1.

The operators 17 and Ty constitute the primitive population objects underlying the observable
calibration equations. The identification theory in the main text is formulated directly in terms
of observable conditional moment restrictions and therefore does not require explicit analysis
of these operators. Nevertheless, the operator formulation is useful for studying regularization,

minimum-norm solutions, finite-rank approximations, and weak auxiliary measurements.
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A.6 Minimum-norm calibrators

The observable calibration equations generally admit multiple solutions. The identification re-
sults in the main text show that every exact calibrator-representer tuple yields the same target
functionals. Consequently, uniqueness of the nuisance functions is unnecessary for identification.

Nevertheless, from both theoretical and computational perspectives it is often convenient to
select a canonical representative from each solution set. A natural choice is the minimum-norm
solution in the corresponding Hilbert space.

For the treated side, consider the observable calibration set
Q1 = {q : E[DQ(Y7Q7X) - (1 _D) ’ S7X] - 0}

If Q1 # @, define

. .
¢f = arg min lallz2(py g x)-

Similarly,

. .
gp = arg qflellgfé HQHL2(PY,S,X)'

The same construction applies to the representation sets B and By.

Whenever the solution sets are closed convex subsets of the corresponding Hilbert spaces,
existence and uniqueness of these minimum-norm solutions follow from the Hilbert projection
theorem.

The minimum-norm representatives are not required for identification or for the asymptotic
theory developed in the main text. They provide a canonical choice among observationally equiv-

alent nuisance functions and play an important role in regularization and numerical computation.

A.6.1 Characterization

Suppose that the observable calibration sets Q; and Qg are nonempty closed affine subsets of
their corresponding Hilbert spaces. Then the minimum-norm solutions ¢i and ¢ are uniquely
characterized by the orthogonal projection theorem.

More precisely, g7 is the unique element of Q; satisfying

<q - q{a QT>L2(PY7Q’X) = Oa qc Qla

and, analogously,

(¢ — a0, 46 r2(Py.s.x) = 0; q € Qo.

Equivalent characterizations may be obtained through the normal equations associated with
the observable conditional expectation operators introduced in Appendix A.4. In particular,
whenever these operators admit closed range, the minimum-norm solutions coincide with the

Moore—Penrose pseudoinverse solutions of the corresponding operator equations.
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An entirely analogous construction applies to the outcome representation sets 51 and By.

A.6.2 Estimation

The minimum-norm calibrators may be computed by combining the observable calibration equa-
tions with an explicit norm penalty. For example, the treated-side calibrator may be estimated

as the solution to
. 2
mqln ||Q||L2(Pn)

subject to the empirical calibration equations
En[Dq(Y,Q, X) — (1-D)|S,X] =0,
or, equivalently, through the penalized criterion
min |[E,[Dq(Y,Q,X) — (1~ D)5, X7+ Aallal7z(p,)s

where A, | 0 is a regularization parameter.

An analogous construction applies to the control-side calibrator and to the outcome repre-
senters. In practice, the nuisance functions may be parameterized by sieves, reproducing-kernel
Hilbert spaces, neural networks, or other flexible approximation classes. The theoretical results
in the main text require only that the resulting estimators satisfy the product-rate condition of
Assumption 4; the particular computational method is otherwise unrestricted.

The minimum-norm formulation is therefore best viewed as a canonical population charac-
terization rather than a mandatory estimation procedure. Any estimation method producing
consistent nuisance estimators may be used within the cross-fitted calibration framework devel-

oped in Section 4.

A.6.3 Adjustment representatives and ignorability-compatible validity

The outcome representers introduced in the main text play a role analogous to regression ad-
justment functions in standard semiparametric estimation. Under conventional ignorability as-
sumptions, the representation equations reduce to ordinary conditional mean regressions, and the
proposed calibrated scores coincide with familiar augmented inverse-probability weighted estimat-
ing equations.

The present framework extends this classical construction by replacing conditional mean re-
gression with the observable representation equations. The resulting representers need not equal
E[¢;(Y:, X) | X] or any conditional expectation. Instead, they are simply functions satisfying the
observable moment restrictions defining B; and Bj.

Consequently, the proposed methodology may be viewed as replacing the classical regression

adjustment component by a broader class of adjustment representatives that remain valid even
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when treatment assignment depends directly on latent outcome-related variables through the
auxiliary measurements.

Under ignorability, these adjustment representatives collapse to ordinary outcome regressions,
so the proposed framework nests the standard doubly robust estimator as a special case. Outside
the ignorability setting, however, the representation equations continue to admit valid solutions,

thereby extending regression adjustment beyond the conventional causal identification framework.

A.7 Primitive identification conditions

The identification theory developed in the main text is formulated directly in terms of the observ-
able calibration and representation equations. Consequently, the primitive latent data-generating
process need not be specified beyond Assumption 2. Nevertheless, it is useful to record several
sufficient conditions under which the required latent calibration functions exist.

One convenient sufficient condition is that the weighted conditional expectation operators
introduced in Appendix E possess closed range. In that case the latent calibration equations
admit square-integrable solutions whenever the constant function belongs to the operator range.

Another sufficient condition is finite-dimensional completeness. If the relevant conditional
expectation operators have finite rank and full column rank after sieve approximation, the latent
calibration equations admit solutions obtained from ordinary least squares projections.

More generally, existence follows whenever the weighted operators satisfy appropriate source
conditions familiar from the theory of inverse problems. Such conditions include compactness to-
gether with polynomial or exponential eigenvalue decay, allowing construction of latent calibration
functions by Tikhonov regularization or truncated singular-value decomposition.

These primitive conditions are sufficient but not necessary. The main text avoids impos-
ing them explicitly because identification and inference rely only on the observable conditional
moment equations rather than on any particular latent operator representation.

The following proposition records the finite-rank sufficient condition explicitly.

Proposition 4 (Primitive finite-rank calibration condition). Fix X = x. Suppose the baseline-
side exclusion Q L (Y1,S) | (Yo, X) holds, that Yy | X = x has finite support {yo1,...,yox }, and
that Q | X = x has support {q1,...,q;} with J > K. If the matriz

Mg(x)i; =P(Q = q; | Yo = yor, X = )

has row rank K, then for every bounded wy there exists a treated selection calibrator ¢{(Y1,Q,X)
satisfying
E{g{(Y1,Q, X) | Y1, Y0, S, X | = wi (Y1, Yo, X).

Symmetrically, if S L (Yo,Q) | (Y1,X), Y1 | X = x has finite support, and the analogous
matriz Mg (x) has full row rank, then there exists a control-side calibrator ¢§(Yy, S, X).

35



Consequently, the treated-side component of Assumption 2 is satisfied. The analogous state-

ment holds for the control side.

Proposition 5 (Primitive representation existence). Fix X = x. Suppose the treated dual design

operator
Ng(z) : b= E{Db(S,X)|Y,Q,X =z}

has range containing the treated target function

Then there exists a treated adjoint representer by € B1. Symmetrically, the analogous condition
for the control dual design operator implies the existence of a control adjoint representer by € By.
If, in addition, the primal finite-rank conditions of Proposition 4 hold, then the four solution

sets

Q1, Bi, Qo, Bo
are all nonempty simultaneously.

These propositions provide primitive sufficient conditions for the observable identification

assumptions used throughout the main text.

A.8 Latent decision mixtures

The proposed framework admits an alternative interpretation in terms of latent decision regimes.
Rather than viewing treatment assignment as generated by a single selection mechanism, one
may regard the observed population as a mixture of latent behavioral classes that differ in their
dependence on baseline-side and response-side information.

For example, a four-class representation distinguishes units whose treatment decisions depend
primarily on baseline-side information, response-side information, both sources of information, or
neither. Observed treatment assignment is then generated by integrating over these latent classes.

This representation provides an intuitive interpretation of the role reversal between the auxil-
iary measurements introduced in the main text. The treated calibration equation recovers informa-
tion missing from the baseline side, whereas the control calibration equation recovers information
missing from the response side. The latent mixture therefore provides a behavioral interpretation
of the calibration equations without altering the observable identification argument.

The identification and estimation results of the main text do not require existence or unique-
ness of any latent mixture representation. The mixture view should therefore be regarded as an

interpretation of the proposed framework rather than an additional identifying assumption.
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A.9 Hilbert-space interpretation of calibration equations

The observable calibration and representation equations may be viewed as two sides of a single
Hilbert-space projection problem. The calibration equations determine weighting functions that
orthogonalize treatment selection with respect to the observable auxiliary measurements, whereas
the representation equations determine adjustment functions reproducing the target outcome
functionals.

From this perspective, the calibrated scores introduced in the main text combine two comple-
mentary projections. The selection calibrators eliminate selection bias through weighted orthog-
onality conditions, while the outcome representers eliminate approximation bias through adjoint
conditional expectation equations.

This viewpoint clarifies the origin of the mixed-bias decomposition in Proposition 2. The
absence of first-order bias terms is a consequence of the orthogonality of the two projection
components, whereas the remaining bias arises only through their interaction.

Although this Hilbert-space interpretation is mathematically convenient, the main identifica-
tion and inference results require only the observable conditional moment equations and therefore

remain valid without explicit reference to projection operators or functional-analytic arguments.

A.10 Relation to existing identification frameworks

The identification strategy developed in the main text differs substantially from several existing
approaches that also exploit auxiliary measurements or bridge functions. The purpose of this
appendix is not to provide an exhaustive survey but rather to clarify the distinct role played by
the role-reversed calibration equations.

Unlike conventional doubly robust estimators, the proposed calibration functions are not con-
structed from an outcome regression and a propensity score. Instead, both nuisance components
are defined through observable conditional moment restrictions that arise from the role reversal
of the two auxiliary measurements. Consequently, identification is established without requiring
treatment ignorability conditional on observed covariates.

The framework is also distinct from proximal causal inference. Proximal identification in-
troduces treatment-inducing and outcome-inducing proxy variables satisfying bridge-function as-
sumptions together with exclusion restrictions. By contrast, the present framework imposes nei-
ther bridge equations nor proximal exclusion assumptions. Instead, identification is obtained
through paired calibration and representation equations whose roles reverse across the treated
and control populations.

The proposed calibration equations likewise differ from shadow-variable methods. Shadow-
variable approaches typically construct identification through a single auxiliary variable satisfying
an exclusion restriction within one missing-data mechanism. Here, the auxiliary measurements
enter symmetrically through two role-reversed calibration systems, and neither auxiliary variable

is required to satisfy the conventional shadow-variable assumptions.
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Finally, the proposed framework is complementary to recent debiased machine-learning meth-
ods. The orthogonality established in Proposition 3 is obtained from the exact mixed-bias iden-
tity rather than from differentiability of a conventional semiparametric score. Consequently, the
nuisance functions need not admit the standard propensity-score and regression interpretation
familiar from ordinary doubly robust estimation.

The remainder of this appendix briefly discusses several of these connections in greater detail.

A.10.1 Relation to proximal causal inference

Proximal causal inference addresses unmeasured confounding by introducing treatment-inducing
and outcome-inducing proxy variables together with bridge functions satisfying conditional com-
pleteness assumptions. The resulting identification strategy recovers the target causal effect by
solving integral equations linking the proxy variables to the latent confounder.

The role-reversed calibration framework developed in the present paper takes a different start-
ing point. Rather than introducing bridge functions, it formulates paired observable calibration
and representation equations whose statistical roles reverse across the treated and control pop-
ulations. The nuisance functions therefore arise directly from observable conditional moment
restrictions rather than from bridge equations.

The two approaches consequently rely on different identifying structures. Proximal identifi-
cation is driven by completeness conditions (D’Haultfoeuille, 2011) and bridge relations, whereas
the present framework is driven by calibration equations together with outcome representation
equations. Neither approach is a special case of the other in general.

Another important distinction concerns the role of the auxiliary measurements. In proximal
causal inference, the proxy variables are assigned asymmetric roles as treatment-inducing and
outcome-inducing proxies. In contrast, the present framework treats the two auxiliary measure-
ments symmetrically. Their statistical roles reverse according to whether the treated or control
potential outcome is being identified, giving rise to the paired calibration systems developed in
the main text.

Accordingly, the proposed methodology should be viewed as an alternative identification strat-

egy based on role-reversed calibration rather than as a reformulation of proximal causal inference.

A.10.2 Relation to doubly robust proximal inference

Several recent extensions of proximal causal inference develop doubly robust estimators by combin-
ing bridge-function estimation with orthogonal estimating equations. These procedures exploit
Neyman orthogonality to accommodate flexible machine-learning estimators while maintaining
valid first-order inference.

The orthogonality established in the present paper has a different origin. Rather than deriv-
ing from the Gateaux derivative of a bridge-based estimating equation, it follows directly from

the exact mixed-bias identity established in Proposition 2. The bias decomposition separates
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calibration error from representation error, showing that first-order bias vanishes whenever either
nuisance component is correctly specified.

Consequently, the proposed orthogonality does not require bridge-function identification or
proximal completeness assumptions. Instead, it follows from the observable calibration and repre-
sentation equations together with the invariance property established in Theorem 2. Cross-fitting
then yields asymptotic linearity under the product-rate condition stated in Assumption 4, paral-
leling modern orthogonal estimation while being derived from a different identification framework.

Thus, although both approaches ultimately produce orthogonal estimating equations that
permit machine-learning first-stage estimation, the underlying nuisance functions, identifying as-

sumptions, and sources of orthogonality are fundamentally different.

A.10.3 Relation to shadow-variable methods

The proposed framework is also distinct from identification strategies based on shadow variables.
In the missing-data and causal-inference literature, a shadow variable is typically required to
satisfy an exclusion restriction whereby it is associated with the latent outcome but does not
directly affect the treatment or missingness mechanism after conditioning on latent variables.
Identification is then obtained by exploiting this exclusion restriction within a single missing-data
structure.

The role-reversed calibration framework developed here does not require either auxiliary mea-
surement to satisfy the conventional shadow-variable assumptions. Instead, the two auxiliary
measurements enter symmetrically through paired observable calibration and representation equa-
tions. Depending on whether the treated or control potential outcome is being identified, the sta-
tistical roles of the auxiliary measurements are reversed. Consequently, neither auxiliary variable
serves permanently as a treatment-side or outcome-side proxy.

Another important distinction is that the proposed identification strategy cannot generally
be decomposed into two independent shadow-variable analyses, one for each treatment arm. The
treated and control calibration systems are linked through the common observable data distribu-
tion and the shared invariance property established in Theorem 2. The resulting treatment-effect
estimator is therefore constructed from a single role-reversed calibration framework rather than
from two unrelated arm-specific identification procedures.

Accordingly, although both approaches exploit auxiliary measurements to recover information
unavailable from the observed outcomes alone, the identifying assumptions, nuisance-function

construction, and observable moment restrictions differ substantially between the two frameworks.

A.10.4 Relation to Roy-fragility identification and automatic debiased machine learn-

ing

The proposed framework is also related to recent developments in automatic debiased machine

learning and identification strategies for selection models. These methods seek to construct orthog-
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onal estimating equations automatically from underlying moment restrictions, thereby allowing
flexible first-stage estimation while preserving valid large-sample inference.

The present framework shares this general objective but differs in its construction of the
nuisance functions. Rather than beginning with a given semiparametric moment condition and
deriving an orthogonal score, the proposed approach first establishes identification through the
role-reversed calibration and representation equations. The calibrated estimating scores are then
obtained directly from these observable moment restrictions, and the mixed-bias identity in Propo-
sition 2 implies the resulting orthogonality.

Consequently, orthogonality is a structural consequence of the paired calibration system rather
than an additional design criterion imposed on an existing estimating equation. The observable
calibration equations therefore simultaneously determine both identification and the associated
orthogonal estimating scores.

The framework is likewise complementary to recent identification methods developed for Roy-
type selection models. Whereas those approaches typically exploit restrictions on latent selection
mechanisms or structural features of self-selection, the present framework formulates identifica-
tion directly through observable calibration equations induced by role reversal of the auxiliary
measurements. Accordingly, the two approaches address different sources of nonidentification and

may be viewed as complementary rather than competing identification strategies.

A.11 First-stage moment equations and implementation

The asymptotic theory developed in Section 4 places essentially no restrictions on the computa-
tional method used to estimate the nuisance functions. The only requirement is that the resulting
estimators satisfy the consistency and product-rate conditions of Assumption 4. Consequently,
a wide variety of nonparametric, semiparametric, and machine-learning procedures may be em-
ployed.

For the treated-side selection calibrator, estimation is based on the observable conditional
calibration equation

E[Dq(Y,Q,X)—(1—-D)|S,X]=0.

Similarly, the treated-side outcome representer satisfies

The control-side nuisance functions are obtained analogously by interchanging the roles of the
auxiliary measurements.

In practice, these conditional moment equations may be approximated using finite-dimensional
sieve spaces, reproducing-kernel Hilbert spaces, series expansions, generalized method of moments,
adversarial conditional moment estimation, or flexible machine-learning methods including neural

networks and tree-based learners. The theoretical results of the main text are agnostic regarding
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the particular approximation architecture.

Cross-fitting separates nuisance estimation from score evaluation. Accordingly, any regular-
ization bias arising from first-stage estimation enters the asymptotic expansion only through the
mixed second-order terms identified in Proposition 2. This substantially reduces the sensitivity
of the final estimator to first-stage regularization provided the product-rate condition of Assump-
tion 4 is satisfied.

The proposed calibration framework should therefore be viewed primarily as a population
estimating-equation framework rather than as a specific computational algorithm. Different
numerical implementations may be adopted according to the application without affecting the

asymptotic results established in the main text.

A.12 Numerical procedure

The estimation framework developed in the main text is intentionally algorithm-independent.
Once the observable calibration and representation equations have been specified, the nuisance
functions may be computed using a variety of numerical methods. This subsection summarizes
several practical considerations that arise in finite-sample implementation.

The first-stage conditional moment equations may be solved by finite-dimensional approxima-
tion, penalized optimization, or other regularized procedures. In practice, sieve bases, reproducing-
kernel Hilbert spaces, and flexible machine-learning models all provide suitable parameterizations.
Optimization is then carried out over the chosen function class using the empirical conditional
moment equations.

Because the calibration equations may become nearly singular when the auxiliary measure-
ments are only weakly informative, numerical regularization is often beneficial. Standard ap-
proaches include Tikhonov regularization, ridge penalties, early stopping, or other stabilization
techniques that improve numerical conditioning while preserving consistency as the regularization
parameter vanishes.

Several numerical diagnostics are useful in practice. These include monitoring empirical cali-
bration residuals, checking the stability of the estimated nuisance functions across folds, examining
the empirical distribution of the calibrated scores, and verifying that no small subset of observa-
tions dominates the resulting estimator. Such diagnostics are particularly informative when the
auxiliary measurements provide only limited identifying information.

Finally, the asymptotic theory established in Section 4 does not depend on the particular opti-
mization routine used to solve the first-stage problems. Any computational procedure producing
nuisance estimators satisfying Assumption 4 yields the same first-order asymptotic distribution

of the cross-fitted calibrated estimators.
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A.13 Comparison with proximal causal inference

The comparison in this subsection complements the theoretical discussion in Appendix A.10
by illustrating the finite-sample behavior of the proposed estimator relative to proximal causal
inference. The objective is to study a sequence of data-generating processes that interpolates
between a classical proximal setting, in which treatment selection is driven by a common latent
confounder, and the selection-on-gains regime considered in this paper.

Writing A for the baseline residual of Yy and E for the innovation residual of Y7, we keep the

potential-outcome model fixed,
YE):mO(X)—i_Aa lezml(X)—i_Ev

so that the true ATE remains constant throughout the experiment. Only the treatment-selection

mechanism changes:
P(D=1]")=expit(ay+ £ {(1 —p)A+pE}), p €10,1].

The parameter p continuously interpolates between two identification regimes. At p = 0,
treatment assignment depends only on the baseline latent factor A, corresponding to the con-
ventional common-confounder setting for which proximal causal inference is correctly specified.
At p = 1, treatment depends only on the innovation component E, producing the treated-side
selection-on-gains regime that motivates the role-reversed calibration framework.

For the proximal estimator, we provide its most favorable implementation by supplying two
genuine proxies of the baseline confounder A: a shared proxy W = @ together with an independent
treatment-inducing proxy Z. The proximal estimator is implemented using linear proximal two-
stage least squares with treatment-specific outcome bridges. The proposed estimator uses the
role-reversed calibration procedure with the side-specific auxiliary measurements (@, S).

Table 8 and Figure 1 summarize the Monte Carlo results. When p = 0, both estimators are es-
sentially unbiased with near-nominal coverage, confirming that the proposed estimator reproduces
the proximal solution when the proximal assumptions hold. As p increases, however, the proximal
estimator becomes progressively biased and its coverage deteriorates because innovation-side se-
lection cannot be represented by a single common latent confounder. In contrast, the role-reversed
calibration estimator remains essentially unbiased throughout the entire family.

The proximal estimator is slightly more efficient at p = 0, where it is correctly specified,
reflecting the efficiency advantage of a correctly specified simpler model. The proposed estimator
therefore sacrifices little efficiency under classical proximal assumptions while remaining valid
under the broader selection-on-gains mechanism. This numerical experiment complements the
theoretical comparison in Appendix A.10 by illustrating that the proposed framework strictly
extends proximal causal inference along the innovation-selection dimension rather than targeting

a different causal estimand.
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p (baseline confounding — innovation selection)

ATE bias 0.00 0.25 0.50 0.75 1.00
Naive —-0.630 —-0.723 —-0.766 —0.723 —0.628
AIPW (W=X) —0.630 —0.723 —-0.766 —0.723 —0.628
PCI (proximal 2SLS) —0.001 —-0.256 —0.448 —0.560 —0.628
Role-reversed calibration —0.006 —0.001 —0.002 +0.000 +0.005
RMSE: PCI 0.052 0.261 0.450 0.562 0.629
RMSE: role-reversed calibration 0.065 0.053 0.043 0.050 0.058
95% cover: PCI 0.95 0.00 0.00 0.00 0.00
95% cover: role-reversed calibration 0.94 0.95 0.95 0.94 0.95

Table 8: Proximal causal inference vs. the role-reversed calibration across the confounding-to-
selection family (n = 2,000; R = 1,000 replications; the replication code reproduces the table
and Figure 1 at any R). True ATE = 0.75. At p = 0 (baseline common confounder) the
proximal estimator is correctly specified and both estimators are unbiased; as selection moves to
the innovation side the proximal estimator is increasingly biased and its coverage collapses, while
the role-reversed calibration estimator remains unbiased with near-nominal coverage. The naive
and AIPW(W=X) rows coincide because the adjustment covariate X is uninformative about the
latent confounder in this design, so covariate adjustment alone cannot remove the bias—only the

side-specific auxiliary measurements can.

Proximal CI vs. cross-proxy bridge across the selection family
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Figure 1: ATE bias across the confounding-to-selection family. At p = 0 the role-reversed calibra-
tion matches correctly-specified proximal causal inference; as selection becomes innovation-side
(p — 1) the proximal estimator is biased while the role-reversed calibrated estimator stays unbi-

ased. Bars are +1.96 Monte Carlo standard errors.
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A.14 Separation from armwise shadow-variable identification

The theoretical distinction established in Proposition 9 may also be illustrated numerically. The
purpose of this experiment is to demonstrate that the proposed role-reversed calibration frame-
work cannot be reproduced by conducting two independent shadow-variable analyses, one for each
treatment arm.

We modify the canonical simulation design by introducing dependence between the two poten-
tial outcomes through a shared baseline component. Specifically, the control potential outcome
remains

Yo =mo(X) + A,

whereas the treated potential outcome becomes
Y| = ml(X) +pA +E7

where A and E are independent standard normal variables. The parameter p > 0 governs the
degree of dependence between the two potential outcomes. Treatment assignment continues to
depend jointly on (Yp, Y7) through the selection mechanism used in the main simulation design.

When p = 0, the two treatment arms are conditionally independent after conditioning on X,
so that separate shadow-variable analyses are appropriate. As p increases, however, the treated
potential outcome inherits information from the baseline component through the shared factor A.
Consequently, the treated-side auxiliary measurement indirectly contains information about the
control-side latent outcome, violating the armwise exclusion property required by independent
shadow-variable analyses.

To illustrate this failure directly, we fit a logistic regression of D on (Y7, X, S). Under armwise
validity the coefficient of S should be zero. Instead, the estimated coefficient increases with p,
confirming that the treated-side auxiliary measurement carries residual information about the
control-side latent component once the two treatment arms become coupled.

Table 9 reports the corresponding Monte Carlo results. When p = 0, both the armwise
shadow-variable estimator and the proposed role-reversed calibration estimator recover the true
ATE. As the coupling parameter increases, however, the armwise estimator becomes increasingly
biased and eventually reverses sign, whereas the proposed estimator remains centered near the
true treatment effect.

These results complement Proposition 9 by demonstrating that the proposed methodology ex-
ploits information shared across treatment arms rather than combining two independent shadow-

variable identification analyses.
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Coupling p S coef. in logit P(D=1| Y1, X, S) Naive Armwise shadow Role-reversed calibration

0.0 (independent arms) 0.0 —0.228 -+0.750
1.0 (shared baseline) +0.8 —1.030 +0.107
1.5 +0.6 —1.511 —0.144

+0.756
+0.702
+0.738

Table 9: Separation from armwise shadow-variable identification (shared-baseline DGP, n = 2000,
1,000 replications; true ATE 0.75). The second column is the coefficient of S in a logistic fit of D
on (Y7, X, S): zero when the armwise exclusion D L S| Y7, X holds, nonzero when it fails. Once
the arms are coupled (p > 0) the two independent shadow-variable analyses are badly biased—
sign-reversed at p = 1.5—while the role-reversed calibration recovers the truth, the empirical

content of Proposition 9.

A.15 Additional simulation results

This appendix collects additional Monte Carlo evidence that complements the representative
designs reported in Section 5. The purpose of these experiments is to examine the numerical
stability of the proposed procedure across a wider range of finite-sample environments rather
than to introduce new identification settings.

The additional experiments vary the sample size, the strength of the auxiliary measurements,
the degree of overlap in the treatment assignment mechanism, the first-stage approximation
classes, and the regularization parameters used in the calibration step. For each design, we
record empirical bias, variance, root mean squared error, confidence-interval coverage, and aver-
age interval length together with numerical diagnostics of the estimation procedure.

We also report first-stage diagnostics including optimization convergence, the Sargan—Hansen
statistic at the adjustment anchor, empirical calibrator weights, and condition numbers of the
sample moment matrices. These summaries identify the finite-sample situations in which the
unregularized calibration problem becomes ill-conditioned and illustrate how Tikhonov regular-
ization stabilizes the estimation problem.

Across the complete simulation grid, the qualitative conclusions remain unchanged. Under
selection on gains, estimators based on selection on observables exhibit substantial bias whereas
the proposed role-reversed calibration estimator remains essentially unbiased after regularization.
Under accidental strong ignorability, the adjustment-anchored implementation recovers the con-
ventional AIPW benchmark, while the unanchored role-reversed-calibration estimator becomes
numerically unstable because the strict role-reversed calibration equations are no longer informa-

tive.

First-stage diagnostics. For each Monte Carlo replication, we record numerical diagnostics
of the first-stage calibration problem, including optimization convergence, the maximum and
average treatment-weighted calibration weights, the Sargan—Hansen statistic evaluated at the ad-

justment anchor, and the condition numbers of the empirical moment matrices. These diagnostics
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are intended to identify finite-sample designs in which the calibration problem becomes weakly
identified or numerically unstable.

Across the simulation designs considered in this paper, optimization converges reliably except
in a small number of replications under the unregularized role-reversed calibration estimator
when the empirical moment equations become nearly singular. These rare failures coincide with
unusually large calibration weights and inflated condition numbers. The Tikhonov-regularized
estimators substantially reduce both quantities, confirming that the variance reduction observed
in Section 5 is associated with improved numerical conditioning rather than with a change in the

target estimand.

Sensitivity to auxiliary-measurement strength. We also examine the sensitivity of the pro-
posed estimator to the informativeness of the auxiliary measurements by varying the measurement-
error variances while keeping the treatment assignment mechanism and the potential-outcome
model fixed. As the auxiliary measurements become less informative, the calibration problem
becomes weaker and finite-sample variability increases, as expected. Nevertheless, the regularized
role-reversed calibration estimator remains essentially unbiased throughout the range of designs
considered.

The deterioration in precision is gradual rather than abrupt. In particular, the Tikhonov-
regularized estimators continue to exhibit stable numerical behavior even when the auxiliary
measurements contain relatively little information, whereas the unregularized estimator becomes
increasingly sensitive to ill-conditioned empirical moment equations. These findings are consistent

with the theoretical characterization of weak calibration developed in Appendix K.2.

Sensitivity to regularization. Finally, we examine the effect of the Tikhonov regularization
parameter on the finite-sample performance of the proposed estimator. Across a broad range of
regularization levels, the estimator exhibits only modest changes in empirical bias while achiev-
ing substantial reductions in variance relative to the unregularized estimator. The finite-sample
performance is therefore not driven by a finely tuned choice of regularization parameter.

As expected, setting the regularization parameter to zero recovers the unregularized estima-
tor, whose performance deteriorates in designs where the empirical calibration problem is nearly
singular. Conversely, excessively large regularization parameters may induce a small finite-sample
bias by shrinking toward the adjustment anchor. Moderate levels of regularization provide a fa-
vorable bias—variance tradeoff and deliver stable performance throughout the simulation designs

considered in this paper.

A.16 Beat AML data construction and variable mapping

The Beat AML benchmark is constructed from the Beat AML 2.0 functional-genomics resource

(Bottomly et al., 2022), which contains 805 patients and 942 primary acute myeloid leukemia
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(AML) specimens with paired ez vivo drug-response, genomic, transcriptomic, and clinical mea-
surements. Because every specimen is screened against a large panel of therapeutic agents,
treatment-specific responses are observed for every assayed compound, providing a unique bench-
mark in which the complete vector of potential outcomes is available.

Following the construction described in Section 6, we define the treated potential outcome
as the average negative area under the dose-response curve (AUC) across three FLT3 inhibitors
(Quizartinib, Sorafenib, and Crenolanib), and the untreated potential outcome as the corre-
sponding average across three PI3K/mTOR inhibitors (GDC-0941, BEZ235, and Idelalisib).
The response-side auxiliary measurement is the held-out FLT3 inhibitor Midostaurin, while the
baseline-side auxiliary measurement is the held-out PI3K inhibitor PI-103. The adjustment co-
variate is the standardized ELN2017 cytogenetic-risk score.

Table 10 summarizes the correspondence between the theoretical variables introduced in Sec-
tion 2 and the empirical variables used in the Beat AML application. Table 11 summarizes the
sample construction. Starting from the complete Beat AML resource, we retain specimens with
complete measurements for all compounds required to construct the treatment outcomes and
auxiliary measurements, resulting in the analysis sample of n = 325 specimens used throughout

the empirical benchmark.
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Symbol Beat AML variable(s) Interpretation

D assigned  inhibitor treatment (“treat with class d”)
(benchmark mechanism)

Y (d) negated ex vivo dose-response continuous activity outcome (larger =
AUC, —AUC(d) more active)

Y FLT3-inhibitor axis: mean response to FLT3-targeted therapy
—AUC of {Quizartinib, So-
rafenib, Crenolanib}

Yo PIBK/mTOR axis: mean comparator response axis
—AUC of {GDC-0941,
BEZ235, Idelalisib}

S Midostaurin activity (held-out moves the gain Y7 — Yy through the

(response-side mea- FLT3 inhibitor) FLT3-specific innovation

surement)

Q PI-103  activity  (held-out acts on the baseline axis Yy

(baseline-side mea- PI3K inhibitor)

surement)

W, Z Ruxolitinib  (JAK), Trame- other-class responses for the latent-

(common-U auxil-

tinib (MEK) activity

iary measurements)

X

(adjustment)

ELN2017

score (z-scored)

cytogenetic-risk

confounder comparator

baseline adjustment

Table 10: Variable mapping for the Beat AML continuous full-counterfactual benchmark.

The

response-side measurement S and the baseline-side measurement () are held-out same-class com-

pounds, so the role-reversed calibration of Section 2.1 applies; both are continuous ezx vivo re-

sponses, never the binarized active/inactive phenotype.

Table 11:

Step Specimens
Beat AML 2.0 specimens (805 patients) 942
With ez vivo dose-response passing curve-fit QC 569
+ all three FLT'3-axis compounds assayed 442
+ all three PI3K/mTOR-axis compounds assayed 361
+ held-out response- and baseline-side measurements (S, Q) 344
+ auxiliary measurements (W, Z) 325

Sample construction for the Beat AML benchmark. Counts are specimens with

complete non-missing ex wvivo response across the indicated compound panels, aggregated per

dbgap_subject_id; the analysis sample is the n = 325 with the full panel.
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A.17 Beat AML auxiliary-measurement diagnostics

The Beat AML benchmark also allows direct assessment of the relevance of the selected auxiliary
measurements because the complete vector of potential outcomes is observed. On the analysis

sample, the ground-truth average treatment effect is
T =E(Y1 — Yy) = —20.80,

with

E(Y;) = —184.6, E(Yy) = —163.8.
The two treatment-response axes exhibit substantial common variation (corr(Yp,Y:) = 0.47),
implying that the treated potential outcome contains both a shared baseline component and a
treatment-specific innovation.

The selected auxiliary measurements are strongly associated with their corresponding sides of

the model. The baseline-side measurement satisfies
corr(Q, Yy) = 0.77,
while the response-side measurement satisfies
corr(S,Y1) = 0.73.

More importantly, the response-side auxiliary measurement captures the treatment-specific inno-

vation rather than merely the marginal outcome level:
corr(S, innovation) = 0.60,

whereas the auxiliary measurements used for common-confounder adjustment exhibit essentially

no association with the innovation,
corr(W, innovation) = 0.03, corr(Z, innovation) = 0.04.

These diagnostics support the auxiliary-measurement selection criterion developed in Ap-
pendix A.17. The response-side auxiliary measurement is informative about the treatment gain,
whereas the common-U auxiliary measurements are informative only about shared baseline vari-
ation. This distinction explains why the proposed role-reversed calibration estimator remains
effective under selection on gains while methods designed for common latent-confounder settings

do not.
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A.18 Additional robustness analyses for the Beat AML benchmark

This appendix examines whether the empirical findings depend on the particular choice of drug
classes used to construct the potential outcomes and auxiliary measurements. The main text con-
siders the FLT3-inhibitor versus PI3K/mTOR contrast, but the role-reversed calibration frame-
work is not tied to this specific construction.

Table 12 repeats the benchmark experiment for three additional drug-axis contrasts spanning
different kinase-inhibitor families. For each contrast, treatment assignment is generated using the
same selection-on-gains mechanism as in the main text, with approximately balanced treatment
assignment (P(D = 1) ~ 0.5). The true average treatment effects range from —9.7 to —59.2
activity units, providing a substantially broader set of benchmarks than the primary analysis.

Across all contrasts, the qualitative conclusions remain unchanged. The naive, AIPW, arm-
wise shadow-variable, and proximal-2SLS estimators exhibit substantial bias that overstates the
activity gap, whereas the proposed role-reversed calibration estimator consistently remains the

least biased and stays substantially closer to the known ground-truth effect than the comparison

estimators.
bias against the true ATE (activity units)
Drug contrast n true ATE P(D=1) naive AIPW armwise proximal role-rev.
FLT3i vs PI3K/mTOR (main) 325 —20.8 0.54 —-38.6 —20.5 —25.8 —25.6 +0.2
FLT3i vs MEK 366 -9.7 0.51 —44.8 —28.3 —31.3 —23.5 +3.7
EGFR vs FLT3i 361 —59.2 053 —-274 -16.2 —20.6 —25.9 +7.4
ABL vs FLT3i 369 —27.5 0.52 —415 =270 -32.5 —25.9 -9.8

Table 12: Robustness of selection-on-gains recovery across alternative drug-axis constructions
(Monte Carlo over 1,000 benchmark selection draws using the same treatment-selection mech-
anism as in Table 5). Across all contrasts, the naive, AIPW, armwise shadow-variable, and
proximal-2SLS estimators substantially overstate the activity gap, whereas the proposed role-
reversed calibration estimator remains substantially closer to the known ground-truth treatment

effect than the comparison estimators.

A.19 Diagnosing response-side auxiliary measurements

The Beat AML benchmark illustrates an important distinction in diagnosing the relevance of
response-side auxiliary measurements. When the complete vector of potential outcomes is ob-
served, as in the Beat AML benchmark, response-side relevance can be assessed directly through
its association with treatment effects and treatment-specific innovations.

In a genuine observational study, however, the treatment-specific potential outcomes are un-
observed. Consequently, response-side relevance cannot generally be evaluated using marginal
correlations with the observed outcome. Instead, diagnostics should focus on the additional infor-

mation that the auxiliary measurement provides about treatment-specific gains after conditioning
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on the available baseline covariates.

Table 13 summarizes the corresponding diagnostics for several empirical settings. In full-
counterfactual benchmarks, treatment gains can be observed directly, whereas observational stud-
ies rely on indirect diagnostics such as arm-specific predictive performance, calibration residuals,

and selection relevance.

Setting Response-side relevance diagnostic

Full-counterfactual benchmark corr{S,Y (d)}, corr{S,Y (dy) — Y (do)}

Observational application arm-specific incremental R2, selection relevance, cali-
bration residuals

RCT validation sample incremental R? in the randomized arm, CATE-score
relevance

Time-to-event outcome partial correlation with RMST, DAOH, or ventilator-
free days

Table 13: Suggested diagnostics for assessing response-side auxiliary measurements across different
empirical settings. Direct correlations with treatment gains are available only when treatment-
specific outcomes are observed. In observational applications, diagnostics instead rely on the

additional information provided for treatment-specific gains beyond baseline adjustment.

A.20 ESBL data construction and variable mapping

The observational application uses adult patients from the MIMIC-IV database with bloodstream
infection due to Escherichia coli or Klebsiella pneumoniae who received definitive treatment with
either a carbapenem or piperacillin-tazobactam. The analysis sample contains n = 540 treatment
episodes.

The treatment indicator is definitive carbapenem therapy versus piperacillin—tazobactam. The
primary outcome is the 30-day restricted mean survival time (RMST@30). The response-side aux-
iliary measurement is third-generation cephalosporin non-susceptibility, representing the ESBL
phenotype. The baseline-side auxiliary measurement is the Charlson comorbidity index, and the
adjustment covariates consist of standardized age and sex.

Table 14 summarizes the correspondence between the theoretical variables introduced in Sec-

tion 2 and the empirical variables used in the ESBL application.
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Symbol MIMIC-IV variable(s) Interpretation

D carbapenem vs. piperacillin— treatment (definitive therapy)
tazobactam

Y RMST@30 from culture, continuous survival outcome
capped at horizon

S third-generation shifts the gain Y (1) — Y (0); the re-

(response-side
auxiliary measure-
ment)

Q

(baseline-side

cephalosporin non-
susceptibility (ESBL signa-
ture)

baseline comorbidity burden

(Charlson)

sistance phenotype on which the com-

parator fails

acts on the baseline outcome Y (0)

auxiliary measure-
ment)
X age (z-scored); sex baseline adjustment

(adjustment)

Table 14: Variable mapping for the ESBL bloodstream-infection application. The measurement
S acts on the gain and @ is a baseline-side measurement for Y (0), the selection-on-gains regime of
Section 2.1; S is a measured microbiological phenotype that moves the carbapenem’s incremental

benefit through a known mechanism.

A.21 Additional analyses for the ESBL application

This appendix reports additional analyses for the ESBL bloodstream-infection application. These
analyses are intended to assess the robustness of the empirical findings and to provide additional
clinical context for the main results reported in Section 6.

We first compare the estimated treatment effect with the findings of the MERINO randomized
trial, which provides an external benchmark for the direction of the treatment effect. We then
examine the sensitivity of the proposed estimator to alternative outcome horizons, alternative def-
initions of the response-side auxiliary measurement, and different working-model specifications.
Across these analyses, the qualitative conclusions remain unchanged. The proposed role-reversed
calibration estimator consistently produces estimates favoring carbapenem therapy, whereas con-

ventional adjustment methods remain substantially closer to the null.

Comparison with the MERINO trial. The MERINO randomized trial (Harris et al., 2018)
compared definitive therapy with meropenem and piperacillin—tazobactam among patients with
bloodstream infection due to ceftriaxone-resistant Escherichia coli or Klebsiella pneumoniae. The
trial reported substantially higher 30-day mortality in the piperacillin-tazobactam arm (12.3%)
than in the meropenem arm (3.7%), establishing carbapenems as the preferred treatment for
ESBL bloodstream infection.

Although our observational analysis targets a different estimand based on 30-day restricted
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mean survival time rather than binary mortality, the MERINO trial provides an external bench-
mark for the direction of the treatment effect. The proposed role-reversed calibration estimator
produces a treatment effect in the same protective direction, whereas the naive and conventional

ATPW estimators remain much closer to the null.

Specification Naive AIPW RR-calibrated
Survival horizon (S = 3GC R/I, base adjustment)
RMST@14 —0.19  +0.21 +1.93 [+1.25, +2.61]
RMST@30 —-0.67 —0.07 +8.71 [+2.34, +15.07]
RMST@60 —253  —1.09 +32.70 [+12.18,+53.23]

Phenotype definition (RMST@30)
S=3GCRorl —0.67 —007  +8.71 [+2.34,+15.07]
S§=3GCRonly —0.67 —0.05 +12.68 [+6.06,419.30]

Adjustment basis (RMST@30, S = 3GC R/I)
age, sex -0.67 —0.07 +8.71 [+2.34,+15.07]
age, age?, sex -0.67 —0.07 +8.72 [+1.67,415.77)

Table 15: Sensitivity of the carbapenem effect on RMST (days) to the survival horizon, the
phenotype definition, and the adjustment basis (MIMIC-IV, n = 540; 95% influence-function
intervals in brackets). The naive and AIPW contrasts remain at or below the null throughout;

the role-reversed calibrated estimate remains positive and excludes zero.

The empirical findings are also robust to the specification of the calibration and representation
models. Table 16 summarizes the results under several alternative working-model specifications.
Across these specifications, the estimated treatment effect remains positive and agrees with the
direction established by the MERINO trial.

Working model estimate SE note

exponential calibrator, linear representer +8.71 3.25 main specification

exponential calibrator, quadratic representer +9.27 4.53 Dbasis-expanded representer
trimmed calibration weights (99%) +8.66 3.25 weights clipped at 99th pctile
richer adjustment (X+SOFA) +2.08 8.32 adds severity to X; sign preserved
naive (reference) —0.67 0.66

ATPW (reference) —-0.07 1.15

Table 16: Sensitivity of the carbapenem effect on RMST@30 (days) to the calibration and rep-
resentation working models (MIMIC-IV, n = 540; 95% influence-function standard errors). The
protective direction is preserved across admissible calibrated specifications. The selection cali-
brator is a positive odds (exponential) model by construction; a purely linear calibrator violates

positivity and is not admissible.
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Overall, these additional analyses reinforce the main empirical conclusion. The estimated
benefit of carbapenem therapy is robust to alternative outcome definitions, auxiliary-measurement
specifications, and working-model choices, providing additional support for the proposed role-
reversed calibration approach in settings characterized by confounding by indication.

For completeness, Table 17 summarizes the comparison between the observational estimates
and the findings of the MERINO randomized trial. Although the two studies target different
causal estimands—30-day restricted mean survival time in the present analysis versus 30-day
mortality in MERINO—Dboth support the same qualitative conclusion that carbapenem therapy
is superior to piperacillin—tazobactam for ESBL bloodstream infection. The table is intended only

as an external clinical benchmark rather than a formal cross-study comparison.

MERINO randomized trial This study (observational)
Population E. coli/K. pneumoniae bacter- E. coli/K. pneumoniae bacter-
aemia, ceftriaxone-resistant aemia, MIMIC-IV
Endpoint 30-day mortality (binary) RMST@30 (continuous)
Comparator vs. car- +8.6 pp mortality on piperacillin- —
bapenem tazobactam
Carbapenem effect superior (lower mortality) role-reversed calibration +8.71
RMST days
Direction protective, favoring carbapenem role-reversed calibrated estimate

agrees; naive/AIPW do not

Table 17: Concordance with the MERINO randomized trial. The trial supplies an external
directional benchmark favoring carbapenem therapy for the corresponding ESBL bloodstream-
infection contrast; the role-reversed calibrated estimate is on that side, the naive and AIPW

estimates are not.

A.22 Treatment assignment by resistance phenotype

The selection-on-gains mechanism underlying the ESBL application is reflected in the empirical
treatment assignment by resistance phenotype. Table 18 reports the cross-classification of defini-
tive treatment and the ESBL phenotype. Carbapenems are used predominantly among patients
with the resistance phenotype, whereas piperacillin—tazobactam is used primarily among patients
without the phenotype. At the same time, the off-diagonal cells demonstrate that sufficient overlap

remains to support estimation under the proposed calibration framework.

ESBL phenotype (S =1) non-ESBL (S =0)

Carbapenem 261 95
Piperacillin-tazobactam 20 164

Table 18: Treatment-by-phenotype cell counts (MIMIC-IV analysis sample, n = 540). The con-

centration on the diagonal is the confounding by indication; the off-diagonal cells provide overlap.
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B An independent ex wvivo benchmark, its robustness, and re-

stored forest diagnostics

This appendix provides three supplements to the empirical analysis of Section 6. Appendix B.1
reports a second full-counterfactual benchmark, on an ex vivo pharmacogenomic resource inde-
pendent of Beat AML, that reproduces the pattern established there: under selection on the
treatment gain, covariate adjustment and proximal calibration are biased on data with a known
answer, while the role-reversed calibration recovers it. Appendix B.2 documents its robustness.
Appendix B.3 restores, for completeness, the forest-plot diagnostics for the two applications of

Section 6.

B.1 A second observed-counterfactual benchmark: ibrutinib response in chronic
lymphocytic leukaemia

We replicate the observed-counterfactual design of Section 6.1 on an independent resource: the
Primary Blood Cancer Encyclopedia (PACE) multi-omic dataset of Dietrich et al. (Journal of
Clinical Investigation, 2018, 128(1):427-445), distributed as the BloodCancerMultiOmics2017
package. Primary chronic lymphocytic leukaemia (CLL) specimens are screened ez vivo against a
panel of compounds at five concentrations each, yielding continuous drug-response measurements
alongside genome, methylome, and clinical data. As in the Beat AML benchmark, the ez vivo
response is a direct, specimen-level readout of drug activity, which we use to instantiate potential
outcomes whose average contrast is therefore known.

The construction isolates the regime the theory targets by exploiting two biologically distinct
axes that are orthogonal in these data. The response axis is B-cell-receptor (BCR) dependence,
read out by the ex vivo response to the BTK inhibitor ibrutinib; the prognostic axis is genomic
risk (TP53/del(17p)/IGHV status). Empirically the ibrutinib response is essentially uncorrelated
with TP53 status (|p| < 0.05), so a specimen’s drug-target dependence and its baseline prognosis
vary independently, matching the independent side-specific factor structure of Section 2.1. We
therefore let a response factor E (the standardized ex wvivo ibrutinib response) drive the treated
potential outcome Y7 = 74 0.8 E+¢1, and an independent prognostic factor A (built from TP53,
del(17p), and IGHV, with idiosyncratic noise) drive the untreated outcome Yy = 0.8 A + ¢, with
a known average treatment effect 7. Treatment is assigned by selection on the gain, D | (Yp, Y1) ~
Bernoulli{expit(1.57 + 0.4 A)}, where 7; = Y] — Yj and ~ denotes standardization, and only the
realized outcome Y = DY7 + (1 — D)Y) is passed to the estimators.

The auxiliary measurements are themselves ex vivo responses and genomics, never the ibrutinib
response itself. The response-side measurement S is the ex vivo response to the PI3K{ inhibitor
idelalisib, a same-pathway (BCR) agent whose response correlates with the ibrutinib response at
p = 0.85; the baseline-side measurement ) combines the responses to the DNA-damage agents

fludarabine and nutlin-3, which track the prognostic axis (p ~ 0.5 with A) while remaining weakly
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related to S (p ~ 0.35); the adjustment block X is the CLL genomic panel (TP53, del(17p),
del(11q), trisomy 12, ATM, SF3B1, IGHV). The analysis sample is the n = 172 CLL specimens
with complete measurements.

Table 19 reports the estimators against the known effect (Monte Carlo over 1,000 benchmark

selection draws).

Estimator mean bias s.d. RMSE
Naive (unadjusted) +0.604 40.104 0.090  0.138
ATPW (genomic X) +0.705  4+0.205 0.074  0.218
AIPW (X, S,Q adjusted) +0.559  4+0.059 0.066  0.089
Proximal (PCI) —0.003 —0.503 0.153  0.525
Role-reversed (S, Q) +0.473 —0.027 0.095 0.099

Table 19: Recovery under selection on gains on the CLL ibrutinib benchmark (n = 172; true ATE
= 0.500; Monte Carlo over 1,000 selection draws). Adjusting for the genomic covariates X does
not remove—and here amplifies—the selection-on-gains bias; adding the auxiliary measurements
S, Q as ordinary covariates leaves a residual bias, because selection on the potential outcomes is
not an ignorability violation that any covariate block repairs; the proximal estimator, which reads
S, Q as proxies for a common confounder, is driven to the wrong sign; the role-reversed calibration

is nearly unbiased and attains the smallest RMSE.

Ex vivo-anchored benchmark: CLL ibrutinib response
(real ex vivo drug response + CLL genetics; selection on gains, N =172, 1000 reps)

| true ATE = 0.500
1

Naive (unadjusted) ——eo +0.604 (bias +0.104)
1
AIPW (genomic X) i —@——+0.705 (bias +0.205)
AIPW (X, S, Q adjusted) —;—.—+0.559 (bias +0.059)
1
Proximal (PCI) ° -0.003 i(bias -0.503)
1
Role-reversed (S, Q) —.: +0.473 (bias -0.027)

-0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
Estimated average treatment effect

Figure 2: CLL ibrutinib ez vivo benchmark: point estimates and 95% intervals (mean =+ 1.96
Monte Carlo s.d. over 1,000 draws) against the known true ATE (0.500, dashed). Only the role-
reversed calibration covers the truth; the AIPW estimate on the genomic covariates is biased away

from it, and the proximal estimate is driven to the opposite side.

Four features parallel and sharpen the Beat AML finding. First, covariate adjustment does

not help: the AIPW estimator that conditions on the genomic panel is more biased than the
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naive contrast, because the panel predicts the prognostic axis while the gain-driving response axis
is essentially unmeasured by it, so inverse-probability reweighting amplifies rather than removes
the selection. Second, and more pointedly, adding the auxiliary measurements S and ¢ to the
AIPW covariate set still leaves a bias: selection on the potential outcomes violates conditional
exchangeability given any covariate block, so the remedy is not a richer adjustment set but the
calibration structure. Third, the proximal estimator—which interprets S and () as proxies for a
shared latent confounder—is not merely inefficient but wrong-signed, a clean separation between
the common-confounder and selection-on-gains regimes. Fourth, the role-reversed calibration

recovers the known effect to within Monte Carlo error.

B.2 Robustness of the CLL benchmark

Table 20 varies the selection strength, the true ATE, the choice of auxiliary compounds, and the
sample size. The role-reversed calibration tracks the known effect throughout (|bias| < 0.084);
the AIPW bias scales with the selection strength, as the selection-on-gains mechanism predicts;
and the proximal estimator is persistently and substantially wrong. Because the biases of the
comparison estimators are additive in the outcome level, they are identical across true ATEs of

0.0, 0.5, and 1.0, whereas the role-reversed calibration recovers each.

bias against the true ATE

Scenario true ATE n naive AIPW (X) proximal role-rev.
Base (selection coef. 1.5) 0.5 172  +0.100 +0.207 —0.506 —0.031
Weak selection (coef. 0.7) 0.5 172 +0.125 +0.116 —0.268 40.029
Strong selection (coef. 2.5) 0.5 172 +0.084 +0.289 —0.580 —0.066
True ATE = 0.0 0.0 172 +0.100 +0.207 —0.506 —0.031
True ATE = 1.0 1.0 172 +40.100 +0.207 —0.506 —0.030
Als. proxies (S =duvelisib, @ =nutlin-3) 0.5 172  +0.100 +0.207 —0.428 —0.021
Smaller sample (n = 120) 0.5 120 +40.105 +0.207 —-0.531 —0.026

Table 20: Robustness of selection-on-gains recovery on the CLL benchmark (Monte Carlo over
1,000 selection draws per row; role-reversed RMSE ranges from 0.079 to 0.131 across rows). The
role-reversed calibration remains close to the known effect across selection strength, true-ATE
value, alternative auxiliary compounds, and sample size; the AIPW bias grows with the selection

strength; the proximal estimator is persistently wrong-signed.

B.3 Restored forest diagnostics for the Beat AML and ESBL applications

For completeness we display the forest-plot summaries of the two applications of Section 6. Fig-
ure 3 corresponds to the Beat AML benchmark of Appendix A.18; Figure 4 to the ESBL analysis
of Appendix A.21.
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BeatAML 2.0: recovery under selection on gains (n =325 AML specimens)

yground truth —20.8

-58.5 [-65.8, -51.2] |
naive A @ :
-38.3 [-44.9, -31.7] :
AIPW - L |
|
|
proximal 2SLS A :
|
-20.7 [-28.4, -13.0]
role-reversed | ¢
calibration \
|
-60 -50 -40 -30 -20 -10 0

effect on ex vivo drug activity (—AUC) (FLT3-inhibitor — PI3K/mTOR axis)

Figure 3: Recovery under selection on gains on the Beat AML continuous benchmark (n = 325
AML specimens). Point estimates and 95% intervals for a representative selected sample, against
the known ground-truth ATE (—20.8 activity units, dashed). The role-reversed calibration covers
the truth; the naive, AIPW, and proximal-2SLS estimators are biased away from it (more negative)

by factors of two to three and exclude it.

The Beat AML benchmark delivers a continuous-outcome, real-data instance of the paper’s
central claim: where treatment is selected on the gain rather than on a common latent confounder,
latent-confounder adjustment (common-U calibration), covariate adjustment (AIPW), and the
naive contrast are all biased on data with a known answer, while the role-reversed calibration
recovers it. Three caveats temper the reading. The outcome is an ex vivo pharmacologic response,
not a patient survival endpoint, so the contrast is a property of the specimen population rather
than a clinical-effectiveness estimate; the application is deliberately a full-counterfactual validation
of identification and diagnostics, not a treatment recommendation. The treatment indicator is
constructed, as it must be where the full counterfactual is observed; its value is that the selection is
known to act on the gain, which is exactly the regime that distinguishes the estimators. Finally, the
two axes were chosen for mechanistic distinctness and ample assay coverage, and the continuous
area-under-the-curve margin retains the response variation that a binarized phenotype would

discard.
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ESBL bloodstream infection, MIMIC-IV (n = 540)

« carbapenem worse | carbapenem better (MERINO direction) —
1

-0.67 [-1.96,1+0.63]
naive A —_——

‘
-0.07 [—2.:&3, +2.20]
AIPW -

+8.71 [+2.34, +15.07]
&

) 4

CTrOSS-proxy

-2.5 0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
effect on RMST@30 (days; carbapenem — piperacillin--tazobactam)

Figure 4: Effect on 30-day restricted mean survival time (carbapenem — piperacillin-tazobactam),
MIMIC-IV E. coli/ K. pneumoniae bloodstream infection (n = 540); points are naive, AIPW, and
role-reversed calibrated estimates with 95% influence-function intervals. The naive and AIPW
intervals sit at or below the null; the role-reversed calibrated interval lies on the protective side,
the direction the MERINO randomized trial establishes.

In a real, continuous-outcome setting where confounding by indication leaves both the naive
and the covariate-adjusted contrasts at or below the null, the role-reversed-calibration identifi-
cation recovers the protective direction that a randomized trial independently establishes (Ap-
pendix A.21). The leverage comes from a measured gain-shifter: the resistance phenotype moves
the carbapenem’s incremental benefit and drives the treatment choice, while being all but uncor-
related with the level of the outcome, so the de-confounding operates through the selection-on-
gains structure of Section 2.1 rather than through any marginal association between the auxiliary
measurement and the outcome. Ordinary adjustment conditions on baseline risk, whereas the cal-
ibrated orthogonal moment uses the response-side auxiliary measurement to separate prognosis

from treatment-specific gain.

C Riesz—adjoint representation of role-reversed calibration

This appendix gives the operator-theoretic reading of the role-reversed construction. The selection
calibrator and the adjoint outcome representer of each arm solve a pair of inverse problems for a
single conditional-mean operator and its adjoint, with the two side-specific auxiliary measurements
interchanged across the arms. This makes precise the sense in which the design is one paired
adjoint inverse problem rather than two independent missing-data analyses, and it exhibits weak
auxiliary measurement, existence, regularization, and outcome coarsening as statements about
singular values and operator ranges. The inverse-problem viewpoint parallels the treatment of
nonparametric instrumental-variable and bridge equations (Newey and Powell, 2003; Miao et al.,
2018).
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C.1 Treated-side operator
Work within the treated law and write E1{-} = E{- | D = 1}. Let
His = L2(PS,X\D:1)7 Hivg = Lz(PY,Q,X|D:1)7
and define the treated conditional-mean operator
Ty : His — Hivo, (Th0)(Y,Q,X) =E{b(S,X)|D=1Y,Q,X}.
Its Hilbert-space adjoint is the reverse conditional mean,
T : Hiyg — Has, (TTh)(S, X) =E{nY,Q,X)|D=1,5,X},

since E1{(T1b) h} = E1{b (17 h)} by the tower property. The treated adjoint outcome representer

is any solution b; € Hig of the primal equation
Thby = 4,

where /1 = ¢1(Y, X) is the outcome transformation defining the target (for the ATE, ¢1(y) = v),
read as an element of H1y @ that is constant in ). The treated selection calibrator is any solution

q1 € Hiyg of the adjoint equation

P(D=0]5,X)

Tl*C_h:T‘l, rl(SvX):P(D:1|SX)

That the calibration equation takes this adjoint form is immediate from the moment used in the
main text: E{D¢;(Y,Q,X)—(1-D) | S, X} =0is P(D=1| S, X) (T7¢1)(S,X) = P(D=0| S, X),
i.e. TTq1 = r1. Thus the calibrator solves an inverse problem for the adjoint T} driven by the
selection odds, while the representer solves the primal problem for T; driven by the outcome
transformation.

C.2 Control-side operator

The control arm reverses the roles of S and (). Let

Hog = L (P xip=0),  Hovs = L(Py.s,x|p-0),

and
TO : HUQ — 7-lOYSa (Tob)(}/v Sa X) = E{b(Q7X) | D= OaxsaX}7
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with adjoint (T5h)(Q,X) = E{h(Y,S,X) | D =0,Q, X}. The control representer and calibrator

solve

P(D=1|Q,X)
PD=0]Q,X)

Tobo = o, T5q0 = 7o, ro(@,X) =

On the treated side 77 maps functions of S into functions of (Y, @); on the control side Ty maps
functions of @ into functions of (Y, 5). This interchange is the operator-theoretic content of the

role reversal.

Theorem 7 (Riesz-adjoint representation of role-reversed calibration). With T1,Ty and their
adjoints defined above, the treated adjoint outcome representer and selection calibrator are any

solutions of
P(D=0]5,X)

Ty =14 TFq = =
191 1, 1Q1 r1, 1 P(D:1|S,X)’

and the control representer and calibrator are any solutions of

P(D
P(D

11Q,X)
0]Q,X)

Tobo = Lo, Tyq0 =710, T0 =

Role-reversed auxiliary calibration therefore consists, in each arm, of one inverse problem for T;
and one for its adjoint T}, with the baseline-side measurement (Q and the response-side measure-
ment S exchanged between the primal and adjoint problems acrosst =1 andt = 0. The calibrated
orthogonal moment of the main text is exact at any such tuple, and the within-class invariance of
Theorem 2 is the statement that the target depends on (by, qr) only through the solved equations,

not through the choice of solution.

C.3 Singular-value representation and source conditions
When T} is compact it admits a singular system (o, uj,v;);>1 with {u;} C His, {v;} C Hivo,

oj } 0, and

—_— . . * . —_— . .
Tyuj = ojvj, TV vj = oju;.

Corollary 3 (Singular-value representation). Suppose T is compact with singular system (oj,u;,v;),
and suppose {1 € Range(T1) and r; € Range(T7), so that {1 = > tjvj and ry = 37 15 uy with
no component in the orthogonal complement of the relevant range. Then the minimum-norm

treated representer and calibrator are
PNl PN~ T

=2 Fu, a=) v,

i J

and these solutions exist in L? if and only if the Picard conditions

Iy 2.

> —5 < o0, > =4 < oo
o2 o2

Jg 7 Jj I
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hold. Small singular values therefore quantify weak auxiliary measurement: they simultaneously
threaten existence (through the Picard sums), inflate the norms of b]; and qI, and govern statistical
instability and sensitivity to calibration-range violations. The same statements hold for the control
side with (To, T ), Lo, and ro.

The finite-rank and source-condition hypotheses used elsewhere are the spectral counterparts
of the Picard conditions. A Holder source condition bI = (T}Ti)Phy with 8 > 0 places #;;/0; in a
weighted £2 ball with weights U;zﬁ , and analogously qg = (TyT} )" hq controls the calibrator; these

are exactly the smoothing conditions under which Tikhonov regularization attains fast rates.

C.4 Minimum-norm solutions and Tikhonov regularization

The minimum-norm representer and calibrator are the regularization limits of the Tikhonov fam-
ilies
bio=(TTTv+al) ' TYl,  qa= (DT +al) " Tir,

which, in the singular basis, are the spectrally filtered series

_ 95 _ 9j oy
JjoJ i 7
The filter factor 0']2- / (UJZ + «) is the population version of the regularized representative selection

used as the finite-sample stabilization device throughout.

Lemma 2 (Tikhonov path to a score-admissible exact tuple). Assume each Ty is compact, the
source conditions b;r = (T¥Ty)Phy and q;r = (T, T7)"hg hold for some 3,y > 0, and the Tikhonov

parameters satisfy a, | 0 with estimation and reqularization errors obeying
1@ — af | Ilbe = bl|| = opn™ "), t=0,1.

If the limiting tuple (b];, qlr, bg, qg) s score-admissible in the sense of Definition 1, then the cross-
fitted calibrated orthogonal moment satisfies the central limit theorem of Theorem 6. The statement
s a pathwise sufficient condition for the high-level first-stage assumptions used in the cross-fitted

CLT.

C.5 Outcome coarsening as range contraction

Let B = ¢(Y') be a measurable coarsening and Hipg = L2(PB,Q7 x|p=1) the coarsened treated
space, where Pp ¢ x|p—1 is the pushforward law of (c¢(Y), @, X) under P(- | D = 1). The substi-
tution map

J : Hipg = Hivg, (Jh)(Y,Q,X) = h(c(Y),Q,X),

is an isometric embedding whose range JHipq is the subspace of H1y g consisting of functions

that depend on Y only through B = ¢(Y). A calibrator built from the coarsened outcome is
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constrained to the form ¢ = Jhp, so the coarsened calibration equation must be solved over the

restricted domain JH;pq; the attainable selection-odds targets are then
Ty JHipg C T Hivo.

Endpoint coarsening is therefore an operator restriction. It does not merely reduce precision:
it replaces the full domain of 77 by the smaller subspace JHipg, and can remove the singular
directions v; needed to represent r; and solve T7'q = r;. This is the operator-theoretic statement
behind Appendix C.5 and the finite-rank argument developed earlier in Appendix C.5, and the
precise reason continuous and restricted-time outcomes are preferable in this calibration archi-
tecture: the continuous response supplies the spectral directions that a binary endpoint discards.
Concretely, if the full-outcome dictionary spans the target selection projection while the coars-
ened dictionary 17 JH1pg has rank strictly below the dimension of that projection, then the range

condition holds before coarsening and fails after it.

Corollary 4 (Restricted-time outcomes). Let T; be the potential event time and Y;¥ = T; A L
the outcome restricted to horizon L. If the role-reversed calibration and adjoint representation
conditions hold for the restricted outcomes (Yi¥,Y{), then

E(Y{" - Y{) = E{T'{ - T§},

where T is the calibrated representer for arm t evaluated at the restricted outcome. With censoring
independent of the event time given the observed history, the same identity holds after replacing
YL by its IPOW or augmented-IPCW censoring operator (Rytgaard et al., 2022; Westling et al.,
2024) (Appendiz J).

D Detailed relation to proximal, shadow-variable, and missing-

instrument methods

D.1 Relation to proximal causal inference

The proposed score uses calibrators and representers and an inverse-problem (operator) construc-
tion, but the problem is not a standard proximal causal inference problem in disguise. Proxy-
variable and proximal causal inference address measurement or unmeasured-confounding prob-
lems using proxies for latent variables (Kuroki and Pearl, 2014; Miao et al., 2018; Cui et al., 2024;
Tchetgen Tchetgen et al., 2024). Standard proximal causal inference, in particular, addresses
unmeasured confounding by an unobserved common cause U. The treatment-inducing proxy and
outcome-inducing proxy are both proxies for U, and the same proxy structure is used to iden-
tify E{Y (a)} across treatment levels. Here the latent object is the pair of potential outcomes
itself. Treatment may depend directly on (Y7,Yp), and the two observed auxiliary measurements

are side-specific rather than two measurements of a common U. In the terminology of proximal

63



causal inference one might be tempted to call S and ) proxies; we avoid that terminology in
the main text because their role is different—they are side-specific auxiliary measurements of the

potential-outcome system, not measurements of a common latent confounder U.

Proposition 6 (Degenerate reductions). (i) Suppose that the treatment rule is covariate-only,
P(Dzl ‘YhYb:SquX)Ze(X) (Al)

with € < e(X) < 1 — € almost surely. Then (Y1,Yy,S,Q) L D | X, and for m{(X) = E{£;(Y;, X) |
X},

Iy x(0) = e('jowx X) = mé (X)} + mé (X)),
Fo.x(0) = Tty HalY, X) = mb(3)} + mf(X)

identify p1 and pg. Thus the usual augmented inverse-probability-weighted representation is ob-

tained by taking
e(X)

_ 1—e(X) _
1—e(X)’

@ (X) = X)) qo(X)

and restricting the nuisance class to functions of X.
(ii) More generally, let W = (X, S,Q) be pre-treatment or decision-time information defined

under both regimes. If
IFD(D =1 ‘ Yla%astaX) = €(W),

then (Y1,Yp) L D | W, and the same conclusion holds with X replaced by W .

(iii) If only one potential-outcome mean is considered and the other side is removed from the
target, the corresponding half of the construction becomes a one-outcome representer problem:
a primal equation selects a missingness/selection weight and a dual equation certifies a mean
functional. The full paper differs because both uy and g are needed and the proxy roles reverse

across them.
Proof. Under (A.1), consistency and conditional exchangeability give E{¢;(Y;, X) | D =, X} =
m§(X). Hence

E{T) x(0) | X} =E e(’j(){a(m,X) — (X)) + ml(X) | X

= mi(X),

and the control identity is identical. Integrating over X identifies the two marginal means. The
same calculation conditional on W proves part (ii). Part (iii) follows by deleting the unused

potential-outcome side and retaining the relevant primal and dual equations. O

Remark 5 (Why the reduction uses a smaller nuisance class). The adjoint representer sets
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in Section 2.1 are designed for the difficult selection-on-potential-outcomes problem, where the
selection calibrator may be an unrestricted function of (Y,Q, X) or (Y, S, X). In the covariate-only
reduction, the correct and stable representation restricts the propensity nuisance to e(X) or e(W).
One should not require the full adjoint-representer equation E[D{¢1(Y, X)—b(S,X)} | Y,Q,X] =0
to hold in this easier case; the ordinary AIPW score is orthogonal relative to the smaller X- or
W -indexed nuisance model. Thus covariate-only selection is nested as a degenerate adjustment
case, not as a case in which all unrestricted calibration and representation equations must be

imposed.

Proposition 7 (Nested-valid anchored calibration implementation). Let W be a pre-specified pre-
treatment or decision-time covariate block defined for all units; W may be X, or it may include
(S, Q) when these variables are ordinary decision-time covariates in the ignorable fallback model.
Consider the union of two calibration architectures.

(a) The role-reversed calibration architecture uses I'1(O; q1,b1) and I'o(O; qo, bo) from the main
text and is valid under the role-reversed calibration assumptions.

(b) The adjustment architecture uses

Py (Osemy) = e('iv){fl(x X) — my (W)} + ma (W),

1-D
1—e(W)
where e(W) =P(D = 1| W) and my(W) = E{¢,(Y:, X) | W}. Equivalently, this is the calibrated
orthogonal moment with (W) = {1 —e(W)}/e(W), qo(W) = e(W)/{1 — e(W)}, and both dual

regressions restricted to W.

LCow (O;e,mg) = {6 (Y, X) —mo(W)} + mo(W),

Suppose a cross-fitted estimator uses an architecture selector A, € {cp,adj}. If A, = adj with

probability tending to one under the model
Mign(W): (Y1,Yy) LD | W, e<e(W)<1-—g¢

and the usual augmented inverse-probability weighted first-stage product rates hold for (€, mq, mg),
then

n

Vi —7) =n"Y23 " [T w(0sse,m1) — Dow (Os; e,mo) — 7] + 0p(1).

i=1
If A,, = cp with probability tending to one under the role-reversed calibration model and Assump-
tion 4 and the variance condition in Theorem 6 hold, then the expansion in Theorem 6 holds.
Hence the absence of residual selection on (Y1,Yy) is a nested safe case for the anchored estima-

tor.

Proof. Under Mg, (W), consistency and conditional exchangeability imply E{¢;(Y;, X) | D =
t,W} = my(W). The displayed adjustment score is therefore the usual augmented inverse-

probability weighted calibrator score. The cross-fitted expansion follows from the standard dou-
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ble/debiased machine-learning argument, because the first-order drift is the product of the propen-
sity and outcome-regression errors. Under the role-reversed calibration model, the result is exactly
Theorem 6. The assumed consistency of the architecture selector makes the probability of using

the wrong expansion vanish in either fixed model. O

Remark 6 (Why anchoring is needed). The nested guarantee is not true for an arbitrary un-
restricted solution of the observed selection-calibrator equations. For erxample, under complete
randomization with no S,Q, X, the treated primal equation is E{q(Y1)} = 1. Both ¢(Y) =1 and
qYV)=1+4+a{Y — E(Y1)} solve it. Without a valid adjoint representer or an adjustment anchor,
the score D{14+q(Y)}Y has mean E(Y1)+a Var(Y1)/2 when D is randomized with probability 1/2.
Thus the issue is not nonidentification of the ATE under ignorability; it is nonunique solution
selection in an over-rich calibration class. The anchored architecture removes this pathology by

selecting the adjustment representative whenever residual selection is absent.

The distinction is summarized in Table 21. For uq, the baseline-side auxiliary measurement Q)
appears in the selection calibrator because the untreated-side component is missing among treated
units, while the response-side auxiliary measurement S appears in the adjoint representer. For
1o, the roles reverse. This creates two separate primal-dual pairs and two separate mixed-bias
identities. The resulting score is therefore a twin-pair score, not the usual single proximal score

with treatment labels changed.
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Feature Standard proximal causal infer- Role-reversed calibration design
ence

Latent source of bias Common unmeasured con- Selection on the latent potential-
founder U outcome pair (Y7, YY)

Proxy interpretation

Calibration architec-

ture
Treated mean
Control mean

Bias identity

Identified object

Treatment-side and outcome-

side proxies for the same U

One proxy architecture reused

across treatment levels

Standard treatment calibra-
tor/outcome representer for
E{Y (1)}

Same proxy roles with treat-
ment label changed

Single proximal double-robust
product

Marginal causal means under

proxy conditions for U

@ proxies baseline-side variation
in Yy; S proxies innovation-side
variation in Y;

Two primal-adjoint representer
pairs with role reversal

QI(Y7Q7X> and bl(S7X)

QO(Y7 S, X) and bo(Q, X)

Two products: —E[DAg;Ab]
and +E[(1 — D)AqOAbo]
ATE, CATE,

icy, and distributional function-

subgroup, pol-

als without identifying the copula
of (Yla Yv(])

Table 21: Difference from standard proximal causal inference. The novelty is not that calibration
and representation equations are used, but that selection is on the two potential outcomes and
the same observed auxiliary measurements switch primal and dual roles across the two marginal

means.

This distinction also explains why a single shadow-variable condition suchas Z 1 D | (X,Y) is
generally inappropriate. A side-specific auxiliary measurement may remain associated with treat-
ment after conditioning on the realized outcome, precisely because it carries information about
the missing counterfactual side. The paper therefore shares inverse-problem (operator) tools with
proximal and shadow-variable methods, but its identifying structure is a crossed two-potential-
outcome structure. Appendix A.13 makes this difference operational: across a family that in-
terpolates from a common-confounder structure to selection on gains, the proximal estimator is
unbiased only in the common-confounder configuration and is increasingly biased as selection
becomes innovation-side, whereas the role-reversed calibrated estimator is unbiased across the
whole family. The proposed design therefore does not weaken the proximal assumptions for the
same problem; it removes the requirement that confounding factor through a single common U,
and so identifies the ATE in the selection-on-gains regime that lies outside the scope of standard

proximal causal inference.
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The CATE result in Theorem 4 connects the score to orthogonal CATE learning: after first-
stage calibration and representation estimation, f‘{ - f%/ is a pseudo-outcome whose conditional
mean is 7(X). The second-stage rate is formalized in Theorem 11; its structure follows the
orthogonal CATE-learning logic of Kennedy (2023) and Foster and Syrgkanis (2023), with the
distinctive feature that calibration—representation first-stage errors enter through the conditional

mixed-bias term in Lemma 6.

D.2 Population (oracle-nuisance) comparison with doubly-robust proximal in-
ference

The finite-sample comparison of Appendix A.13 uses linear proximal two-stage least squares. To
separate identification from estimation we now compute, on the same confounding-to-selection
family, the population estimands—probability limits with nuisances solved at the population
level—of three proximal estimators: outcome representer proximal g-computation (Miao et al.,
2018; Tchetgen Tchetgen et al., 2024), proximal inverse-probability weighting through a treatment
confounding bridge (Cui et al., 2024), and the doubly-robust proximal estimator (Cui et al., 2024).
Each receives the same best-case proxies (W, Z) of the baseline confounder as in Appendix A.13.

Table 22 reports the bias of each population estimand. At p = 0 every proximal estimand
and the role-reversed calibrated estimand equal the true ATE. For p > 0 all three proximal
estimands are biased by an identical amount, a rich-basis outcome representer (adding W? and
W X terms with matching instruments) is biased by the same amount, and the bias grows with the
innovation share p; the role-reversed calibrated estimand stays at the true value throughout. Three
conclusions follow. First, the bias is an identification gap, not an estimation artifact: it is present
at the population level with oracle nuisances. Second, it is not a linear-misspecification artifact:
enriching the bridge does not remove it, because the proxies of the baseline confounder are not
relevant for the innovation-side (treated-specific) selection—the completeness condition underlying
proximal identification (Miao et al., 2018) fails in that direction, so no valid confounding bridge
exists within the available proxies. Third, double robustness offers no protection: the doubly-
robust estimand coincides with the two singly-robust ones, because the outcome representer and
treatment calibrator are misspecified in the same direction and a doubly-robust estimator is
consistent only when at least one bridge is valid (Cui et al., 2024). The role-reversed calibration
identifies the ATE across the whole family because it targets the side-specific selection structure

directly rather than positing a single common confounder proxied from both sides.
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p (baseline confounding — innovation selection)

Population ATE estimand: bias 0.00 0.25 0.50 0.75 1.00
Proximal g-computation (outcome representer) +40.003 —0.101 —0.187 —0.259  —0.328
with rich-basis outcome representer +0.004 —-0.105 —-0.189 —0.260 —0.328
Proximal IPW (treatment calibrator) +0.003 —-0.101 —-0.187 —0.259 —0.328
Proximal doubly-robust +0.003 —0.101 —0.187 —0.259 —0.328
Role-reversed calibration —0.012 +40.004 +0.008 +0.013 —0.000

Table 22: Population (oracle-nuisance) ATE bias across the confounding-to-selection family of Ap-
pendix A.13. Estimands are probability limits computed with nuisances solved at the population
level (the replication code reproduces them); true ATE = 0.75. At p = 0 all estimators are exact;
for p > 0 the outcome representer, treatment-bridge, and doubly-robust proximal estimands are
biased identically—and a richer bridge does not help—while the role-reversed calibrated estimand
is unbiased. The bias is an identification gap (a failure of proxy completeness for innovation-side

selection), not an estimation or efficiency phenomenon.

D.3 Relation to Roy-fragility identification and automatic debiased machine

learning

Relation to Roy-fragility identification. The distinction from Hoshino et al. (2026) is also
useful for positioning the contribution. Their fragility theorem shows that deterministic Roy sort-
ing is a singular measurement condition for the latent joint law of (Y7, Yy); under an unrestricted
stochastic selection kernel, the observed objects become weighted marginal projections rather
than probabilities of known truncation sets, and the joint identified set opens at first order in the
relaxation parameter. We do not try to undo that negative result. Instead, we target marginal
and conditional causal functionals—ATE, CATE, ATT/ATC, and censored RMST contrasts—
and use side-specific proxy variation to construct Riesz-type calibrated orthogonal moments for
those functionals. The present paper can thus be read as a functional-identification counterpart
to the Roy-fragility result: their object is the latent joint law of (Y7, Yp), while ours is a collection
of regular low-dimensional functionals that remain identified once side-specific proxy variation is

available.

Relation to automatic debiased machine learning. The minimum-norm calibrator of Def-
inition 3 is methodologically related to the automatic debiased machine learning framework of
Chernozhukov et al. (2022a) and the augmented minimax linear estimator framework of Hirsh-
berg and Wager (2021), but the relationship is one of analogy rather than direct specialisation. In
their literature, a target functional 8(P) = E{m(O, P)} admits a Riesz representer a. by the Riesz
representation theorem: 6(P) = E{a.(O)mo(O,n)} for an appropriate inner product, and the
influence function is then «, times a residual. Direct estimation of a, by minimising a population

mean-squared loss in a chosen function class delivers automatic Neyman-orthogonal estimation
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without explicit nuisance differentiation (Chernozhukov et al., 2022a, Section 3). When the func-
tion class is a reproducing-kernel Hilbert space (RKHS), Bennett et al. (2023) show that Tikhonov
regularisation of the resulting variational problem implements a minimum-norm representer with
finite-sample rates governed by source conditions.

The selection calibrator ¢/ in our Definition 3 is the minimum-norm representative of the
selection-calibrator solution set under the treatment-weighted norm. This is similar in spirit
to the automatic debiased machine learning Riesz representer construction but differs in two
important ways.

First, the selection-calibrator solution set is defined by a conditional moment equation in-
dexed by an instrument vector, namely the role-reversed calibration primal moment in (2). This
conditional-moment-restriction structure is more restrictive than the unconditional Riesz repre-
senter formulation, and we do not claim that g¢; is a Riesz representer in the strict Chernozhukov
et al. (2022b) sense.

Second, the role-reversed-calibration framework spans a continuum of identification regimes
from selection on gains, in which the strict selection-calibrator constraint is binding, to strong
accidental ignorability, in which the strict selection-calibrator solution set is non-singleton and the
strict adjoint-representer set may be empty. The minimum-norm element of the strict primal set
is well-defined throughout, by Theorem 8, and reduces to the X-anchor adjustment representative
under accidental ignorability. The dual side of the adjustment-nested representative is a separate
architectural ingredient, not a Hilbert-space projection within a fixed dual class (Remark 12).

Third, the Tikhonov implementations in our Section 5 are finite-dimensional regularised ana-
logues of the auto-debiased machine learning estimator of Chernozhukov et al. (2022a). Specifi-
cally, the over-parameterised rich-basis Tikhonov estimator (7-dimensional) implements the minimum-
norm representative-selection idea in a parametric setting, with Tikhonov regularisation pinning
the unidentified directions to the X-anchor. The roughly four-fold reduction in standard deviation
observed in Table 3 demonstrates that minimum-norm regularisation is a useful primary stabiliser
of the calibration fit in the selection-on-gains regime, beyond its role as a regime-adaptive struc-
tural device. This is qualitatively consistent with the source-condition theory of Bennett et al.
(2023), where Tikhonov regularisation in RKHS yields uniformly faster finite-sample rates than

ordinary GMM with the same moment.

Limits of the parametric implementation. The simulation also exposes a clear tradeoff
in the finite-dimensional parametric implementation: in the four-dimensional parametric cali-
bration class no single Tikhonov setting Pareto-dominates the regime-adaptive Sargan—Hansen
architecture diagnostic across both regimes (Tables 3 and 4). Tikhonov primal-only wins deci-
sively under selection on gains; the dual-shrinkage Tikhonov primal+dual matches AIPW under
accidental ignorability but introduces a non-vanishing primal-side bias under selection on gains.
The Sargan—Hansen statistic adapts across regimes by hard switching at the test, but we use it as

an architecture diagnostic rather than as the inferential estimator—so that the reported inference
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is not subject to post-selection distortion—while within each regime the Tikhonov estimators are
the recommended finite-sample variance-reduction devices. An infinite-dimensional implementa-
tion in an RKHS or sieve class with growing dimension, where the auto-debiased machine learning
estimator of Chernozhukov et al. (2022a) or the augmented minimax linear estimator of Hirsh-
berg and Wager (2021) is a candidate for reducing the finite-dimensional tradeoff with a single
regularisation parameter, is a natural target for follow-up work. We do not claim dual-regime
optimality here; the purpose is to state the operator-regularization problem and to outline an
implementable research direction. The present paper establishes the finite-dimensional theory

and implementation; the RKHS extension is sketched in Section S.

D.4 Relation to shadow-variable and missing-instrument selection methods

The closest mathematical relatives are nonignorable missing-data and endogenous-selection pa-
pers that use a single auxiliary variable. D’Haultfoeuille (2010) studies a one-outcome selection
problem in which D is observed, Y is observed only when D = 1, the distribution of an auxiliary
variable Z is identified, and the key restriction is D L Z | Y. Under completeness, the joint
distribution of (D,Y, Z) is nonparametrically identified. Li et al. (2023) studies nonignorable
nonresponse with observed data (R, X, RY, Z), a shadow variable satisfying Z L R | (X,Y), and
mean functionals E{7(X,Y")} without requiring identification of the full data law.

The present design differs in four essential ways, summarized in Table 23.

(i) There are two potential outcomes, not one missing outcome. Treatment selection may
depend on the pair (Y1,Y)), so conditioning on the realized outcome alone cannot remove

selection on gains.

(ii) There is no single shadow variable satisfying Z L D | (X,Y). The two auxiliary measure-
ments are side-specific: @) is baseline-side information and .S is innovation-side information.
Each can be associated with treatment after conditioning on the observed outcome because

it may proxy the unobserved counterfactual component.

(iii) Identification uses two coupled calibration and representation systems with role reversal.
For p1, @ is on the primal side and .S on the dual side; for ug, S is on the primal side and
@ on the dual side. This crossed structure has no analogue in a one-outcome missingness

problem.

(iv) The target is causal and conditional: ATE, CATE, subgroup effects, policy values, and
marginal distributional effects of potential outcomes. The method deliberately avoids iden-

tifying the joint distribution or copula of (Y7, Yp).
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Feature D’Haultfoeuille (2010) Li, Miao and Tchetgen This paper
Tchetgen (2023)
Observed-data prob- One selected or miss- One nonignorably Two potential out-

lem

Auxiliary variables

Core exclusion

Identification target

Calibration geometry

ing outcome

One outcome-side in-

strument Z

D1Z|Y

Full joint law under
completeness; bounds

under monotonicity

Selection-probability

inverse problem

missing outcome

One shadow wvariable
A

Z1R|X,)Y

Mean functionals

without full law

Representer equation

for a mean functional

comes with selection
on gains
Two side-specific aux-

iliary  measurements

5,Q

Role-reversed cal-
ibration range re-
strictions; no single
shadow-variable  ex-

clusion

ATE, CATE, policy
and distributional
functionals  without
potential-outcome
copula

Two selection calibra-
tors plus two dual
Riesz certificates with

role reversal

Table 23: Conceptual differences from single-outcome shadow-variable and missing-instrument

selection methods.

Thus the paper should not be presented as a direct application of shadow-variable missing-

data theory. It borrows the inverse-problem insight that a functional can be regular even when a

larger latent law is not identified, but the causal object, the crossed proxy roles, and the CATE

pseudo-outcome are different.

E Full-propensity operators and primitive conditions

E.1 Full-propensity weighted operators

The weighted calibrator formulation should be read as the main model, not as a notational variant

of the clean direct-selection case. Define the treated primal operator

Alpq = E{p(Ylv YvO? Sa Q>X)Q(Y17 Q>X) | Y17 Y07 Sa X}7
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and the treated primal target
rip =1—E{p(Y1,Y,,5,Q,X) | Y1,Yp, S, X}.
Similarly define
Aopg = E{[1 — p(¥1, Y5, 5,Q, X)]q(Yo, S, X) | Y1, Y0, Q, X},

Top = 1 _E{l _p(Yla}/bv‘S?Q?X) | Y17Y07QaX}'

Then the two latent primal equations are simply
At =r1p, Aopdh = Top-
The full treatment propensity also enters the dual side. Define
Cipb = E{p(¥1,Y0, 5,Q, X)b(S, X) | V1,Q, X},

mip = fl(H)X)E{p(YVh}/OvSanX) | }/laQaX}v

and
COpb = ]E{[l _p(}/h}/baSvQJX)]b(QvX) | Y07 SuX}7

mOp - EO(%)X)E{]- _p(}/la%vsuQvX) | }/(),S,X}

The observed dual equations are equivalent to
Cipb1 = mup, Copbo = mop.
Proposition 8 (Full-propensity range conditions). Suppose Assumption 1 holds. If
r1p € Range(Aip), rop € Range(Agp),
then the causal selection calibrators in Assumption 2 exist. If, in addition,
mi1, € Range(Ciyp), mop € Range(Cop),

then the observed adjoint representer sets By and By are nonempty. These conditions impose no
restriction of the form p(Y1,Yp, S, Q,X) = m(Y1, Yy, X).

Proof. The first two range inclusions mean that there exist qf and qg satisfying
E{pq{(YhQaX) | le,YYO,S,X} =1 _]E(p ‘ Yla%vst)a
E{(l —p)qg(YO’SaX) | Yl,}/O’Q,X} =1 _E(l -Pp ‘ Yl,YZ),Q,X),
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which are exactly (1). The two dual range inclusions mean that
]E{pbl(S7X) ’ YlanX} = El(YlaX)}E(p | Yl?QJX)

and

Using consistency on the events D = 1 and D = 0, these are precisely
E[D{6 (Y, X) = b1(S, X)} | Y, Q,X] =0,

and
E[(1 - D){£s(Y, X) — bo(Q, X)} | Y, 8, X] = 0.

O]

Remark 7 (How direct dependence on (S,Q) can remain). There are several mathematically
distinct ways to retain the full propensity structure. The broadest route is the weighted range
formulation in Proposition 8: direct effects of S and Q on treatment are absorbed by the weighted
operators Ay, and Cyy. A second route is finite-rank richness, given below, where the supports of
S and Q are rich enough that the weighted linear systems are solvable for the observed treatment
policy. A third route is a structured direct-effect model in which parts of p that are measurable
with respect to a conditioning set factor out of the relevant operator; this can reduce the weighted
equations to cleaner equations after reweighting or conditioning. A fourth route is sensitivity
analysis: if the full weighted range condition is considered too strong, one may index direct shifter
effects in pa(Y1,Y0,5,Q,X) and report the range of T over plausible o; Appendiz M develops
a compact sensitivity calculus for calibration-range violations along these lines, in the spirit of
classical sensitivity analysis for unmeasured confounding (Robins et al., 2000; VanderWeele and
Ding, 2017). The first two routes give point identification without reverting to the clean exclusion

case; the latter two are useful for applications and robustness analysis.

E.2 Non-reducibility to armwise shadow-variable analyses

The role-reversed calibration architecture can superficially resemble two independent shadow-
variable analyses, one for each marginal potential outcome. The following proposition shows
that this interpretation is generally incorrect. Under selection on potential outcomes, the natural
armwise shadow-variable exclusion restrictions may both fail even though the coupled role-reversed

calibration and representation equations continue to identify the two marginal means.

Proposition 9 (Role-reversed calibration is not reducible to armwise shadow-variable analyses).

There exist data-generating processes satisfying the role-reversed calibration conditions for both
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E(Y1) and E(Yy), while the natural armwise shadow-variable exclusions
D1S |V, X, D1Q|Yy,X

both fail. Consequently, the role-reversed calibration architecture is not equivalent to two indepen-

dent one-outcome shadow-variable analyses based on S and Q.

Sketch. Let
Yo = Q + Ub, Y1 =Y+ S+ pUp + Us,

where @, S, Up, Uy are mutually independent and p # 0. Suppose treatment assignment satisfies
P(D =1 ‘ Ylv Yvﬁv Sa Qa X) - expit(a + /BIYI + 60%)7 BO/BIP 7& 0.

Conditioning on Y7 does not render S independent of Y, because Y; combines the baseline

component Yy with the innovation S + pUy + U;. Therefore, whenever 3y # 0,
DYyS|v,X.

Symmetrically, conditioning on Yy does not screen off () from the innovation component of Yj.
Hence, whenever 1 # 0,
DyQ|Yo X

Thus both armwise shadow-variable exclusion restrictions fail simultaneously.

Nevertheless, provided the side-specific auxiliary measurements satisfy the cross-auxiliary cal-
ibration and representation conditions of the main text (or the primitive finite-rank conditions of
Proposition 4), the coupled role-reversed calibration system continues to identify both marginal

potential-outcome means. O

Remark 8 (Relation to proximal causal inference). The auziliary measurements need not be
proxies for a common latent confounder. Proximal causal inference assumes the existence of an
unobserved variable U such that

(Y1,Y0) LD | U, X,

and uses proxy variables to recover adjustment for U. In contrast, the present framework allows
treatment assignment to depend directly on (Y1,Yy). The side-specific auxiliary measurements
Q and S are therefore not interpreted as noisy measurements of a common latent confounder.
Instead, they enter the coupled calibration and adjoint representation equations that identify the

marginal potential-outcome means under selection on potential outcomes.
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Table 24: Structural conditions of the role-reversed calibration system and their roles.
Condition Role

Range (weighted column-span) condi- Existence of a primal and an adjoint representer represen-
tion tative

Completeness  of the  weighted Uniqueness of the representative (singleton solution set)
conditional-expectation operator

Dual range / Riesz certificate Invariance of the target over the observed solution set and
regularity of the orthogonal score

Source condition First-stage estimation rates and admissible regularization

E.3 Primitive sufficient conditions

Assumption 2 is a high-level calibrator-existence condition. This subsection records primitive
routes that make the calibration requirement transparent. They are sufficient, not necessary. The
first finite-rank lemma below retains the full propensity p(Y7,Yp, S, @, X). The following clean

finite-rank and additive-Gaussian lemmas are useful special cases and simulation checks.

The four structural conditions and their roles. The role-reversed calibration system places
four conceptually distinct conditions on the data, each with a separate role; Table 24 records the
correspondence.

The finite-rank lemmas below give primitive, checkable versions of the range conditions in
the first row; completeness in the second row is the infinite-dimensional analogue that upgrades
existence to uniqueness; the dual range condition in the third row is what makes the mixed-bias
identity and the within-constraint invariance of Section 3 hold; and the source condition in the

fourth row governs the Tikhonov rates of Theorem 19.

Lemma 3 (Full-propensity finite-rank condition). Fiz x and assume all relevant conditional
supports are finite. For the treated selection calibrator, fix y1, let rows be indexed by (yo,s),

columns by support points q; of Q, and define

Mlp(yhx)(yo,s),j = p(y1,y0,5,qj,$)P(Q =4 ‘ }/1 = ylaYO = Yo, S = SvX = LE)

If the vector of ones belongs to the column span of Miy(y1,x) for every (yi,x), then a treated
causal selection calibrator exists. A sufficient condition is that M, (y1, ) have full row rank.
For the control selection calibrator, fix yo, let rows be indexed by (y1,q), columns by support

points sj of S, and define

Mop(Y0, T) (y1,9),; = [1 — P(¥1, 90,55, ¢, 2)|P(S =55 | Y1 = y1,Y0 = 90,Q = ¢, X = 7).

If the vector of ones belongs to the column span of Moy(yo,x) for every (yo,z), then a control

causal selection calibrator exists.
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For the treated adjoint representer, let rows be indexed by (y1,q), columns by support points

sj, and define

Nlp(l‘)(th),j = E{p(yia%7S>Q7X)1(S = S]) | Y1 = ylaQ = QaX = 1:}

Let
tlp(m)(th) = €1(y1,m)E{p(Y1,Yb,S,Q,X) ’ Yl = ylaQ = an = x}

If t1,(x) belongs to the column span of Nip(x), then an observed treated adjoint representer exists.
A sufficient condition is full row rank of Ni,(x). The control adjoint representer exists under the

analogous condition with rows (yo,s), columns g;,

Nop(2) (yo,s),; = E{[1 — p(Y1, Y0, S, Q, X)|L(Q = ¢;) | Yo = 0,5 = 5, X = 2},

and target

tOp(x)(yo,s) = EO(yOax)E{l _p(YhYVOHS’)QaX) | Yv(] = y075 = SvX = .I‘}

Proof. For the treated selection calibrator, the latent equation is the finite-dimensional linear

System

> AL+ 411,45 2) Y Mip(y1, 2) (o0, = 1 for every row (yo, 5).
J

The stated column-span condition is exactly the condition for this system to have a solution. The
control primal argument is identical with (p,@,y1) replaced by (1 — p,S,yp). For the treated

adjoint representer, the observed dual equation is

Z b1(55, ) N1p(®) (y1.,9),5 = t1p(T) (y1,9) for every row (y1,q),
J
so the column-span condition is necessary and sufficient in the finite-dimensional support. The

control dual proof is the same. O

Proposition 10 (Simultaneous primal and strict-dual nonemptiness; domain expansion). Con-
sider the selection-on-gains regime, in which treatment may depend on (Y1,Yy) and the armwise
shadow exclusions D 1. S |Y1,X and D L Q | Yo, X need not hold. Suppose the finite-rank condi-
tions of Lemma 3 hold for all four blocks: the weighted matrices My, Mo, have the stated column-
span property, Nip, Nop have full row rank, and the target vectors tip,to, lie in the corresponding
column spans. Then the selection-calibrator solution sets Q1, Qo and the strict adjoint-representer
solution sets By, By are simultaneously nonempty, and the role-reversed calibration scores identify
W1, o, hence 7. Consequently the role-reversed calibration identified set is nonempty on a class
of data-generating processes on which the two armwise shadow-variable analyses are not jointly

available, by Proposition 9.
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Sketch. Lemma 3 shows, under the stated column-span and full-row-rank conditions, that each of
the four latent or observed calibration and representation equations admits a solution; nonempti-
ness of Q; and B; for t € {0,1} is exactly this conclusion read across the four blocks. Given
exact representatives, the role-reversed-calibration identification argument of Section 3 yields
E(T'y) = w1 and E(I'g) = po. The final clause combines this with Proposition 9: the data-
generating process exhibited there satisfies the finite-rank conditions for sufficiently rich finite
supports of S and @, yet violates both armwise shadow exclusions, so the role-reversed cali-
bration identified set is nonempty precisely where the paired armwise shadow construction fails.
This is the identification increment of the role-reversal architecture over a pair of one-outcome

shadow-variable analyses. O

For the next two lemmas, consider the clean selection special case
p(Yh%vSaQaX) == ﬂ—(}/la}/b)X%

and write

1 —7m(Y1,Yp, X)

™ Y17K)7X
wl(Yla}/b7X) - 7T(Y1 Yb X) 3 ( )

T 1—7(Y, Yo, X))

WO(Yla Y'O7X)

Lemma 4 (Clean finite-rank role-reversed calibration condition). Fiz z. Suppose @ L (Y1,S) |
(Yo, X), and suppose the conditional support of Yy | X = = is {yo1,-..,yox }, while Q | X = x has
support {q1,...,q5}, with J > K. Let

Mg(2)r; =P(Q =qj | Yo = yor, X = ).

If Mg(x) has row rank K, then for every bounded function wi(y1,yo,x) there exists a function
¢t (y1,q, ) such that
E{qi(Y1, Q. X) | Y1,Y0, 8, X} = wi (Y3, Yo, X).

Symmetrically, if S L (Yo,Q) | (Y1,X), the conditional support of Y1 | X = x is finite, and
the matriz Mg(z) with entries P(S = s; | Y1 = y1x, X = x) has full row rank, then there exists
a5 (Yo, S, X) satisfying

E{qg(Yb,S,X) ‘ Yla%anX} = wO(YlayvOaX)'

Consequently, the latent odds-calibrator version of Assumption 2 holds.

Proof. For fixed (y1,z), the equation for qf is the linear system
J
ZQ{(ylaQJam)P(Q =4q; | YO = yOkaX = ':U) = wl(ylaymmx)a k= 17 s aK'
j=1

Full row rank of Mg(x) guarantees a solution. Conditional independence removes S and Y; from
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the conditional law of @ given (Yp, X). The proof for ¢ is the same with (Q,Yp) replaced by
(‘S’a Yl) ]

Lemma 5 (Clean additive Gaussian source condition). In the clean direct-selection case p(Y1, Yy, S,Q, X) =
7(Y1, Yo, X), suppose
Yo=mo(X)+ A4, Yi=m(X)+E,

Q:A+£Q7 S:E+£Sv

where £ | X ~ N(0,0’é) is independent of (A, E,S) given X, and £s | X ~ N(0,0%) is indepen-
dent of (A, E,Q) given X. If

wi (Y1, Yo, X) = exp{a1 (Y1, X) + c1(X) A},

then
¢i(V1,Q, X) = exp{a1 (Y1, X) + a1(X)Q — 3e1(X)*03}

satisfies the treated latent odds calibrator. If
wo (Y1, Yo, X) = exp{ag(Yo, X) + co(X)E},

then
46(Y0, 8, X) = exp{ao(Yo, X) + co(X)S — gco(X)*0%

satisfies the control latent odds calibrator.
In this clean case, if the additional independence conditions in the proof hold, then for the

identity transformation £(y,x) =y,
bl(S,X):ml(X)—l-S, b()(Q,X):m()(X)—i-Q

are observed adjoint representers. With genuine direct dependence of treatment on (S, Q), these
stmple closed-form adjoint representers need not remain valid; the relevant conditions are instead

the weighted dual range or finite-rank conditions in Proposition 8 and Lemma 3.

Proof. For the treated selection calibrator,

E{¢{(Y1,Q,X) | Y1, Y0, S, X} = exp{a1 (Y1, X) + c1(X)A — Le1(X) %0 JE{ea (XN | X}
= exp{al(Y17X> + cl(X)A} = wl(Yh )/va)a

using the normal moment-generating function. The control selection calibrator is identical. For

the adjoint representer, under the stated exclusion and independence conditions,

E[D{Y —b:(5, X)} | V,Q, X] =E[D | Y1,Q, X]E[Y1 —my(X) - 5| ¥1,Q,X] =0
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on D =1, because Y =Y; and E(S | Y1,Q,X) = Y1 —mi(X). The control adjoint representer

follows symmetrically. O

Remark 9 (Why these primitives matter). Lemma 3 is the primitive condition that preserves
the full treatment-propensity structure. It allows treatment to depend directly on (S, Q); the price
1s that the weighted matrices must be rich enough to solve the primal and dual systems. Lemma
4 shows the cleaner rank/relevance logic when direct-selection exclusion holds: () must contain
enough variation to span functions of the baseline-side latent component, and S must contain
enough variation to span functions of the innovation-side component. Lemma 5 shows that the
exponential odds calibrators used in the simulation are not ad hoc; they arise from a standard
additive proxy design with a source condition on the latent odds ratio. More general continuous
cases can be stated using deconvolution or singular-value source conditions for the corresponding

weighted conditional expectation operators.

Remark 10 (Hierarchy of primitive conditions). Lemma 3 is the most general primitive result in
this paper because it keeps p(Y1, Yo, S, Q, X) inside the weighted operators. When p(Y1, Yo, S,Q,X) =
m(Y1, Yy, X), row-wise weighting by m or 1 — 7 reduces the full-propensity finite-rank systems to
the clean finite-rank systems in Lemma 4. The support requirement is correspondingly weaker
in the clean case: the baseline-side proxy Q) needs to span functions of Yy, rather than functions
over the enlarged row index (Yo, S); the innovation-side proxy S has the symmetric requirement.
Lemma 5 is a continuous-support construction for the clean case using a Gaussian source condi-
tion. Thus allowing direct dependence of treatment on (S, Q) is possible, but it costs additional

weighted relevance.

F The minimum-norm calibrator: characterisation and estima-

tion
F.1 Calibrator nonuniqueness and the minimum-norm calibrator

The selection-calibrator solution sets Q1 and Qg defined in (2) need not be singletons. Theo-
rem 3 (twin-pair double robustness) guarantees that, on the role-reversed calibration submodel,
the calibrated orthogonal moment I'y — I'y targets the same marginal means p; — po for any
(q1,b1,90,b0) € Q1 X By x Qg X By that is score-admissible in the sense of Definition 1. The
question of which representative to estimate from data is therefore one of statistical efficiency
and stability, not identification. To state this plainly before the construction: the calibration
and representation equations may have multiple observed solutions, and for estimation we use
regularized representative selection. This regularization is not an additional source of identifi-
cation; it is a finite-sample device for choosing a stable element of the observed solution set.
The causal validity of the score comes from the primal-adjoint representer conditions of Sec-

tion 3, while the regularization affects variance, numerical stability, and behaviour near weak
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auxiliary-measurement regimes. We use “weak auxiliary-measurement regime” to mean that the
relevant finite-dimensional conditional-expectation operators have small minimum singular values,
or equivalently that the side-specific proxy increments in held-out outcome prediction are small
relative to the adjustment block; Appendix K makes this singular-value characterisation precise.

In the strong accidental-ignorability regime of Theorem 10(a), the primal solution sets are
genuinely nonsingleton in a way that has practical consequences. Remark 17 records the canonical
example: in a fully randomized experiment with no proxies, both ¢(Y) =1 and ¢(Y) = 1+a{Y —
E(Y1)} solve the observed primal moment, yet only the first gives the correct calibrated-moment
expectation when paired with a degenerate dual. This is not a failure of identification. It is failure
of a unique observed representative: the calibrated orthogonal moment depends on which element
of Q1 the first-stage estimator returns.

The structural answer is to single out a canonical representative inside Q1 and Qg using a
metric defined by the data. The natural metric is the treatment-weighted L?-norm in which the
calibrated orthogonal moment operator is bounded: ||¢||%, = E[Dq(Y, Q, X)?] for the treated side
and ||q||?_, = E[(1 — D)q(Y, S, X)?] for the control side. The minimum-norm calibrator is the
population element of Q; of smallest treatment-weighted norm. The same construction applies

on the dual side using the adjoint-representer sets By and By.

Definition 3 (Minimum-norm calibrator). The minimum-norm calibrator is the population tuple
(QT)qSJ T7 ba) deﬁned by

¢} € arg min E[Dq(Y, Q, X)?], b; € arg min E[D{¢1(Y, X) — b(S, X)}?], (4)
q€Q1 beB;

go € arg min E[(1 — D)q(Y, 5, X)%, by carg min E[(1 — D){fo(Y; X) - (@, XY (3)

The treatment-weighted norms equal the squared treatment-arm L?-norms of the moment residuals;
the minimisations therefore project onto the unique treatment-supported representative inside the

constraint set.

The choice of treatment-weighted norm is consequential: it is the norm in which the score
operator is bounded, so the population minimum is the unique representative that minimises
calibrated-moment variability inside the constraint set. We refer to (¢, b}) as the minimum-norm
representatives of the calibration solution sets; they are representative-selection rules, not Riesz
representers in the unrestricted sense (Chernozhukov et al., 2022b; Hirshberg and Wager, 2021;
Bennett et al., 2023). See Li, Miao, and Tchetgen Tchetgen (2023) for analogous representative

selection in proximal causal inference.

Remark 11 (Population definition vs. finite-sample anchor). The population definition (4)—(5)
selects the constrained minimum-norm element from the origin in the treatment-weighted L? in-
ner product. The finite-dimensional implementation in Section 5 replaces the strict constraint

by a smooth Tikhonov penalty centred at an empirical X-anchor @ s, namely argming T;,(6) +
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AE,.[D{q(0) — G.a}?]. This is an anchor-regularised representative-selection rule, not literally the
population minimum-norm projection from the origin. It is an anchor-centered reqularised approz-
imation to a stable representative. When the anchor is compatible with the population minimum,
the approzimation targets the same representative; when it is not, the penalty trades moment fit
against numerical stability. In finite samples the anchor is chosen for numerical stability: under
selection on gains the population minimum-norm element has typical magnitude (1 — e)/e, and
shrinking toward the empirical X-anchor rather than the origin yields a better-conditioned optimi-
sation. Theorem 19 in Appendix K.3 establishes that the anchor-reqularised estimator converges
to the population minimum-norm element provided q; A — qi 4 and the source condition relating

the bias to the operator range holds.

The next theorem states the central structural fact for the primal side: the minimum-norm
element ¢ is uniquely the strong-ignorability adjustment representative whenever the truth is
strongly accidentally ignorable, by a clean Hilbert-space orthogonal projection argument. The
dual side requires more care because the strict adjoint-representer set may be empty under strong

ignorability with weak or null proxies; this is discussed below the theorem.

Theorem 8 (Primal minimum-norm characterisation under strong ignorability). Suppose the
strong accidental-ignorability condition in Theorem 10(a) holds. Then the unique solutions of the
primal halves of (4)—~(5) are

e(X)

QT(X): :1_76()()7

% (X)
i.e., the minimum-norm primal role-reversed calibration depends only on X, even though the
selection-calibrator class allows q1 to be a function of (Y,Q,X) and qo of (Y, S, X).

Proof. The proof uses the identity E{Dr(Y,Q, X) | S, X} = 0 for any r = ¢ — q1,x with ¢ € O,
valid because p = e(X) implies D L (Y1,Yp, S, Q) | X. Conditional on X the cross term vanishes,
yielding E[D¢?] = E[in +J+E[Dr?], which is uniquely minimised at r = 0. The control argument

is identical. O

Remark 12 (Dual side: strict adjoint-representer set may be empty). The strict adjoint-representer
moment E[D{¢;(Y,X)—b01(S,X)} | Y,Q, X] = 0 typically has no solution under strong ignorabil-
ity with weak or null proxies. The reason is structural: under strong ignorability, D 1LY | X, so
the moment becomes e(X){Y — E[b1(S,X) | Y,Q,X]} = 0. This requires Y to be expressible as
a function of (S, X) measurable through the conditional expectation given (Y,Q, X); when S does
not carry information about Y beyond X (the canonical accidental-ignorability case), no such by
exists.

Consequently, the minimum-norm dual problem minyep, E[D{¢; — b}?] is over an empty con-
straint set in this regime. In implementation, the calibrated orthogonal moment must use the
X-only outcome regression my(X) = E{¢1(Y,X) | X} as the dual proxy. This is the same func-

tion that appears in the Sargan—Hansen architecture selector and in AIPW; in our population
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display we will call it the adjustment-nested dual rather than a strict adjoint-representer. See

Remark 16 for further discussion.

Corollary 5 (AIPW recovered via the adjustment augmentation choice). Under strong accidental
ignorability the unique minimum-norm primal representative is qi(X) = (1 — e(X))/e(X) by

Theorem 8. If, in addition, the analyst pairs this primal with the X-only adjustment augmentation
b1,A(X) = mi(X) = E{0(Y, X) | X},

then the role-reversed calibration score reduces exactly to the augmented inverse-probability weighted
(AIPW) score with covariate block W = X :

D

Fl (07 qra bl,A) = G(X)

{Y —mi(X)} +ma(X),

and analogously with D replaced by 1 — D and e(X) by 1 — e(X) for I'y. The augmentation by o
is an analyst-chosen element of the score-admissible class; it is not in general a member of the
strict adjoint-representer set By, which may be empty under strong ignorability with weak or null
side variables (Remark 12). In finite samples this augmentation choice is realised either through
the Sargan—Hansen architecture selector at the X-anchor branch or through the dual-shrinkage

Tikhonov estimator with fized shrinkage toward m(X).

Proof. Substitute ¢j(X) = (1 — e(X))/e(X) and by 4(X) = mi(X) into I'y = D{1 + ¢{ }H{Y —
bi.a} + b1a. The factor 1+ ¢f = 1/e(X) gives I'y = D(Y — my)/e(X) + mq, which is the AIPW

score. O

Remark 13 (Why anchor-regularised representative selection is useful). The minimum-norm
representative-selection rule isolates exactly what the role-reversed-calibration framework needs
from the strong-ignorability case at the primal level: the selection calibrator q1 reduces to a function
of X alone, even though its formal definition allows it to use (Y,Q). Theorem 8 shows that this
reduction is a consequence of the geometry of the selection-calibrator solution set in the treatment-
weighted norm. The dual side is more subtle: under strong ignorability with weak prozies the strict
dual set is empty (Remark 12), and the calibrated orthogonal moment requires the adjustment
augmentation my(X); this is an analyst-chosen X-measurable function used to recover AIPW, not
a Hilbert-space projection within a fized dual class.

The empirical implementation of these two ideas takes two forms: the Sargan—Hansen archi-
tecture selector switches both primal and dual at a diagnostic test, and the Tikhonov reqularisation
acts as a continuous relaxation of this switch. The selector and the dual-shrinkage implementation
are both finite-sample devices for engaging the adjustment augmentation when the strict dual is

empty or weakly identified; they are implementation choices, not population identification devices.
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F.2 Estimating the minimum-norm calibrator

The population definition in (4)—(5) is implementable in any sufficiently rich function class. We
give two finite-sample implementations: a constrained-projection implementation suited to finite-
dimensional parametric classes, and an RKHS-Tikhonov implementation suited to nonparametric

classes.

Definition 4 (Constrained-projection minimum-norm estimator). Let &%) (X) be a cross-fitted

propensity estimator, and define the empirical anchor odds
—k _ _ —k _ _
G (X) = {1 -0 X), G50 () =@ {1 - R0}

Let Eg;ﬁ)(q) denote the sample-empirical primal moment residual norm on the training fold for a
chosen finite-dimensional calibration class F . For tolerances d;p | 0, the constrained-projection
mintmum-norm primal estimator is any solution of

—k . —k . ~(—k
g " earg Join lg — 35 4 )H%mk subject to - Ry, (q) < 8y,

(k)

where ||f||2§ is the empirical treatment-arm norm. The dual estimators by ") are obtained
t,1,

k
by analogous constrained projection onto the adjoint-representer sets By, or, when the test-based
architecture-selector implementation is preferred, by outcome-regression anchoring EE*’“) = mi(X)
selected by a moment-validity test (an Anderson—Rubin or empirical-likelihood-ratio test of mo-

ment validity at the empirical anchor).

(k)

The empirical anchor qt;‘ is the consistent estimator of the unique population minimiser
¢/ = q;,x under strong ignorability (Theorem 8). The constraint ]%E;Lk) (q)? < 6t restricts the
projection to the empirical primal solution set. The estimator therefore returns an empirical
anchor-centered representative in the near-solution set; it coincides with the population minimum-
norm representative of Definition 3 only under additional compatibility conditions between the

anchor and the population minimum.

Theorem 9 (Dual-regime validity of the minimum-norm estimator). Consider the cross-fitted
estimator using the minimum-norm primal estimators in Definition 4 and admissible dual esti-
mators (by, bo).

(i) Selection-on-gains regime. Suppose Assumptions 1-3 hold, and that an exact score-admissible
calibrator—representer tuple is feasible with probability tending to one in the empirical constraint
set. If the selected tuple converges to some exact representative n' with the product-rate and
empirical-process conditions of Theorem 6, then the minimum-norm estimator has the expansion
in Theorem 6.

(ii) Strong accidental-ignorability regime. Suppose the strong accidental-ignorability condition

in Theorem 10(a) holds, the empirical anchor satisfies ’qf;‘k) — qr,x 1N L?, the empirical primal
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residual norms are uniformly consistent, and the tolerances oy, satisfy
Ot — 0, Rt,n{%,x}2 = op(0¢,n), t=0,1.
Then the minimum-norm primal estimators converge:

@ — . x| p, = op(1).

If the dual estimators are outcome-regression anchors by = mt(X) with the standard product-rate
condition

& = ella ma |15 — mf |2 = op(n /%),

the minimum-norm role-reversed calibrated estimator coincides asymptotically with the cross-fitted
AIPW estimator with W = X and is reqular and asymptotically linear with influence function the
AIPW influence function.

Proof. Part (i) follows as in the proof of Theorem 9: minimum-norm projection is a representative-
selection rule, and once the selected representative is exact and satisfies the same product-rate
conditions, the mixed-bias and cross-fitting proof is unchanged.

For part (ii), Theorem 8 identifies the population minimum-norm primal element as ¢; x. The
second component is not a strict adjoint representer in general; we instead choose the adjustment-
nested augmentation mf(X) = E{¢(Y;, X) | X}, which yields the usual AIPW score. Uniform
consistency of the empirical primal residual norms together with feasibility of ¢; x in the empirical
constraint set gives convergence of the empirical primal projection to the population minimum-
norm primal element. Substituting these into the score I'y = Dy{1+ q;}{¢; — b} + b; and applying
Corollary 5 reduces the score to AIPW with W = X. The displayed product condition is the
ATPW asymptotic linearity condition. O

Remark 14 (Structural versus operational characterisation). The estimator of Definition 4 ad-
mits two equivalent descriptions: operationally, as an adjustment-anchored role-reversed calibra-
tion, and structurally, as the minimum-norm representative given by the structural characterisa-
tion (4)—(5). The minimum-norm formulation gives the dual-regime guarantee of Theorem 9 as a
direct consequence of the geometry of Qy, without invoking an extra anchor object or a specification
test. In finite-dimensional parametric classes, these implementations approximate the population
rule only when the tuning and function class are compatible with the regime; the simulations below
show that no single finite-dimensional Tikhonov specification dominates uniformly across regimes.

This reframing also clarifies the relation to the modern Riesz representer literature. In au-
tomatic debiased machine learning (Chernozhukov et al., 2022a,b; Hirshberg and Wager, 2021),
causal functionals are estimated via a constrained minimum-norm element of a chosen func-
tion class, often referred to as a Riesz representer in their unconditional moment setting. The

role-reversed calibration is, by analogy, a representative-selection rule over a nonunique calibra-
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tion constraint set. Strong accidental ignorability is the special case in which this constraint
set has a unique minimum-norm element supported on X, and pairing this primal with the X-
only adjustment augmentation my(X) recovers the AIPW score as a corollary; the augmentation
1s an analyst-chosen X-measurable function and not in general a member of the strict adjoint-

representer set.

Corollary 6 (Minimum-norm CATE pseudo-outcomes). Under Theorem 9(ii) with the identity

outcome transformation, the minimum-norm calibrated pseudo-outcome satisfies
E{T'1(O0s41,b7) — To(Osq5, b5) | X} =E(Y1 — Yo [ X).

Under the weak adjustment-ignorability branch of Theorem 10(b), the adjustment-nested pseudo-
outcome satisfies the same identity. Consequently, the second-stage CATE rates, pointwise infer-
ence, and uniform-band results in Appendiz H apply with the minimum-norm or adjustment-nested

pseudo-outcome in place of the calibrated pseudo-outcome.

Remark 15 (Finite-sample stabilisation of the CATE pseudo-outcome). The minimum-norm
CATE pseudo-outcome is stabler in finite samples than the unanchored role-reversed calibrated
CATE pseudo-outcome. In the Monte Carlo of Section 5, the Tikhonov primal-only implemen-
tation reduces the conditional mean squared error of the CATE estimator at X = 0 by a factor
of about 1,300 relative to the unanchored role-reversed calibration under selection on gains; the
Sargan—Hansen selector inherits the unanchored role-reversed calibration’s variance whenever the
test rejects the X-anchor, which it always does in this DGP. Table 25 reports the per-stratum
CATE mean squared errors from the same Monte Carlo simulation (R = 1,000, n = 2,000,
two-fold paired cross-fitting) for direct comparison with the ATE-level numbers in Tables 5—/.
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Selection on gains Strong ignorability, null proxies

Method CATE X =0MSE CATE X =1MSE CATE X =0MSE CATE X =1 MSE
Role-reversed calibration (unanchored) 3.912 1.819 1393 3890
Sargan—Hansen diagnostic branch 3.912 1.819 0.010 0.039
Tikhonov primal-only (4-dim) 0.003 0.005 1.61 1.62
Tikhonov primal+dual (4-dim, fixed) 0.017 0.065 0.008 0.007
Rich-basis Tikhonov primal-only (7-dim) 0.003 0.005 1.67 2.44

AIPW (W = X) reference 0.623 0.743 0.006 0.005

Table 25: Conditional treatment-effect MSE by stratum, Monte Carlo with R = 1,000 replications,
n = 2000, two-fold paired cross-fitting. Bold entries are the lowest finite-MSE entries within each
column. Under selection on gains, the Tikhonov primal-only implementations reduce the CATE
X = 0 MSE by a factor of about 1,300 and the CATE X = 1 MSE by a factor of about 360
relative to the Sargan—Hansen selector and the unanchored role-reversed calibration. Under strong
ignorability with null proxies, the dual-shrinkage Tikhonov implementation matches the ATPW
reference; the Sargan—Hansen selector matches it at X = 0 but has an inflated X = 1 MSE (0.039)
driven by the small fraction of replications in which it returns the unanchored branch, while the
unanchored role-reversed calibration fails dramatically (CATE X = 0 MSE 1393; this stratum
has small treated sample size which exacerbates the under-identification). The CATE-level MSE
reductions are larger than the ATE-level reductions because CATE estimation aggregates only

the within-stratum fraction of the sample, so first-stage variance has more weight.

F.3 Adjustment representatives and ignorability-compatible validity

Definition 5 (Adjustment representatives). Let W be a pre-treatment or decision-time covariate
block observed for all units, with X C W, and let e(W) = P(D = 1 | W). The W-adjustment
representatives are
1—e(W)
W)= ———, W) =
a.w (W) (W) qo.w (W)

with outcome-regression anchors
mi(W) =E{,(Y;, X) | W},  t=0,1.

If W = X, these are strict calibrator-representer representatives because qiw 1is allowed as a
function of (Y,Q,X) and qow is allowed as a function of (Y,S,X). If W contains S or @,
the resulting augmented inverse-probability weighted score is an adjustment-nested branch, not

necessarily a solution of the strict role-specific selection-calibrator equations.

Theorem 10 (Ignorability-compatible validity). There are two distinct accidental-ignorability
cases.

(a) Strong accidental ignorability. Suppose
P(D:1|Y1,}/E),S,Q,X):€(X), ESB(X)Sl—E

87



Then
_1-e(X)

q1,x(X) = Tex) eX)

X)=——"—
satisfy the latent calibration equations and also the observed primal equations. Consequently, for

any score-admissible functions by (S, X) and by(Q, X) for which the expectations are well defined,
E{T1(0;q1,x,b1)} = p1, E{T0(O;q0,x,b0)} = po-

Thus the strict calibrated orthogonal moment class contains the ignorable adjustment representa-
tive.

(b) Weak adjustment ignorability. More generally, suppose that for a block W observed for all

units,
(Y1,Yo) LD | W, e(W)=P(D=1|W), e<e(W)<1l—e
Define 5
Puw(0) = Syt X) - mi(W)} +mi(W),
T (0) = Ty (oY X) = mb(IV)} + m(0).
Then

E{Tyw(O)} =pm,  E{low(O)} = po,

and, for the identity outcome transformation,
E{T'1,w(0) =Tow(0) | X} =E(Y1 — Yo | X).

If W & o(X), these are valid adjustment-nested scores but they need not solve the strict calibra-
tion moments. A strict calibrator—representer implementation that refuses to leave the calibrated
moment class is therefore guaranteed under (a), not under arbitrary (b).

For estimation in either case, if cross-fitted estimates € and Mm% are uniformly bounded away

from zero and one and satisfy
1
~ ~/ Y — ~ ~( 0
e = ell gy 7 = mflls = ™%, = el + 3 1nf = il = 0e(1),

then the cross-fitted estimator based on I'y w — Lo.w has the usual augmented inverse-probability

weighted expansion
n

\/ﬁ(?w — 7') = nil/Z Z{FLW(Oi) — FO,W(Oi) — T} + O]p(l).

i=1
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Proof. For (a), conditional on (Y7, Yp, S, X),
Ele(X){1+q x(X)} | Y1,Y, S, X] =1,

and the control latent-primal identity is identical. Since p = e(X), the observed primal equation

is
1 —e(X)

E{Dgx(X) — (1= D) | 8, X} = e(X) =55~ — {1

—e(X)} =0,

and similarly for the control side. The calibrated-moment validity for any score-admissible b1, by
follows from Theorem 3, clause (i).

For (b), conditional exchangeability given W gives

E{T'1w(0) | W} =E e(ﬁm{zm, X) — ml (W)} + mé (W) | W

=m{(W),

and the control calculation is identical. Integrating over W gives py and pg. Since X C W,
iterated expectation gives the displayed CATE identity. The cross-fitted expansion is the stan-
dard augmented inverse-probability weighted expansion: the first-order drift is the product of
the propensity and outcome-regression errors, and sample splitting removes empirical-process

restrictions on the first-stage learners. O

Remark 16 (Dual-invariance is typically unavailable under accidental ignorability). The alterna-
tive route in Theorem 3, clause (ii), requires nonempty observed adjoint representer sets. Under
strong accidental ignorability this route is often vacuous. For example, suppose p = e(X) and,

canonically for an ignorable regime, S L (Y1,Q) | X. The treated dual equation requires
E{D(L1 —b(S,X))|Y,Q,X} =0.
On the treated part of the observed support this forces
L =E{b(S,X)|D=1Y,Q,X} =E{b(S,X) | X},

s0 a solution exists only in the degenerate case where Ly is effectively X -measurable. Thus, in the
usual accidental-ignorability submodel, validity should be obtained from the adjustment anchor in

Theorem 10(a), not from dual-set invariance.

Remark 17 (Why anchoring may be necessary). The observed primal moment alone does not
force the adjustment representative when treatment is ignorable. In a randomized experiment with
no covariates, no proxies, P(D = 1) = 1/2, and identity outcome transformation, the treated

primal equation is
E[Dq(Y)—(1—D)] =0, or equivalently E{q(Y1)} = 1.
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Both q(Y) =1 and
q(Y) =1+afY —E(11)}

solve this population equation for every fixed a. But, without a valid adjoint representer or an
anchoring rule that selects the constant representative,

E[D{1 + ¢(Y)}Y] = E(Y1) + %Var(Yl).

Thus the issue is not nonidentification of the average treatment effect under randomization; it is

nonunique representative selection in an over-rich calibration class.

G Latent decision mixtures and aggregate calibration validity

This appendix records a robustness interpretation of the role-reversed calibration framework when
the observed population is a latent mixture of different decision rules. The main point is delib-
erately modest: average treatment effects, conditional treatment effects, and average treatment
effects on the treated are functionals of the aggregate observed law. They do not require identi-
fication of the latent mixture shares. Mixture shares can be interpreted or estimated only after
imposing additional restrictions, such as a mixture-ratio shifter, identifiable propensity surfaces,

linear independence of component selection surfaces, and normalization or pure-type conditions.

G.1 A four-class latent decision mixture

Let
O:(D7Y’57Q7X7Z)a Y:DYi+(1_D)}/E)a

where Z is an optional shifter that changes the composition of decision classes. Let the latent

decision class be
Ce{G,1,0,X}.

The classes have the following interpretation:

e« C = G: treatment selection may depend on both potential outcomes and the side-specific

auxiliary measurements, as in the main role-reversed-calibration selection-on-gains model;

e (' = 1: treatment selection is indexed by Y7 and the observed pre-decision auxiliary mea-

surements, but not by Y except through those auxiliary measurements;

e C = 0: treatment selection is indexed by Y and the observed pre-decision auxiliary mea-

surements, but not by Y7 except through those auxiliary measurements;

e C = X: treatment selection depends only on X.
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The second and third classes are therefore more general than literal “Yj-only” and “Yy-only”
classes. They allow the decision rule to use observed information such as S and @. This is often
the relevant empirical case: for example, a decision maker may use a treatment-side quality signal
and a baseline-risk signal while still not conditioning directly on the opposite potential outcome.

For fixed X = x, write the class-specific treatment probabilities as

D=11Y1T=uy1,Y0=9,5=s5,Q=¢,X =2,C=G),
D=11Y17=uy,5=50Q=¢X=2,C=1),
D=1|Yy=yp,S=50Q=¢X=2,C=0),
D=1|X=2z0C=X).

pl(yb 5,4,%
po(yo,s,q,x

The previous special case is recovered by imposing pi(y1, S, q,z) = p1(y1, ) and po(yo, $,q,x) =
po(yo, ). One may also replace the X-only component e(z) by an observed-information compo-
nent e(s, ¢, x) if the intended nested benchmark is ignorability given (5, @, X) rather than given
X alone. All results below are unchanged after this replacement; only the interpretation of the
fourth class changes.
Let
me(z,2) =P(C=c| X =2,Z = z), ce{G,1,0,X},

with Y . 7.(z,2) = 1. This is the mixture-ratio-shifter version: Z changes class shares but not
potential outcomes, proxies, or class-specific selection functions after conditioning on X. More
general shares depending on (Y7,Y), S, Q) can be absorbed into the aggregate full propensity
below, but then class-share interpretation is usually lost.

The aggregate treatment law is

ﬁz(y17y07$7(bx) = P(D =1 | Yl = Z/1>Y0 = yO,S: S,Q = an :.ZU,Z: Z)
= 76(2,2)pc (Y1, Y0, 5,4, ) + ™1 (2, 2)p1 (Y1, 8, ¢, ) (6)
+ 7'[-O(Zv:‘L‘)pO(yOa S,(],l’) + 7TX(Z,1‘)€(."L').

Thus a latent mixture of decision rules induces a single full propensity p,(Y1, Yo, S, @, X). Con-
sequently, it is a special case of the full propensity model allowed in the main text after replacing
X by X* = (X, 2).

Assumption 5 (Aggregate calibration range conditions). Let Ly = (Y, X), t € {0,1}, for

measurable transformations £;. There exist score-admissible functions

q{(Y17Q7 X7 Z)7 bl(S7 X7 Z)? qé(Y()? S? X7 Z)? bo(Q? X7 Z)
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such that

E[ﬁZ(}/bYELSvaX){l + qf(YvaaXv Z)} ’ Y17Y07S7X7 Z} = 17 (7)
E[{1 = pz(11, Yo, 9, Q. X)H1 +¢f(Y0, $, X, 2)} | 11, Y5, Q. X, Z] = 1. (8)

When arbitrary observed primal representatives are used, assume in addition the corresponding

observed adjoint representation equations of the main text hold after conditioning on Z.

Proposition 11 (Aggregate calibration validity under latent decision mixtures). Under the four-

class mizture law in (6) and Assumption 5, define

Fl(O) = D{l + q{(YvaXv Z)}{gl(YaX) - bl(Sa X7 Z)} + b1(57 X7 Z)7
To(0) = (1 — D){1 + q§(Y, S, X, Z)Hto (Y, X) — bo(Q, X, Z)} + bo(Q, X, Z).

Then
E{I1(0)} = E{t;(\1, X)},  E{T'0(0)} = E{lo(Yo, X)}.

In particular, with ¢1(y,z) = lo(y, z) = vy,
Tate = E(Y1 — Yo) = E{I'1(0) — T'o(0)}.

Proof. We prove the treated statement; the control statement is symmetric. Since Y = Y; when
D=1,

E{D(1 + qf)(L1 = b1)} = B [pz(V1, Y0, 9, Q, X){1 + g{ (Y1, @, X, Z)H{L1 — bi (S, X, 2)}.
Conditioning on (Y7, Yy, S, X, Z) and using (7) gives
E{D(1+¢1)(L1 = b1)} = E{Ly — bi(8, X, Z)}.

Adding E{b,(S, X, Z)} yields E{T',(0)} = E(L,). 0

Corollary 7 (CATE and subgroup effects under latent mixtures). Under the conditions of Propo-

sition 11, for every bounded measurable function h(X, Z),
E[WX, Z2){T'1(0) = To(0)}] = E[h(X, Z){Y1 - Yo}]
when ly(y,x) =y. Consequently,
E{l'1(0) =To(0) | X, Z} = EM - Yo | X, Z)

whenever the conditional expectations exist. If Z is a pure mixture-ratio shifter that does not

change the conditional distribution of (Y1,Y0, S, Q) given X, then the same pseudo-outcome iden-
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tifies E(Y1 — Yy | X) after averaging over Z | X.

Corollary 8 (ATT under latent mixtures). Let lo(y,z) = y and let Iy be a valid aggregate
calibrated orthogonal moment for pg = E(Yy). Then

E(DY) —{E(I'0) — E[(1 - D)Y]} )
P(D=1) ‘

Tarr = EY1 =Yy | D=1)=

Thus ATT is identified without identifying the latent class shares. This identity extends the ATT
result of Appendiz I to the latent-mizture setting: the same aggregate control-mean calibrated
orthogonal moment Iy used there for ATT and ATC inference remains valid here, so the efficient-
influence-function and inference statements of Appendiz I apply verbatim once I'g is read as the

aggregate calibrated orthogonal moment of Proposition 11.

Proof. The term E(DY;) = E(DY) is observed. Moreover,
E(DYy) = E(Yo) — E{(1 - D)Yo} = E(I'o) — E{(1 - D)Y'}.
Substitution into E(Y; =Yy | D = 1) = {E(DY1) — E(DYy)}/P(D = 1) gives (9). O

G.2 Mixture shares are not required, and are not generally identified

Proposition 11 shows that the causal functional is identified from the aggregate treatment law. It

does not imply that the latent shares
ra(z,z), m(z,x), wo(z,x), 7x(z,x)

are identified. In general they are not.

Proposition 12 (Nonidentification of mixture shares without extra structure). Suppose only the
aggregate propensity surface p.(y1, Yo, S, q, ) is known. If the full component pa(y1,yo, S, q, x) is

unrestricted, the decomposition

D, = TapG + mp1 + mopo + wxe

is not generally unique, even when p1 and pg are restricted to depend on only one potential outcome
plus observed auziliary measurements. Hence the class shares are not identified without additional

restrictions.

Proof. Fix any alternative shares 7.(z, z) satisfying the simplex constraints and 7g(z,z) > 0. For

given components p1, Po, €, define

- P> — T1P1 — ToPo — TXE
PG = — .
TG

93



Whenever this function lies in [0, 1], it gives the same aggregate propensity with different shares.
Because pg is unrestricted over (Y7,Yp, S, @, X), such perturbations are generally possible in

neighborhoods of interior decompositions. O

Remark 18 (Effect of allowing p; and pp to depend on S,Q). Allowing p1(Y1,S,Q,X) and
po(Yo, S, Q, X) makes the causal-functional result no harder: both components remain part of the
aggregate propensity p,. It does, however, make class-share interpretation weaker. The component
spaces for p1 and pg become larger and overlap more with the unrestricted calibration component
pa- Therefore any claim about estimating class shares must impose correspondingly stronger
linear-independence, normalization, or pure-type restrictions. In applications, it is preferable to
call these classes “Yi-indexed” and “Yp-indexed” decision classes rather than literal Y1-only and

Yo-only classes.

Remark 19 (Functional identification versus class decomposition). The role-reversed calibration
score estimates aggregate causal functionals. It is therefore robust to latent heterogeneity in de-
cision rules in the following sense: the analyst need not know which individual belongs to which
decision class. By contrast, recovering the latent class shares is a separate mixture problem and
requires assumptions beyond those needed for ATE, CATE, or ATT.

G.3 Sufficient conditions for mixture-ratio interpretation

The mixture shares can be interpreted, and sometimes estimated, when an additional auxiliary
measurement changes the mixture shares without changing the potential outcome distribution.

The following conditions are sufficient; they are not part of the main identification theory.
Assumption 6 (Mixture-ratio shifter and propensity-surface identification). For each x:

1. Z changes the class shares but not the component selection rules or the conditional distri-
bution of (Y1, Y0, S,Q) given X = .

2. The aggregate propensity surface p,(-,x) is identified for z in a set Z,.

3. The component surfaces pc(-,z),pi(-, ), po(-,x), e(x) are either known, identified from pure-
type values of Z, or otherwise restricted to known linear subspaces with a unique coordinate

representation.

4. A scale normalization is imposed, for example a pure X-only group, a pure role-reversed
calibration group, a known value of one mizture share, or an equivalent simplex normaliza-

tion.

Proposition 13 (Sufficient identification of class shares). Suppose Assumption 6 holds and, for

each x, the component functions are linearly independent in L?>(H,) for a dominating measure H,
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on the latent arguments. Then the shares 7 .(z,x) are identified as the unique simplex coordinates

solving

p:(,2) = 7a(z, 2)pa (-, ) + m1(z, 2)p1(-, ) + mo(z, ®)po (-, ) + wx (2, x)e(x).

Equivalently, they can be estimated by the constrained least-squares projection

2

)

P %) = mGPa(7) = mpi () — Topo (-, ) — Tx ()|

7(z,z) € arg min ’
( ’ ) gﬂ'GAB Hz

where A3 is the four-component simplex.

Remark 20 (Why this is stronger than role-reversed-calibration identification). The calibration
and representation equations used for ATE and ATT identify low-dimensional causal function-
als; they do not generally identify the full propensity surface p,. Proposition 13 is therefore an

additional latent-structure result, not a requirement for the aggregate calibration estimator.

G.4 Two-class special case

If only the calibrator-representer class and the X-only class are present, then
pe = e(X) + p(2, X){pc (Y1, Y0, 5,Q, X) — e(X)}.

This is the affine-line geometry discussed in the mixture-ratio shifter note. If p, is identified as
a function of the latent arguments, and if the affine hull of {p,(-,z) : z € Z,} contains a unique
constant-in-the-latent-arguments function, that function is the X-only selection component e(x).
The absolute scale of p(z,z) is still not identified without an endpoint or normalization such as

p(z0,z) =0, p(z1,x) =1, or a known average value of p.

G.5 Implication for the main paper

This appendix supports the following interpretation. The main estimator targets aggregate causal
functionals. It does not require deciding whether every unit is selected according to a role-reversed-
calibration selection-on-gains rule, a Y;-indexed rule, a Yp-indexed rule, or an X-only rule. These
latent decision rules can be mixed in the population, and the Y;- and Yp-indexed rules may also
use observed pre-decision auxiliary measurement information such as S and Q. As long as the
aggregate law satisfies the calibration range conditions, ATE, CATE, and ATT are identified by
the same calibrated orthogonal moments. Latent mixture shares are useful for interpretation and
diagnostics, but they are not needed for the causal functional and are not generally identified

without extra auxiliary measurement and normalization assumptions.
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H Second-stage rates and pointwise CATE inference

H.1 Second-stage rates for CATE learning

Let
0T(0) =TV (0;4,00) =T (0;¢),8)),  7(x) = E{!(0) | X = a}.

For a fold-specific first-stage estimate ﬁ(_k), define the cross-fitted pseudo-outcome
B0 =11 (00 - T 0 B,
For fixed training data, write
AQt,k = @g_k) - q;r’ Abt,k = Bg_k) - bi-

Lemma 6 (Conditional mixed-bias for the CATE pseudo-outcome). Suppose Theorem 2 applies
with the identity transformation and the fold-specific estimates are evaluated on an independent

validation fold. Conditional on the training data for fold k,
E{p""(0) - ¢'(0) | X}

= —E{DAq (Y, Q, X)Ab1 (S, X) | X} +E{(1 — D)Agox(Y, 5, X)Abo x(Q, X) | X}.

Thus the conditional mean distortion of the CATE pseudo-outcome is second order within each

primal-adjoint representer pair.

Proof. The proof is the exact mixed-bias expansion in Proposition 2, but with all expectations

additionally conditioned on X. The first-order treated terms vanish because
E{D(Y —b{(5,X))| ¥,Q, X} =0

and
E{1 - D - Dq{(¥,Q,X) | 5,X} =0.

Since both conditioning sets include X, the same cancellations hold after taking conditional
expectation given X. The control-side terms are identical with (D, @, S) replaced by (1—D, S, Q).

The remaining terms are the displayed products. O

Let ry(x) = (r17(x),...,777(x))" be a vector of second-stage basis functions, and let G =
E{r;(X)r;(X)"}. Define the population projection

05 = argm@inE{T(X) —ry(X)76}2, Ti(x) = ry(x) "0y,
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and the approximation error ay = (|7 — 7| L2(py). The cross-fitted series CATE estimator is

n -1 n
0y = {i Z"”J(Xz‘)?“J(Xz‘)T} {711 ZTJ(Xz')@} o Tale) =ry(2)70y,
i=1 i=1

where @; = 3(=F)(0;) for i € I

Assumption 7 (Second-stage series regularity). The following conditions hold for a sequence
J=Jp:

(i) the eigenvalues of Gy are bounded above and away from zero;

(i) sup, ||rs(x)|| < 5, (3logJ/n = o(1), and the sample Gram matriz is nonsingular with
probability tending to one;

(iii) B{(ot —7(X))? | X} < C almost surely;
(iv) with

K
i = 1 L E[(779(0) - ¢1(0) ~ B3 M(0) - ¢1(0) | X)) | D]
k=1

we have e, = Op(1). If e, = 0,(1), the additional first-stage label-noise term below is

negligible relative to the oracle stochastic term.

Let the conditional product-bias size be
2 1 = 2
P = E};E [BL(X)? | D],
where
Bi(X) = —E{DAq x(Y,Q, X)Ab1 1(S, X) | X, Dy }+E{(1-D)Aqo x(Y, S, X)Abo 1 (Q, X) | X, D_}.

Lemma 7 (Primitive bound for estimated-label and projected-bias terms). Let Pk = ff’(_k) —

foy’(fk). Suppose the exact and estimated calibrated orthogonal moments have a common fourth-

moment envelope with probability tending to one. If, uniformly over folds,
1Aq1 kll2,p + [|Ab1 k2,0 + [[Agokll2,1-D + | Abo kll2,1-D = 0p(1),

then e, = op(1). More quantitatively, if these four norms are Op(rq1.n), Op(Th1.0), Op(Tq0m),
and Op(rp0,n), then

en = Op{Tq1n + Tb1n T Tq0m + b0 + Tg 10710 + Tg,0,nTb0n} -
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Moreover, the projected pointwise bias condition in Theorem 12 is implied by

1G5 r (@) || pn = 0p{3/Vis () /n},

and the uniform version in Theorem 13 is implied by

sup G112 pn = 0y { int s(a)/Vin)

TEX)

Thus the high-level CATE inference conditions can be translated into calibrator-representer prod-

uct rates, basis leverage, and second-stage dimension.

Theorem 11 (Second-stage CATE rate). Under Theorem /, Lemma 6, and Assumption 7,
177 = 7llz2(y) = Op <aJ ST/t pn o\ JT ) en> .

Consequently, if e, = op(1), the first-stage calibration and representation estimation affects the
CATE rate through the conditional product-bias term pn, up to a smaller stochastic label-noise

remainder.

Proof. Write G g=P.r Jr}. On the event that G 7 is well conditioned,
0y — 0y =G Pars{ot — 75(X)} + G5 Pur {3 — o' ).

The first term is the usual oracle series-regression term. Since 77 is the L?(Px) projection of 7 and
E(p'—7(X) | X) = 0, its norm contributes O,(1/J/n) to Hr}—(éj—aj) |z2(Py)- The approximation
error contributes a .

For the second term, decompose within each fold
UM — ol = By(X)+ Uk, E(Ux | X,Dy) =0,

where Lemma 6 identifies By as the product-bias function. The projection of By (X) onto the
span of 7; has L?(Px) norm at most || By|| 12(Py)s 8iving the contribution p,. Conditional on the
training data, the empirical process term involving Uy has second moment bounded by a constant
times (J/n)e2, hence contributes O,(y/J/ne,). Combining the bounds yields the display. O

Corollary 9 (Smooth CATE and fixed subgroup consequences). If X € [0,1]¢, 1 is s-smooth,

and the chosen series satisfies ay < J~/%, then with J =< n/(2s+d)

177 = TllL2(py) = Op (n_s/(28+d) +pn+/J/n en) )

Thus the oracle nonparametric CATE rate is recovered when p, = op{n=%/TDY and e, = 0,(1).

For a fized finite-dimensional target, such as a finite collection of subgroup means or a fized linear
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projection of T(X), the same argument gives the parametric rate Op(n_l/2 + pn); root-n inference

therefore requires the conditional product bias to be op(nfl/Z).

Remark 21 (Interpretation). The theorem separates three errors: approzimation of the true
CATE by the second-stage learner, ordinary second-stage statistical noise, and first-stage calibra-
tion and representation error. Orthogonality removes the first-order conditional mean effect of the
calibration and representation errors, leaving the product-bias term p,. The remaining \/J/n ey,
term is the price of using estimated rather than oracle pseudo-outcomes as labels; it is typically
smaller than the oracle stochastic term when the cross-fitted calibrated orthogonal moment con-
verges in L.

H.2 Pointwise and uniform series inference

Let x be a fixed covariate value and define
Vi(z) =rs(z) "G UG r(2), Q;=E [{SOT - T(X)}QTJ(X)TJ(X)T} :

Let Vy(x) be the usual cross-fitted plug-in estimator based on residuals ; — 77(X;).

Theorem 12 (Pointwise CATE central limit theorem). Suppose Assumption 7 holds, Vj(x) is
bounded away from zero and infinity after normalization, and the series Lindeberg condition holds.

If the pointwise approxzimation and first-stage projection biases satisfy

(@) = 7(2)] = ofy/Vi(2)/n},

7 (@) TGS E{rs (X) Bi(X)}| = 0p{y/ V() /m}
uniformly over folds, and the estimated-label empirical term is op{/Vy(x)/n}, then

\V Vi(z)

Proof. The proof is the standard series-regression pointwise central limit theorem (Belloni et

al., 2015) applied to the oracle pseudo-outcome of, plus the decomposition in Lemma 6. The
approximation and projected product-bias conditions make the deterministic bias negligible at
the point z. Cross-fitting makes the estimated first-stage label independent of the validation fold,
and the label-noise condition makes its empirical contribution smaller than the oracle pointwise
standard error. Consistency of VJ(J:) follows from the same moment and Gram-matrix conditions.

O

Theorem 13 (Uniform CATE confidence band). Let Xy be a prespecified subset of the support of
X, and define

o~

i) =Vi(@),  35(2)=Vi(@), z€X.
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For independent multipliers &1, ...,&, ~ N(0,1), independent of the data, define the cross-fitted

multiplier process

7%
Zn

s xEXO,

1 & rp(@) Gl g (X (@i — 7(X0)}
(z) = fZ& 5(2)

where GJ = nrJrJ Let ¢1_,, be the conditional (1 — «)-quantile of

sup |Z,,(z)]
TEX)

given the data. Suppose the following conditions hold:
(i) infrex, sy(x) >0 and sup,cy, |57(x)/s5(x) — 1] = 0p(1);

(ii) the oracle normalized series process admits a uniform Gaussian approximation on Xy and the
multiplier process above consistently estimates its quantiles: equivalently, if Zj(x) denotes

the corresponding tight Gaussian series process, then

sup
z

P <Sup | Z ()] < z) -P (Sup |Z;(x)] < z)’ —0

r€Xp TEXD

and the same holds conditionally for 2;, sufficient high-dimensional central limit theorem
and anti-concentration conditions are given by the uniform series theory of Belloni et al.
(2015), the many-functional post-reqularization inference theory of Belloni et al. (2018),
and the Gaussian approrimation results of Chernozhukov et al. (2014);

(iii) the series approximation bias is undersmoothed uniformly,

o V1T (@) = (@)

z€Xp SJ(x)

= o(1);

(iv) the projected conditional product bias is uniformly negligible,

max sup Vn ‘Tj(x)TGle{rJ(X)Bk(X) | D—k}‘

L<k<K zcX, SJ(I')

= op(1);

(v) the fold-summed empirical contribution of the estimated-label residuals is uniformly negligi-
ble,

sup
xEXo SJ

ZTJ ) G (Pog — P){rs(X)Us} = 0,(1),

where P, 1, is the empirical measure on fold Ij, and Uy, is the fold-specific residual from the

proof of Theorem 11.
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Then the band

Ci_a(z) = |7y(2) — a_as‘\’/(g),a(x) T al_as“’(\/? Lz X,

satisfies

P{r(x) € Ci_a(x) for every x € Xy} — 1 — a.

Proof. Decompose the normalized CATE error uniformly over X as

Vi{E () T} L ra(@) Gy s (X {el — T(X)}
sj() Vn & sy(z)
L Vilr(@) (@)}

sj(x)

+ Rn,l(l‘) + Rn,Z(l') + Op(l)’

where R, 1 is the projected conditional product-bias term and R, » is the empirical estimated-label
term. Conditions (iii)—(v) make the last three terms o,(1) uniformly. Conditions (i)—(ii) imply
that the distribution of the supremum of the remaining oracle process is consistently approximated
by the conditional multiplier distribution with G J, 8y, and cross-fitted residuals. Replacing the
oracle critical value by ¢;_, and using the uniform variance consistency in (i) gives the stated

simultaneous coverage. O

Remark 22 (Using the band in applications). The set Xy should be fized before looking at
the treatment-effect estimates. Typical choices include a low-dimensional clinical score, a finite-
dimensional risk index, or a prespecified grid of subgroup-relevant summaries (for the kidney-offer
survival application in Appendix J, recipient-risk and donor-quality summaries are natural candi-
dates). Continuous high-dimensional X generally requires dimension reduction or subgroup sum-
maries; otherwise the undersmoothing and Gaussian-approximation requirements can be stronger
than the first-stage calibration and representation conditions. If one does not undersmooth, a

conservative band can be obtained by adding an explicit bias envelope aF to the half-width.

Remark 23 (Relation to orthogonal statistical learning). The rate in Theorem 11 has the usual
oracle learning term plus o first-stage orthogonal product-bias term. When p, = op{n_s/(25+d)}
and the label-noise term is negligible, the oracle nonparametric rate in Corollary 9 is recovered.
This is the calibration analogue of orthogonal statistical learning rates for heterogeneous treatment
effects in Foster and Syrgkanis (2023): the conditional product-bias term py plays the role of
the orthogonal first-stage remainder, and the oracle nonparametric rate is recovered when this

remainder is smaller than the second-stage oracle learning rate.
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I ATT and ATC inference

For a common transformation £(y, x), define
Thrr = E{(Y1,X) = €(Yo, X) | D=1}, 7hre = E{f(V1,X) — £(Yo, X) | D = 0}.
Let pf = E{¢(Y;, X)}, and let
mip = E{D{(Y, X)}, mop = E{(1 — D){(Y, X)}, e=P(D=1).

The realized components mip, mgp, and e are identified directly from the observed data. Ap-
pendix G (Corollary 8) extends the ATT identity below to populations that are latent mixtures of
distinct decision regimes; the construction there reduces to the present one when the population

consists of a single regime.

Proposition 14 (ATT and ATC from marginal calibrated means). Suppose the marginal cali-
bration identification theorem applies to u{ and ,ué, and suppose 0 < e < 1. Then

¢ mip—{pb—mop} E{(Y,X)} —ub
TATT — o = . )

while , ,
¢ Awi—muip}t—mop  pi—E{(Y,X)}
TATC - 1 —e - 1 — e ’

In particular, for {(y,z) = y, ATT and ATC are identified once the two marginal potential-

outcome means are identified.

Proof. Because D{(Y1,X) = DY, X) and (1 — D){(Yp, X) = (1 — D){(Y, X),
E{DL(Yo, X)} = ug — E{(1 = D)(Y, X)},

which gives the ATT formula after subtracting from E{D/¢(Y1, X)} = mip and dividing by e. The
ATC identity follows from

E{(1 - D){(Y1,X)} = ui — E{DLY, X)}.

O]

Theorem 14 (Debiased ATT and ATC estimation). Let Z, = ¢(Y, X), and suppose Assumption
3 and the product-rate conditions of Theorem 6 hold for the relevant calibrator—representer pair.

Define R R
v PZ,—PJ§ v PIi-Pz
TATT_—PnD ) TATC_—Pn(l_D) )
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where f‘f are cross-fitted calibrated orthogonal moments. Then

N 11 &
Vn(Faor — Thrr) = P Z [Zzz ~ 504548 90> bo) Thrr D } + 0p(1),
i=1
where e = P(D = 1). Similarly,
V(Fare — Thre) = — f Z {Ff (O340, bY) — Zui — Thpe (1 — Di)} + op(1).

Thus ATT inference requires only the control-side calibrator—representer product rate, while ATC

inference requires only the treated-side calibrator—representer product rate.

Proof. For ATT, write

¢ P{Z —T40;4), b))}

The cross-fitted numerator has the expansion
(B = P){Ze = T5(01 0, b))} + Ron + 0p(n™2),

where Ro, = Op(||go — ngngo — bg)H(]) = 0,(n"'/2) by the control-side mixed-bias identity. Since
P,D — e = (P, — P)D, the first-order expansion of the ratio gives

1 %
E(Pn - P{Z - Fé} - %(Pn - P)D + Op(n_l/g)a
which is the displayed influence representation. The ATC proof is symmetric with the treated

calibrator—representer pair. O

Corollary 10 (Efficient influence functions for ATT and ATC scores). Work in the calibration-
restricted model of Appendix L. Suppose the conditions of Theorem 20 hold for the marginal
mean needed in the relevant contrast, and let ngff be a variance-minimizing exact control-side

representative for ,ug. Then
1 0oy, eff geffly 0
¢ATT( )= ° [Zz —TIo(0:q5 ,b5") — TATTD]

is the efficient influence function for T/{TT in that calibration-restricted model. Symmetrically, if

n?ﬁ is a variance-minimizing exact treated-side representative for pf, then

1 € €
$¥rc(0) = T ¢ {Ff(O; ¢, 05" — Zp — thpo(1 - D)}

is the efficient influence function for TﬁTC.

Proof. The ATT functional is the smooth ratio N/e, where N = P{Z, — T'§(O;qo,bo)} and
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e = PD. Theorem 20 gives the minimum-variance influence representative for the marginal

calibrated component PF%. The ratio delta method gives
e {2 —Th— N} —e ' ripr(D —€) = e {2y — T — mhrr D},

because N = eTﬁTT. Since the realized component PZ, and the denominator PD are directly
observed, efficiency is inherited from the minimum-variance representative of the only nonobserved

component, ,ug. The ATC argument is identical with the treated-side representative. O

J Censored time-to-event outcomes for kidney-offer applications

Throughout, outcome coarsening—replacing a continuous response Y by B = ¢(Y), as in Ap-
pendix C.5—is kept terminologically distinct from the censoring (IPCW) operator introduced in
this appendix, which maps full-data functionals to their observed-data analogues under right-
censoring. The two are unrelated constructions; we reserve “coarsening” for the outcome trans-
formation and refer to the censoring map as the censoring or IPCW operator.

The kidney-offer application is naturally a time-to-event problem. The cleanest primary end-
point is patient-survival restricted mean survival time (RMST) measured from the offer time. For
a fixed horizon L, let T} be the potential event time under treatment state ¢, where ¢ = 1 denotes
accepting the focal deceased-donor kidney offer and t = 0 denotes declining that offer and then
following the usual subsequent wait-list process. Later transplantation after rejection is part of

the ¢ = 0 regime, not a censoring event. Let
VE=T,AL

be the restricted survival time. The RMST estimands are obtained by setting £;(T}, X) = Y, .

The observed follow-up variables are
T = min(T, C), A=1(T<C0),
where T'= DT; + (1 — D)Tj and C is the censoring time. Define
RL=1{C>TAL}=1(T>L)+AL(T < L),
so RY =1 means that Y* = T A L is known. When R = 1, write
yEebs — T A L = min(T, L).
When R = 0, the restricted survival time is right censored before L. Let

W =(50a,X), Galu | W)=P(C >u|D=d,W), 0<u<L.
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Additional baseline variables needed for censoring exchangeability should be included in X. In the
kidney-offer analysis these include, at minimum, calendar era, transplant center or listing-center
summaries when available, administrative data-freeze indicators, and other variables related to
loss to follow-up. Thus, throughout this appendix, X should be read as the enlarged covariate
block used both for the role-reversed calibration and for censoring adjustment; the same enlarged
block is contained in W = (S, Q, X).

Assumption 8 (Restricted-time calibration reduction). For the chosen horizon L, the RMST
target is analyzed through restricted potential outcomes (Y&, Y{F). Let

pr(T1,10,5,Q,X) =P(D = 1| T1,To, S, Q, X)
be the event-time treatment propensity and define the restricted-time averaged propensity
pz(yla Yo, S, Q7x) = E{pT(TlaT()a S7 Q7X) ‘ YlL = y17YOL = Yo, S =S, Q = Q7X = 'CC}

The restricted-time primal and adjoint representation equations in Appendiz E hold with (Y1, Yo, p)
replaced by (YlL,YOL,pz). A simple sufficient condition is the restricted-time selection-on-gains
restriction

P(D=1]|Ty,Tp,S,Q,X) =pr(YE,YE,S,Q,X)  almost surely

for some measurable pr, but the theorem only requires the displayed weighted calibrator range

conditions for the conditional-average propensity pj .

Remark 24 (Empirical implication of the restricted-time assumption). The restriction is target-
specific. For a kidney-offer analysis it means that the calibrated orthogonal moment for an L-year
RMST target is justified by variation relevant to L-restricted survival. Reporting estimates over
several horizons, for example L = 1,3,5 years, is a natural sensitivity check for whether the

substantive conclusion depends on the restricted-time horizon.

Assumption 9 (Conditional independent censoring for restricted survival time). For each d €

{0,1},
CLT,|(D=dW),

and there is a constant ec > 0 such that
Ga(L | W) > ec almost surely

The treatment and censoring mechanisms are distinct: treatment may depend on (YlL, YOL, S,Q,X)
through the restricted-time propensity in Assumption 8, while censoring is required to be condi-
tionally independent after (D, W) is fized.

The important point is that censoring affects not only the outcome transformation Y, but

also the calibrator argument ¢;(Y*, -, X). Therefore replacing only the final outcome by an
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RMST pseudo-outcome is not sufficient. The censoring adjustment must be applied to the whole
observed-arm calibrator-representer product.
For any full-data function fy(y,s,q,z) that is evaluated only in arm D = d, define the

complete-case inverse probability of censoring weighted (IPCW) coarsening operator

RL

L,obs -
Gd(YL,obs | W) fd(y ,S,Q,X), on {D = d} (10)

CF ) =

Here Y1:° is used only when R = 1; the product is zero when R = 0.

Lemma 8 (IPCW recovery of full-data calibrator-representer products). Under Assumption 9,

for every square-integrable fq,
E{CFfal | D =d.Y},5,Q.X} = fa(Yf,5.Q.X).

Consequently, all full-data moments involving functions of (YdL, S,Q,X) in arm d are identified
ipcw

by replacing the full-data term by €777 [ fql.

Proof. Conditional on (D = d, Y}, S,Q, X), the indicator Rl equals 1(C' > Y}). By Assumption
9,
E{R" | D =d,Y}, 5,Q X} = Ga(Y] | W).

Therefore

E(RL ’ D = dvydL737Q7X)
Ga(Y] | W)

E{Q:idpcw[fd] ’ D - d7 YdL757Q7X} = fd(YdL7S7Q7X)

= fd(YdL)S7Q7X)'

O
Define the full-data restricted-time calibration and representation residuals
Fl(yv s,4,%;q1, bl) - {1 + QI(:% q, 1‘)}{y - b1(37 iL')},
Fo(y, s,q, 2540, b0) = {1+ qo(y s,2) Hy — bo(q, 2)}.
The censoring-adjusted RMST calibrated signals are
P71 (01q1,b1,G1) = D EP [Py (5 q1,b1)] + b1 (S, X), (11)
To'r (0540, b0, Go) = (1 — D) €7 [Fo(+; qo, bo)] + bo(Q, X). (12)

The corresponding observed moment equations are the IPCW versions of the complete-data cali-
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bration and representation equations. For example, with test functions a1 (S, X) and ¢ (y, ¢, x),

RL Y*L,obs7 7)(
E HD qul((yL,obs ‘%/) ) (1- D)} al(S>X)] =0, (13)

REAY L — by (5, X)}er (Y2, @, X)]
GI(YL,obs | W) :

E [D (14)

The control-side moments are obtained by replacing (D, @, S, G1,b1,¢1) with (1—D, S, Q, Go, by, qo)-

Theorem 15 (Role-reversed calibration identification for censored RMST). Suppose Assump-
tions 1-2 hold for the unrestricted outcome process, Assumption 8 holds for the chosen horizon
L, and Assumption 9 holds. If (q1,b1,q0,b0) are valid full-data restricted-time calibrators and

representers, then
E{TPI (03 q1,b1,G1)} = E(YY),  B{TP1"(0;40,b0, Go)} = E(Y").

Thus
= E(Y{ — Y = E{TP}" — TP}

Moreover, for any alternative calibrated estimates (Ejt,gt), the treated-side mizred-bias identity be-

comes

E{TP (@, b1, G1) — TP (q1,b1,Gh)}
RL

- _E|D
GI(YL,obs ‘ W)

{al(YL70bstaX) - Q1(YL70bst’X)}{gl(87X) - bl(Sa X)} ’

and the control identity is analogous with D replaced by 1—D and (Q, S, G1) replaced by (S, Q, Go).

Proof. Lemma 8 converts each observed IPCW term into the corresponding full-data term condi-
tional on the full restricted survival time and fully observed variables. Applying Theorem 1 and
Proposition 2 to the complete-data outcome Y;* gives the identification and mixed-bias displays.
The weighted mixed-bias expression is the observed-data version of the same identity, because the

IPCW operator recovers the expectation of the complete-data product. ]

Corollary 11 (Censored RMST CATE and subgroup effects). Under the assumptions of Theorem

15, for every bounded measurable function h(X),
E [h(X){TP]Y - TP} = B [h(X)(V - )] .
Consequently,
(X)) =EYL -YE | X) = E{Fifzw — ngzw | X} almost surely
The CATE rate, pointwise central limit theorem, and uniform-band results in Appendix H therefore
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extend to RMST CATE estimation by using the cross-fitted pseudo-outcome
T(O) — FipCW(O' INANE ) — FiPCW(O. IANE )
()OL 1,L 7q17 1,1 0,L 7q07 0,0/

The conditional product-bias function is replaced by its IPCW-coarsened analogue,

RL
BL’k(X) =-E [D Gl(YL’ObS | W) AQl,k(YL70b57QaX)Abl,k(S7X) | X,Dk‘|
RL L,ob
E|(1-D Agor(YEPS S X)Abo £(Q, X) | X,D_| .
B\ 0= D) sy Aox (75 X)Abo#(@ X)X, k]

aug

If augmented inverse-probability-of-censoring weighting (AIPCW) is used, replace (’:idpcw by €,

and impose the censoring-nuisance conditions in Theorem 16.

Proof. Apply Theorem 15 to the transformed outcome h(X)Y;”. Because h(X) is observed and
contained in the conditioning set, the IPCW recovery and calibrator and representer arguments
are unchanged. Since the equality holds for all bounded h, the conditional identity follows. The
displayed By, 1 is the conditional mixed-bias formula of Lemma 6 after replacing each full-data

calibrator-representer product by its IPCW-coarsened version. O

Remark 25 (Why the earlier outcome-only IPCW formula is not enough). The identity

L 1T > u)

— = d
o Ga(u| W)™

s an unbiased pseudo-outcome for YdL, but it does not evaluate qt(YdL, - X) when YdL s censored.
The calibrated orthogonal moment contains products of the form q(Y.F,-, X){YF —bi(-, X)}. For
calibration and representation estimation and for the final score, censoring must therefore be

handled at the level of the whole full-data calibrator—representer product, as in (10)—(12).

Martingale-augmented IPCW. The complete-case IPCW score is simple and robust to the
form of the calibrators and representers, but it can be variable and it is first-order sensitive to
estimation of Gy. A standard AIPCW construction is available. Let

Ne(uw)=1(T <u,A=0), Yo(u)=1(T >u),
and let A (u | W) = —log G4(u | W). The censoring martingale in arm d is
MS (u) = Ne(u) — /Ou Yo()dAS (v | W),  on {D = d}.
For a full-data function fd(YdL ,S,Q, X), define the residual-future regression
par(u W) =E{fa(Y],5,Q,X) | D=d, Yy >u,W}, O0<u<lL.
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The martingale-augmented coarsening operator is

W)
e elrev / pag W) 4 e D =dj}. 15
[l = €1l + [ B AME @), on (D =) (15)
Lemma 9 (Augmented IPCW recovery). Under Assumption 9, for any square-integrable f; and

any predictable square-integrable augmentation pq f,

E{Q:aug[fd] | -D = d7 YdLa‘S7Q7X} = fd(YdLvsaQaX)v

provided Gy is the true censoring survival function. Hence Theorem 15 remains valid with (’ﬁaug

ipcw

in place of €; .

Proof. The IPCW part has the required conditional mean by Lemma 8. Conditional on (D =
d, YdL7 S,Q,X), M dC is a mean-zero censoring martingale stopped at YdL, and the augmentation
integrand is predictable and square integrable. Therefore the martingale integral has conditional

mean zero. OJ

For f4(y, s,q,x) = y, a natural variance-reducing choice is the restricted-time at-risk regression

S Sa(v | W) dv

mst(u, W) =E{Y} | D=d, Y} >u,W} = :
pd, t(u ) { d | d ZUu } u + Sd(u|W)

where Sg(u | W) = P(Ty > u | D = d,W). For the final calibrated orthogonal moment, the

analogous pg ¢ is constructed with

fi=F1(5q1,01), fo = Fo(+; 90, bo).

In practice this can be estimated by fitting an event-time model within each arm and predicting
the conditional mean of the future calibrator-representer product among subjects still at risk at

time w.

Hierarchical nuisance in the augmented score. As in semiparametric problems with data-
adaptive hierarchical nuisance estimation (e.g. Westling et al., 2024; Rytgaard et al., 2022), for
calibrator-representer products, pg ¢ is itself a nuisance depending on the calibrators and rep-
resenters because fg = Fy(-;qq,bq). A cross-fitted implementation should therefore be under-
stood hierarchically: first estimate the calibrator—representer pair on the training folds, next form
fd = Fy(+ @d,gd), then estimate the risk-set regression p 4 and finally evaluate the augmented
score on the validation fold. For oracle calibrators and representers, the usual product condition

1Ga— G4l 1Pa.f —pa.fll = op(n~1/2) is sufficient. For estimated calibrators and representers, define

P (W) =E{fy P (VE 5,Q.X) | D=d Y} >u W},
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Then it is enough to require ||Gq — G| 19, 7o p((i;k) | = 0,(n~1/2), in addition to the calibrator—
representer product-rate conditions. This separates censoring-model error from the calibration

and representation error that propagates into the regression target.

Lemma 10 (Decomposition of the augmented coarsening remainder). Fiz a fold and suppress
the fold superscript. Let de = Fd(-;q;rl,bzl), fu= Fd(';ad,gd), and

pax(u, W) =E{fa(Y},5,Q,X) | D =d, Y} >u, W}

For appropriate risk-set norms, the augmented coarsening error admits the schematic bound

€5 [l — €38 (£3ll2 < M1 fa — £h112
+1Ga = Gallcallpy = pas

lc.d

+1Ga = Galle.allpas = pa pillea + op(n™"%),

provided the censoring survival is bounded away from zero and the involved functions are uniformly
square integrable. The first term is the calibration—representation-propagation term, the second is
the usual censoring double-robust product, and the third is the calibration—censoring cross-product

induced by estimating the regression target fg.

Theorem 16 (Censoring nuisance remainder). Let FtT denote the true full-data calibrator-representer
product in arm t, and let € denote the corresponding oracle IPCW or augmented coarsening op-
(=k)

erator. In a cross-fitted implementation, suppose the estimated coarsening operator /Q\ft satisfies

{E%D% ’P {agik) [FtT] - [FtT]H = Op(n_l/Z)

and the corresponding L*(P) difference is o,(1). Then the cross-fitted central limit theorem in
Theorem 6 remains valid for the censored RMST score, with the same calibrator—representer
product-rate conditions.

For the unaugmented IPCW operator, a sufficient high-level condition is

max sup ’@t(u | W) /Gi(u | W) — 1’ — op(nfl/Q),
t=0,1uSL7W

or a correctly specified parametric censoring model whose influence contribution is included in
the variance calculation. For the martingale-augmented operator, Lemma 10 gives the sufficient

decomposition. One convenient set of high-level conditions is
A ~ —-1/2
max |Gy = Gullewa 19, 7 — el = opln ™),

macl||Gy — Gillow + 117, 7 — prelca Iy = Fllae = op(n /%),

for appropriate censoring-risk-set norms. The first display is the usual censoring product remain-
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der; the second is the calibration—censoring cross-product induced by estimating the calibrator—
representer product before fitting the risk-set regression. Thus augmented IPCW is the preferred

implementation when flexible censoring and event-time nuisance models are used.

Proof. The cross-fitted expansion in Theorem 6 is unchanged after adding and subtracting the
oracle coarsening operator. The displayed mean and L? conditions make the additional censoring-
operator term asymptotically negligible. The sufficient conditions are the standard first-order
and orthogonal-product remainders for IPCW and augmented IPCW coarsening operators. The
calibration-specific part of the expansion is unaffected because Theorem 15 preserves the same

mixed-bias product after censoring adjustment. O

Discrete-time implementation for the Scientific Registry of Transplant Recipients/United
Network for Organ Sharing (SRTR/UNOS). Let 0=ty <t; <--- <t;= L beamonthly
or quarterly grid and A; =t;11 —t;. For each arm d, fit a pooled-logistic censoring hazard

10gitP(C S [tj,tj+1) ’ C > tj,T > tj,D = d, W) = Qyqj + gd(W),
or a Cox model for censoring. Then

alty [W) = TT{1 =G (W)},

m<j

with truncation éd — max(éd,ec), for example e¢¢ = 0.05 or 0.10. The complete-case IPCW

contribution for a full-data calibrator-representer product f; is

RE fa(Y50, S, Q, X)
Ga(YTobs | W)

For the augmented score, estimate the at-risk regression directly,
Pas(t;, W) R E{fa(Y],5,Q,X) | D=d. Y} > t;, W}

This regression can be obtained from an arm-specific event-time model or from a flexible risk-set
regression using observations whose restricted time is observed, with IPCW inside the risk-set
regression if needed. When f4(y, s, ¢, ) = y, the target regression is t; + ftf Sa(v | W)dv/Sq(t; |

W). The discrete martingale increment is
AMc.ij = ANj = Yo hg (Wi,

so the augmented contribution is

RiLfd(Y;‘Lpbsv Si7 Qia Z Z Pdf t]: ; AJ/M—\C B
~ obs KR
Ga(;"™™ | Wi) 2L Galty | W)
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The empirical paper should report the censoring rate before L, the distribution of 1/ éd(YL’ObS |
W), the fraction of weights truncated, and sensitivity of the RMST estimates to the truncation

threshold and censoring model.

K Hilbert-space range characterization and weak auxiliary-measurement

diagnostics

This section separates three issues that are often conflated: existence of a selection calibrator,
identification of the marginal functional over the primal solution set, and regularity of the debiased
score.
Consider a generic bounded linear operator A : H, — H, between Hilbert spaces (Rudin,
1991). The observed primal equation is
Ag=r.

Suppose a linear functional of the primal solution has the form

A(g) = K+ (g, m)y

q
for a known constant ~ and representer m € H,.

Theorem 17 (Primal nonuniqueness and dual certificates). Assume the primal equation Aq =r

has at least one solution. Then:

(i) A(q) is invariant over all solutions of Aq = r if and only if

m € Ker(A)+ = Range(A*).

(i) There exists an exact dual certificate b € H, satisfying A*b = m if and only if
m € Range(A").
In this case, for every solution q of Aq=r,

Aq) = K+ (r,b)y. -

(7ii) If m ¢ Range(A*), the functional is not identified by the primal equation. If m € Range(A*)\
Range(A*), the functional is identified over the solution set but lacks an exact square-

integrable dual; this is the irregular boundary case.

Proof. 1f ¢ and ¢’ solve Aqg = r, then ¢ — ¢’ € Ker(A). Thus A(q) = A(¢’) for all solutions if and
only if (h,m) = 0 for all h € Ker(A), that is m € Ker(A)*. The Hilbert-space identity Ker(A)* =

Range(A*) gives the first statement. The second statement is the definition of membership in
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Range(A*). If A*b = m, then (¢,m) = (¢, A*b) = (Aq,b) = (r,b). The final statement follows
immediately from part (i) and part (ii). O

K.1 Instantiation for the treated calibrator
For p1, take H, = L*(Y,Q, X) and H, = L?(S, X) with the usual L?(P) inner products. Define
A1q =E{Dq(Y,Q,X) | S, X}, rn=E1-D|S X).
Then the observed primal equation is A;q = r1. The adjoint satisfies
ATb =E{Db(S,X) | Y,Q, X}.

Let
m1(Y,Q,X) =E{D{H(Y,X) |Y,Q, X}.

The dual equation A7b; = my is exactly
E[D{6(Y, X) = b1(S, X)} | Y,Q, X] = 0.

Thus Theorem 17 says that b; is precisely the square-integrable Riesz certificate that makes the
treated marginal functional invariant over all observed solutions to A1q = ry.

For pg, define
AOQZE{(l_D)Q(Y’SvX)’Q’X}v TOZE(D‘Q7X)’

with adjoint

The control dual equation is Agby = mg, where
mo(Y, S, X) = E{(1 — D)to(Y. X) | Y. S, X}.

Lemma 11 (Singular-value sufficient conditions). Let A : H, — H, be compact with singular
system {(oj,vj,u;j) : j > 1}, where Avj = oju;, A*u; = o;v5, and oj > 0. Then Aq =1 has a

square-integrable solution if

2
T, Ui
r e Ker(A*)J‘, Z 7< 7 j2>Hz < 00.
§>1 g;
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An exact dual certificate A*b = m exists if

<m,v~>
m € Ker(A)*, Z # < 00.
>1 9

Proof. The minimum-norm solution to Ag = r, when it exists, is ¢/ = > aj_l (r,uj)vj. This
element belongs to H, exactly under the displayed summability condition and the orthogonality

condition to Ker(A*). The proof for A*b = m is identical with u; and v; interchanged. O

Corollary 12 (Weak-proxy amplification in finite-dimensional calibration and representation
estimation). Consider a finite-dimensional approximation to an observed calibration and repre-
sentation equation with population linear operator matrix Ay. Suppose the relevant target vector
belongs to the column space of Ay, the smallest nonzero singular value is o5 > 0, and the empirical
operator and right-hand side are estimated with error aj,, in operator/vector norm. A regularized

or minimum-norm calibrator estimator satisfies, up to approrimation and reqularization bias,

137 — asll = Oplagn/os).

The analogous statement holds for the adjoint representer with smallest singular value 03. Hence

a sufficient finite-dimensional version of the mized-bias condition for one side is

q b
CLJ,naJ,n o o(n_l/Q)

a0
9595

Ifa? = af’,n = n"Y2, this condition becomes

oloh > n2,

Thus weak auziliary-measurement variation enters the rate only through the inverse singular values

of the empirical calibration and representation operators.

Proof. For a linear equation Aj;6 = rjy, first-order perturbation of the minimum-norm solution
gives
16 =01l S AT LIPS — rall + 1Ay — AslIO1},

where A7 is the Moore-Penrose inverse and ||AT|| = 1/0;. Applying this bound separately to
the primal and adjoint representation equations and using the exact mixed-bias identity gives the

displayed product-rate requirement. O

Remark 26 (Empirical weak-calibration diagnostics). Corollary 12 motivates reporting the small-
est singular values, condition numbers, and regularization paths of the four empirical conditional-
moment operators. In applications, a calibrated estimate can have small apparent moment resid-

uals but large variance if the operator is nearly singular; the singular-value diagnostics quantify
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this weak auziliary-measurement regime.

Remark 27 (Completeness is stronger than needed). Conditional completeness can be used to
make the calibrators and representers unique. Theorem 2 and Theorem 17 show that uniqueness
is not required for the marginal mean. The essential requirement is that the target functional be
orthogonal to the null directions of the primal inverse problem, with an exact adjoint representer

for regular root-n estimation.

K.2 Quantitative weak-calibration rate diagnostic

Consider a finite-dimensional approximation of a calibration and representation equation Ajq =
rj. Let ojmin be the smallest nonzero singular value of the population operator matrix and

suppose the empirical moment error is aj,. Under standard perturbation conditions,

HQ\J - QJH = Op(aJ,n/UJ,min)'

For a primal-adjoint representer pair with errors aq jn/0q,; and ap jn/0p, 7, the mixed-bias con-

dition requires
Qq,J,nAb,J, -
D0 o8 — o(n 1/2).
0q,J0b,J

1/2

In a parametric first-stage block with aq ., =< ap 7, < n~ /%, a simple sufficient diagnostic is

0q,J0b,J > n_l/Q,

/4 Empirical ap-

or, in a balanced case, each smallest singular value should be well above n™
plications should report smallest singular values, condition numbers, and regularization paths for
the four calibration and representation blocks. Small singular values do not necessarily invali-
date identification, but they indicate an irregular or weak auxiliary-measurement regime in which

root-n inference can be unreliable.

K.3 Existence, uniqueness, and Tikhonov consistency of the minimum-norm

calibrator

This subsection gives the formal existence, uniqueness, and finite-sample consistency theorems
for the minimum-norm calibrator of Definition 3. The treated side is treated in detail; the control

side is symmetric.

K.3.1 Hilbert-space setting and existence

Fix a probability measure P on the observed-data space. Let L?(Pp) denote the Hilbert space of
square-integrable real-valued functions of (Y, @, X) with inner product (f, g) , = E[Df(Y,Q, X)g(Y, Q, X)]
and norm | f||% = (f, f)p; this is the treated-arm L2-norm restricted to functions of (v, @, X).
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The observed primal moment in (2) can be written as

Arg =1, (A1q)(s,z) =E[Dq(Y,Q,X) | S =s,X = x|, ri(s,z) =E[(1-D) | S = s, X = z],
(16)

where Ay : L*(Pp) — L?*(Ps.x) is a bounded linear operator. The selection-calibrator solution

set is Q1 = {q € L*(Pp) : A1q = r1}. We assume throughout that Q; is nonempty, which is part

of Assumption 2; this is the standard selection calibrator existence assumption.

Theorem 18 (Existence and uniqueness of the minimum-norm selection calibrator). Suppose Q1

is nonempty. Then:
(i) Qi is a closed affine subspace of L>(Pp).

(ii) There exists a unique element ¢; € Q1 of smallest L*(Pp)-norm:
gi = arg min |[q||p.
g€

(iii) qf is the orthogonal projection of 0 onto Qi and equivalently the unique element of Q1 N
Ker(A;)*, where the orthogonal complement is taken in L?(Pp).

(iv) qf lies in the closure of the range of A}: ¢f € Range(A}).

Proof. (i) A; is bounded by the Cauchy—Schwarz inequality applied to the conditional expectation:
|E[Dq | S,X]|? < E[D | S,X]|E[Dg? | S,X] < |lql|% almost surely. Hence A; is bounded, its
preimage of the singleton {71} is closed, and Q; is the preimage of {71} shifted by any fixed
solution ¢: Q1 = ¢' + Ker(A;). The kernel Ker(4;) is a closed subspace, so Q; is a closed affine
subspace.

(ii) A closed affine subspace of a Hilbert space contains a unique element of minimum norm
(Rudin, 1991, Theorem 5.2): the orthogonal projection of 0 onto Q;. Hence ¢] = argmingcg, ||¢//p
exists and is unique.

(iii) Decompose L?(Pp) = Ker(A;) @ Ker(A;)*. Write ¢f = qy + ¢i with q! € Ker(A;) and
gt € Ker(A):. For any h € Ker(Ar), qf +h € Qi and |lgf + Al% = lla} + Al + 3.
The minimum is attained at q! +h=0,s0q =qi € Ker(A;)*. Conversely, any element of
Q1 NKer(A;)* must equal ¢ by uniqueness.

(iv) Ker(A;)*t = Range(A?%) is the standard Hilbert-space orthogonality identity. Combined
with (iii), ¢¢ € Range(A}). O

Remark 28 (Connection to Riesz representer ideas). Theorem 18(iv) identifies ¢ as the con-
strained minimum-norm element of Q1 lying in the closure of Range(A}), which connects to but
does not equal the unconditional Riesz representer construction of Chernozhukov et al. (2022b).
The calibration moment is a conditional moment equation indexed by an instrument vector and
not a single integral equation in the form E{mo(O,h)} = E{a(O)h(O)} used by Chernozhukov,
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Newey, and Singh; consequently the qf of Theorem 18 is a representative-selection rule over a
nonunique selection-calibrator solution set rather than a Riesz representer in their strict sense.
The analogy is structural: in both settings, minimum-norm reqularisation in a function class de-
livers a unique well-defined population target with favourable finite-sample stability properties. We
retain the term minimum-norm representative to emphasise this analogy without asserting strict

equivalence.

K.3.2 Tikhonov consistency

The empirical analogue of the population minimum-norm selection calibrator is the Tikhonov-

regularised estimator
~ o . n ~ 2 N o~ 2
@i = arg min {[|Aung = P2, ) + Ala = dalle, ) (17)

where Elm and 771, are empirical analogues of Ay and 71, q1,4 is a fixed cross-fitted X-anchor,
and H, C L?(Pp) is a Hilbert function class. The next theorem records the standard consistency

result.

Theorem 19 (Tikhonov consistency to the population minimum-norm calibrator). Assume the

operator setting (16), and suppose:

 (Approximation) The minimum-norm solution qi lies in Hy, and g1, 4 converges to a deter-

ministic limit g1 4 € Hq at rate n™"4 for some r4 > 0.

. perator estimation Aln— 1| = n- and |71, — 71|72 = n—'") for rates
0 imation) ||A1, — A1] = Op(n™"4) and ||F1n — 71llp2 = Op(n™" t

A, Ty > 0.

o (Source condition) ¢i — q1,.4 = A}Ayv for some v € L?*(Psx) with ||v| < oo (this is the
source condition of Bennetl et al. (2023)).

« (Regularisation rate) A\, — 0 and n="/2/X, — 0.

Then the Tikhonov-regularised estimator q », defined by (17) satisfies
13, — aill, = Op(AY?) + Op(n 4N 12) + O (07 A V2.

In particular, with A\, o< n=2/% and ry =r, = 1/2, G, —dill, = Op(n=1/3).

Proof sketch. The Tikhonov objective is strongly convex with modulus A, so the minimiser g »,

is unique and equals ¢1.4 + (A} , A1, + A D) 7LAS n(T1n — A1nG1,4). Decompose the error as
~ *
an, — 491 = Eanchor + Eoperator + Emoment + Eregularisationa

where Eyychor collects q1,4 —q1,4 terms (rate n™"4), Egperator collects Elm — Aj perturbations (rate

n" AN, 1/2 by the resolvent estimate), Fmoment collects 71, — r1 perturbations (rate n™"" A, 1 2),
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and FEregularisation 15 the population bias from finite A, (rate Ayll/ % under the source condition).

The combined rate follows from the triangle inequality. The proof follows the standard inverse-
problem regularisation argument; see Bennett et al. (2023, Theorem 4.3) or Engl et al. (1996) for

the source-condition theory in the well-posed case. O

Remark 29 (Implications for finite-dimensional implementations). Theorem 19 applies in the
RKHS implementation of Section S. In the finite-dimensional parametric class used by implemen-
tations B and C in Section 5, the operator Ay and its dual collapse to R® — R% matrices and
the Tikhonov consistency theorem reduces to a standard penalised GMM consistency statement
(Newey and Smith, 2004). The rate n=1/3 above is conservative; under fully parametric specifica-
tion with bounded source condition, the rate improves to n=Y/% with appropriate A,  n~t, and the
bias-variance balance recovers the implicit Sargan—Hansen rate of implementation A. The simu-
lation results in Table 3 are consistent with this behaviour: B0 and CO with A = 10 and n = 2000
achieve a Monte Carlo standard deviation of 0.047 on the ATE, slightly below the parametric
oracle rate of 0.06-0.08.

K.3.3 Population characterisation under selection on gains

Theorem 8 characterised the minimum-norm calibrator under strong accidental ignorability. The
complementary regime is when treatment selection genuinely depends on (Y7,Yp) through the
side-specific auxiliary measurements, so that the primal moment uniquely identifies a calibrator
or representer (up to the kernel of A;). The next proposition records the corresponding population

characterisation; the proof is immediate from Theorem 18.

Proposition 15 (Minimum-norm calibrator under selection on gains). Suppose the calibration
and representation equation has a unique solution in L*(Pp), that is Ker(A1) = {0}. Then Q;
is a singleton {qi} and the minimum-norm calibrator equals the unique role-reversed calibration.
Conversely, when Ker(Ay) # {0}, the minimum-norm calibrator qi is the unique element of Qp

orthogonal to Ker(A;) and is strictly smaller in || - || p-norm than any other element of Q.

The combined conclusion of Theorem 8 (strong ignorability) and Proposition 15 (selection on
gains) is that the population minimum-norm calibrator is well-defined and unique under both
regimes, regardless of the strength or nullity of the proxies, with the same population definition
(Definition 3). No anchor, test, or branch is required at the population level. Empirical imple-
mentations A, B0, B1, C0, and C1 in Section 5 differ only in how they approximate this single

population object in finite samples.
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L Influence functions and efficiency in the observed calibration

model

Let £(P) denote the set of exact, score-admissible calibrator-representer tuples under distribution
P,
n = (q1,b1,q0,b0) € Q1(P) x B1(P) x Qo(P) x Bo(P),

for which Theorem 2 applies. For n € £(P), define

¢9(0) = $(O;n) —7(P).

Definition 6 (Calibration-restricted model). A calibration-restricted statistical model My, is a
collection of observed-data distributions P such that: (i) Assumptions 1-3 hold under P; (ii)
the full-propensity and dual range conditions of Appendiz E hold, so E(P) # (; and (iii) for
every regular parametric submodel P, C My, through Py, there exists a measurable selection
n(P;) € E(P;) that is differentiable in quadratic mean along the submodel. The tangent space Toy

is the L%(Po)-closure of scores of such reqular submodels.

Remark 30 (Efficiency analysis and accidental ignorability). Under accidental strong ignorabil-
ity with weak or irrelevant dual-side proxies, the strict adjoint representer sets may be empty, as
described in Remark 16. Then E(P) is empty for the strict calibrator—representer-restricted model
and the efficiency bound below is not the relevant one. In that degenerate regime, the relevant effi-
ctency theory is the standard semiparametric augmented inverse-probability weighted theory under
conditional exchangeability, and the anchored estimator in Theorem 9(ii) targets that adjustment
representative. The calibration-efficiency analysis in this appendiz concerns the selection-on-gains

regime in which exact score-admissible primal-adjoint representer tuples exist.

The previous sections show that each ¢, has mean zero and gives the correct pathwise deriva-
tive along submodels whose nuisance paths are orthogonal to the calibration and representation
equations. This section records the efficiency implication that is needed for positioning relative

to semiparametric proximal causal inference.

Proposition 16 (Influence representation). Let P, C My, be a regular parametric submodel
through P = Py with score s, and let n(P;) € E(P;) be a differentiable calibration selection in the
sense of Definition 6. Suppose the derivative of Pi(-;n) with respect to 1 is zero at n' in the

directions generated by the submodel. Then

d
aT(Pt)

=E[{y(0inh) - 7}5(0)] .

t=0

Thus ¢, (0) = ¥(0; n') — 1 is an influence function for T in My,.

119



Proof. By the chain rule,

d

SPuG(P)| = EO:a)s(0)] + &P a(P)

t=0 t=0

The second term is zero by orthogonality along the nuisance path. Since E{t(O;n!)} = 7 and
Es(O) = 0, the first term equals E[{)(O; 1) — 7}s(0)]. O

Let 7y be the tangent space of My, at P, and define the closed calibration influence class

L*(P)
Oy = {py:ne&(P)} ="
The next result is a conditional efficiency characterization. It is intentionally stated as a model-

specific theorem rather than as a universal claim: an arbitrary exact representative need not be

efficient.

Theorem 20 (Minimum-variance calibrated influence representative). Suppose Proposition 16
holds for every n € E(P), and suppose the canonical gradient ¢eg of T in My, belongs to Ppy.
Then

Vet = E(¢2s) = inf E(¢?) = inf E{(O;n) —7}>
# = E(¢er) = inf E(¢7) ot {(O;n) — 7}
If the final infimum is attained at n°% € E(P), then

(O;n™) =7

is the efficient influence function and Vg is the semiparametric efficiency bound in the observed

calibration model.

Proof. In a semiparametric model, the canonical gradient is the unique element of the tangent
space that represents the pathwise derivative and has minimum L?(P) norm among all influence
functions. Proposition 16 places each ¢, in the influence-function class. If ¢egr € Py, the minimum
over the closure of the calibration class equals the canonical minimum. If the minimum is attained
by an exact calibrator-representer tuple, the corresponding calibrated orthogonal moment is the

canonical gradient. O

Remark 31 (Well-posedness of the calibration class). The set £ is assumed nonempty by As-
sumption 3. It need not be convex because the score is bilinear in primal and adjoint representer
components. Consequently, the variance-minimization problem below should be viewed as a con-
strained minimum-variance representative problem rather than as a globally convexr optimization

problem.

Proposition 17 (Minimax form of the calibration efficiency problem). Under the conditions of
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Theorem 20, minimizing the variance over exact representatives is equivalently written as

inf B{p(Osn) =7} = inf sup [2E{($(0sm) — 7)C(0)} — E{C(0)*}].

UES(P nES(P) CGLQ( )

The equality follows from the Fenchel identity for the squared L?(P) norm. This minimaxz repre-
sentation is the preferred computational form and connects the calibration dual problem to Riesz-
representer learning (Chernozhukov et al., 2022b; Bennett et al., 2023) because it avoids treating

the nonconvexr Euler equations as sufficient optimality conditions.

Proposition 18 (Variational characterization of the efficient representative). Suppose a local
minimum of the variance problem in Theorem 20 is attained at an interior eract representa-
tive n°f = (q H,bl ,qOH beﬁ). Then, as a necessary condition for local optimality, there exist
Lagrange-multiplier functions Ag1(S, X), A1 (Y, Q, X), Ao(Q, X), and Ao (Y, S, X) such that neft

is a stationary point of
L(n,\) = E{¢(0;n) — 7}?
+ 2E[\1 (S, X){Da1 (Y, Q. X) — (1 - D)}
2B (Y, @, X)D{A (Y, X) = bi (S, X)}
+2E[A0(Q, X){(1 = D)go(Y, S, X) — Dj}]
+ 2E[Apo (Y, 5, X) (1 — D) {lo(Y, X) — bo(Q, X)}].

In particular, with Y% = ¢(O;n°"), the treated-side first-order conditions include
E [ D{( = m)(1(Y, X) = b57(S, X)) + A (S, X)} | V,Q, X =0,

E [(weff —){1-D - D¢ (Y,Q,X)} — D\ (V,Q,X) | S, X} =0.

The control-side equations are the analogous conditions obtained by replacing (D, q1,b1,S,Q,¢1)

with (1 — D, qo,bo, @, S, o) and accounting for the minus sign of To in 1.

Proof. The constrained minimization of E{¢)(O;n) — 7}2 over exact calibrator-representer tu-
ples has four conditional-moment constraints. Introducing the displayed multipliers gives the

Lagrangian. A perturbation g; + th changes i by
Dh(Y7 Q7 X){ZI(Y7 X) - bl(Sa X)}v

and changes only the treated primal constraint among the four constraints. Setting the Gateaux
derivative to zero for every h(Y, @, X) gives the first displayed conditional equation. A perturba-
tion b; + tr changes ¥ by

r(S, X){1 - D - Dg;(¥,Q, X)},

and changes only the treated dual constraint, yielding the second displayed equation. The control
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equations follow by the same calculation. O

Remark 32 (How to use the variational equations). Proposition 18 does not claim a closed-form
efficient calibration representative in arbitrary nonparametric models, and the displayed station-
arity equations are necessary rather than sufficient because the variance objective is generally
nonconvex in the calibrator-representer tuple. It gives the Fuler equations for the minimum-
variance representative within the calibration influence class. Computationally, these equations
suggest a minimax or constrained-GMM estimator that augments the four calibration and rep-
resentation moment blocks with a variance-minimization criterion, paralleling representer-based
efficiency constructions in one-outcome shadow-variable problems but over the present twin-pair

calibration class.

Remark 33 (Efficiency versus orthogonality). Theorem 20 separates two claims. Neyman or-
thogonality and the mized-bias identity give valid root-n inference for any score-admissible exact
representative satisfying the product-rate conditions. Efficiency is stronger: it requires selecting
the minimum-variance representative within the calibration influence class and requires that this
class contain the camonical gradient. This mirrors representer-based efficiency results in one-
outcome shadow-variable problems, but here the minimization is over a twin-pair calibration class

with role reversal.

Remark 34 (Efficiency is conditional on the calibration restriction). The optimality statement
here is a conditional efficiency characterization: the influence function of Theorem 20 is the
minimum-variance influence representative within the calibration-restricted model My, and it
equals the unconditional semiparametric efficiency bound only when the canonical gradient ¢eg be-
longs to the calibration influence class ®y,. Outside that case it is a conditional efficient influence
function within My, not an unconditional one. The ATT, ATC, and censored-RMST influence
functions of Appendices I and J are smooth functionals of the marginal calibrated components, so
by the delta method they inherit exactly this conditional efficiency: each is the minimum-variance
representative within the calibration-restricted model whenever the corresponding marginal com-

ponent is, and is unconditionally efficient only under the same canonical-gradient inclusion.

M Sensitivity to calibration-range violations

The side-specific and full-propensity weighted range conditions are not testable in full generality.
This section gives a compact sensitivity calculus that can be reported with an empirical applica-
tion. Consider the treated side and suppose the analyst uses a candidate pair (g1, b1). Define the

latent treated primal violation

61(Y17}/E)157X) = E{p(Yh}/()vst?X)[l +Q1(Y1,Q>X)] | H?%)‘S’:X} -1
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If 61 = 0, the treated causal selection calibrator is valid. If not, the identification proof gives the

exact bias formula
E{T'1(0;q1,b1)} — p1 = E[01(Y1, Yo, S, X){1 (Y1, X) — b1 (S, X)}] .
For the control side, define
d0(Y1,Y0,Q, X) = E{[1 — p(Y1,Y0, 5, Q, X)][1 4 qo(Y0, 5, X)] | Y1, Y0, @, X} — 1.

Then
E{T'0(O;q0,b0)} — o = E [do(Y1, Y0, @, X){lo (Yo, X) — bo(Q, X)}].

Consequently, if a researcher is willing to impose sensitivity radii
E(6)Y2 < p1,  E(G)Y? < po,
then the ATE bias is bounded by
| Bias(7)| < o E{4 (Y1, X) = bi(S, X) Y2 4 po E[{£o(Yo, X) — bo(@Q, X)}/2.

The two residual norms in the bound can be estimated by their observed-arm analogues after
replacing the full-data transformations by the fitted calibration and representation residuals.
Reporting the interval obtained as (p1, po) vary gives a transparent partial-identification display

for violations of the side-specific or weighted-range assumptions.

Remark 35 (Connection to direct-shifter sensitivity). A parametric sensitivity analysis can in-
stead index the treatment policy as po (Y1, Yo, S, Q, X), where o = 0 is the primary weighted-range
model and o # 0 measures additional direct shifter effects. For each fixed o, one solves the
weighted calibrator equations associated with p,. The residual-based bound above is the local,
model-free analogue: it measures the departure from the causal primal equations directly through

01 and &g, without specifying a particular parametric form for the violation.

M.1 Local and worst-case sensitivity

The displayed bounds are worst-case Cauchy—Schwarz bounds. A local sensitivity calculation
keeps the direction of the violation. For example, along a one-dimensional perturbation 41, =
ahy, 00, = ahg, the first derivative of the ATE estimand represented by the calibrated orthogonal

moment is

B —To) )| = B (6%, X) — bi(8, X)) ~ Blhof{fo(¥, X) — bo(Q, X))

a=0

Thus the local analysis is direction-specific, while the radius-based bound is the sharp worst-case

value over all violation directions with the prescribed L? norms. In the empirical paper, the latter
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is easiest to report as a sensitivity curve in (p1,pp); the former is useful when a scientifically

meaningful direction of side-specific exclusion failure can be specified.

N Observable moment equations for implementation

Let a1(S, X),c1(Y,Q, X),a0(Q, X),co(Y, S, X) be square-integrable test functions. If the test-
function classes are dense in the relevant L? spaces, the following unconditional moments are
equivalent to the conditional calibration and representation equations. With finite dictionaries
they are over-identifying restrictions and diagnostic moments. The calibration and representation

equations imply the unconditional moments

E{Daq(Y,Q, X) = (1 = D)}ar(5, X
E[D{(Y, X) = 01(S, X)}ar (Y, Q, X
E{(1 = D)qo(Y, S, X) — D}ao(Q, X
E[(1 = D){lo(Y, X) = bo(Q, X)}eo(Y, 5, X

)

Y

=0
)1 =0,
=0
)] = 0.

These moment blocks support sieve generalized method of moments (GMM), adversarial conditional-
moment estimation, reproducing-kernel Hilbert space (RKHS) regularization, or other first-stage
methods. If the test-function classes are dense in the corresponding L? spaces, the unconditional
moment systems are equivalent to the four conditional calibration and representation equations.
Finite dictionaries therefore define either exactly identified or overidentified projections of the
conditional moment restrictions; held-out overidentifying residuals are useful diagnostics of cali-
bration and representation misspecification. In a fixed finite-dimensional overidentified specifica-
tion, let g, (5) be the stacked moment vector after estimating the calibration and representation
coefficients and let W estimate the inverse long-run covariance of the moments. Under correct

specification and standard GMM regularity conditions,

~ ~

In =10 (0) W g (0) ~ X2

where m is the number of moments and p the number of estimated coefficients. With growing
sieves or strongly regularized learners this J-test should be treated as a diagnostic rather than a
literal chi-square test, and validation-fold residual plots are preferable. The second-stage estimator
does not depend on which method is used, provided the first-stage conditions in Assumption 4
hold.

O Final publication-scale simulation grid

This appendix specifies the publication-scale Monte Carlo grid. The main design parameters—the

proxy noise levels 0@, o, the baseline-outcome slope, the sample size, the replication count, the
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selection-on-gains coefficients, and the strong-ignorability propensity coefficients—are varied as

follows:

(i) for the selection-on-gains design, sample sizes n € {1000, 2000, 5000, 10000} with at least
R = 1000 replications;

ii) auxiliary-measurement strengths (og,og) € {(0.30,0.30), (0.45,0.45), (0.75,0.75), (1.00, 1.00) },
Q

where larger values create weaker empirical calibration and representation operators;

(iii) a misspecified first-stage check in which the exponential selection calibrator is fitted without
the X-interaction instruments, to show that the orthogonal score is stable only when the

calibration and representation equations are approximately solved;

(iv) an accidental-ignorability design, with at least the same sample sizes and replication count,
to verify that the adjustment-anchored branch recovers the CATE and ATE when D 1
(YhYbaSv Q) ’ X7

(v) a continuous-X extension in which CATE is reported for prespecified low- and high-risk

subgroups rather than only for X € {0,1};

(vi) Monte Carlo standard errors for bias, root mean squared error (RMSE), and coverage, with
coverage reported together with the binomial Monte Carlo band C/(;/:tl.%\/ C/(;/(l - C/c;/) /R,

where Cov denotes coverage probability.

The grid emphasizes the larger sample sizes, weak auxiliary-measurement behavior, the gap be-
tween oracle and estimated calibrated orthogonal moments, and the dual-regime diagnostic under
accidental ignorability. It also includes a finite-rank direct-shifter design in which the propensity
P(D=1]|Y1,Y,5,Q,X) genuinely varies with (5, Q): the direct component is constructed in the
null space of the four calibration and representation operators, so the full-propensity weighted-
range theory applies exactly, which checks that the full-propensity formulation is not merely
formal. A further design with arbitrary direct logit coefficients on S, Q) serves as a stress test, in
which identification holds only when the weighted calibrator diagnostics indicate that the selected

finite-dimensional calibration classes solve the moment equations.

0.1 Grid results

We executed the selection-on-gains grid at R = 1000 replications per cell. Table 26 reports,
for the role-reversed calibrated estimator, Monte Carlo bias, root mean squared error, and 95%
influence-function interval coverage, with the naive and AIPW biases for reference; the true ATE
is 0.75.
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role-reversed calibrated bias (reference)

n  o0Q=0s bias RMSE cov. naive AIPW

1000 0.30  +0.002 0.063 095 —-0.98 —-0.09
1000 0.45 +0.002 0.062 094 -098 —0.18
1000 0.75 +0.001 0.084 094 -098 —-0.36
1000 1.00 —0.003 0.104 094 —-0.98 —0.47
2000 0.30  —0.000 0.037 095 -098 —0.09
2000 0.45 —0.001 0.043 095 —-098 —0.18
2000 0.75 —0.003 0.058 095 -0.98 —0.36
2000 1.00 —0.006 0.072 094 -098 —-048
5000 0.30 —0.001 0.023 095 -098 —0.09
5000 0.45 —0.001 0.027 095 -098 —0.18
5000 0.75 —0.001 0.036 094 —-098 —-0.36
5000 1.00 —0.002 0.045 094 —-098 —-0.48
10000 0.30  —0.000 0.017 094 -098 —-0.09
10000 0.45 —0.000 0.020 095 -098 —0.18
10000 0.75 —0.001 0.027 094 -098 —-0.36
10000 1.00 —0.001 0.033 094 —-098 —0.48

Table 26: Publication-scale selection-on-gains grid (canonical continuous-Gaussian DGP, true
ATE = 0.75, R = 1000 replications per cell). The role-reversed calibrated estimator is approx-
imately unbiased with near-nominal coverage across all sample sizes and auxiliary-measurement
strengths. The naive contrast is biased by about —0.98 throughout, and the AIPW bias grows
as the auxiliary measurements weaken (larger og = og), since AIPW adjusts only for the noisy

auxiliary measurements and cannot capture selection on the potential outcomes.

P Monte Carlo diagnostics and weak auxiliary-measurement sen-
sitivity

This appendix supplements the Monte Carlo of Section 5 with first-stage and weak auxiliary-
measurement diagnostics. All results in this appendix come from the script the replication code
run at n = 2000, two-fold paired cross-fitting, with R = 1,000 replications for both the diagnostics
table and the auxiliary-measurement-strength sweep. These diagnostic sweeps are not used for
the main Monte Carlo coverage claims; the publication-scale grid, with R = 1,000 replications, is

reported in Appendix O.

P.1 First-stage diagnostics

Table 27 reports per-replication first-stage diagnostics averaged across replications: optimiser
failure rate, the median calibration weight maxima for both treatment arms, the median condition

number of the dual moment matrix, and the empirical Sargan—Hansen branch selection rate.
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Several patterns are diagnostic: (a) no estimator records more than an isolated optimiser failure
across the 1,000 replications (a single unanchored fit under accidental ignorability, 0.1%; zero
elsewhere), indicating that the parametric class is well-conditioned for the chosen propensity-
overlap range and that bound constraints on the calibration and representation coefficients are
not binding; (b) the unanchored role-reversed calibration produces median maximum weights of
order 70 under selection on gains, while Tikhonov regularisation reduces the median maximum
weight to about 23, and rich-basis Tikhonov reduces it further to about 20; (c) the dual condition
number is uniform across primal estimators because the dual fit is a separate linear GMM and
is the same in all rows; under accidental ignorability with null proxies it is nearly two orders of
magnitude larger (4761 vs 98), reflecting the structurally weak adjoint-representer moment in
this regime; (d) the Sargan—Hansen architecture selector chooses the X-anchor branch on 0% of
replications under selection on gains and on 99.8% under accidental ignorability, recovering the

right architecture in each regime as designed.

Opt. failure  Median max  Median max Median cond. no.  Median cond. no.  Sargan branch
Method rate weight g1 weight go dual by dual by rate

Selection-on-gains design

Role-reversed calibration unanchored 0.0% 68.0 7.8 98 167 —
Sargan—Hansen diagnostic branch 0.0% 68.0 7.8 98 167 0%
Tikhonov primal-only (4-dim) 0.0% 23.6 3.7 98 167 —
Tikhonov primal+dual (4-dim) 0.0% 23.6 3.7 98 167 —
Rich-basis primal-only (7-dim) 0.0% 19.8 3.2 98 167 —
Rich-basis primal+dual (7-dim) 0.0% 19.8 3.2 98 167 —
Accidental strong-ignorability design with null prozies

Role-reversed calibration unanchored 0.1% 28.4 27.1 4761 3764 —
Sargan—Hansen diagnostic branch 0.0% 48.9 — 4761 3764 99.8%
Tikhonov primal-only (4-dim) 0.0% 3.4 34 4761 3764 —
Tikhonov primal+dual (4-dim) 0.0% 3.4 3.4 4761 3764 —
Rich-basis primal-only (7-dim) 0.0% 3.7 3.7 4761 3764 —
Rich-basis primal+dual (7-dim) 0.0% 3.7 3.7 4761 3764 —

Table 27: First-stage diagnostics for the Monte Carlo, R = 1,000 replications, n = 2000,
two-fold paired cross-fitting; produced by the replication code. Median statistics are re-
ported across replications. Optimiser failure rate is the proportion of replications in which the
scipy.optimize.least_squares converged to a tolerance below 10~ within 2000 function eval-
uations; the empirical rate is zero in all rows. “Median max weight ¢,” is the median over repli-
cations of the largest treatment-weighted calibrator weight ¢;(O;) on the relevant treatment arm.
The dual condition number is the condition number of the dual GMM moment matrix M " M.
The Sargan—Hansen branch rate is the proportion of replications in which the architecture selector
chose the X-anchor branch (rather than the unrestricted role-reversed-calibration branch); under
selection on gains the test rejects the anchor on every replication, while under accidental ignor-
ability with null proxies it accepts the anchor on essentially every replication. Entries marked
— are not applicable: the unanchored and Tikhonov estimators have no branch selection step,
and ¢gp max weight under the IGN regime for the Sargan—Hansen selector is undefined when all

replications use the X-anchor branch.
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P.2 Proxy-strength sensitivity sweep

Table 28 reports a small grid of auxiliary-measurement-strength values o = o5 € {0.30,0.45,0.75}
under the selection-on-gains design with R = 1,000 replications. Larger ¢ corresponds to weaker
proxies (more measurement error in (@, S) relative to the latent shifters (A, E)). The accidental-
ignorability design with null proxies is unaffected by o by construction (the proxies are indepen-

dent of the potential-outcome residuals) and is therefore omitted from this sweep.

o =0.30 o =045 o =0.75
Method bias sd cov bias sd cov bias sd cov
AIPW (W = X) reference -0.822 0.055  0.00 -0.822 0.055 0.00 -0.822 0.055  0.00
Role-reversed calibration unanchored +0.019 0.674 0.94 +40.010 1.202 0.95 -0.001 0.677 0.94
Sargan—Hansen diagnostic branch +0.019 0.674 0.94 +40.010 1.202 0.95 -0.001 0.677 094
Tikhonov primal-only (4-dim) -0.000 0.039 0.95 -0.001 0.045 0.93 -0.003 0.061 0.92
Rich-basis primal-only (7-dim) -0.001 0.039 0.95 -0.001 0.045 094 -0.004 0.060 0.93

Table 28: Proxy-strength sensitivity for the ATE under the selection-on-gains design (R = 1,000,
n = 2000, two-fold paired cross-fitting). All numbers are Monte Carlo statistics from the replica-
tion code run with the indicated o = 0g = 0g. The AIPW(W=X) reference is invariant to o by
construction since it does not use the proxies. The Tikhonov primal-only and Rich-basis primal-
only estimators (in bold) maintain a Monte Carlo standard deviation between 0.039 and 0.061
and a coverage close to nominal across the auxiliary-measurement-strength grid; the unanchored
role-reversed calibration has far larger and erratic dispersion (Monte Carlo SD 0.67-1.20 across
the grid, an order of magnitude above the Tikhonov rows), dominated by rare ill-conditioned
first-stage fits, consistent with the weak-calibration rate of Appendix K.2. (A low-R sweep un-

derstates this dispersion because the outlier fits are rarely drawn.)

The sigma sweep confirms that the bias of the Tikhonov-regularised estimators is essentially
zero across the auxiliary-measurement-strength range o € [0.30,0.75] and that the variance grows
slowly with o, from 0.039 at ¢ = 0.30 to 0.061 at ¢ = 0.75; the roughly 2.5-fold increase in
proxy noise yields only a 1.6-fold increase in Monte Carlo standard deviation, consistent with the
weak-calibration rate of Appendix K.2. The unanchored role-reversed calibration, by contrast,
has a Monte Carlo standard deviation of 0.67-1.20 on the ATE across the auxiliary-measurement-
strength range—an order of magnitude larger than the Tikhonov estimators and non-monotone
in o, because it is dominated by a small number of rare ill-conditioned first-stage fits rather
than by the proxy-noise level; this illustrates the practical value of regularisation as a primary
stabiliser of the calibration fit. Because this dispersion is driven by rare outlier folds, it is sharply
understated at small R: the R = 1,000 sweep reported here is required to sample the tail, whereas
a low-R sweep gives a spuriously small and monotone estimate. The full publication-scale grid of
Appendix O extends this sweep to o € {0.30,0.45,0.75,1.00} at R = 1,000.
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Q Numerical procedure, stabilization, and failure handling

The first-stage calibration and representation equations are solved on a regularized, nonunique
solution set, and an unanchored generalized-method-of-moments solve can, on rare folds, converge
to an extreme local optimum that inflates the dispersion of the estimate. We therefore fix the
estimation procedure rather than leaving it implicit. Each first-stage block is solved by (i) deter-
ministic multi-start initialization from a fixed grid of starting values; (ii) selection across starts by
objective value, retaining the solution with the smallest moment objective; (iii) a moment-residual
threshold that flags any block whose solved residual norm exceeds a pre-specified tolerance; (iv) a
maximum-weight diagnostic that caps the influence of any single observation by winsorizing the
treatment-weighted calibrator weights at a fixed quantile and recording the cap rate; (v) a failure
flag and fallback rule, under which a block that fails the residual or weight diagnostics is replaced
by the anchored adjustment-nested representative of Appendix A.11; and (vi) a seed and environ-
ment lock so that the entire pipeline is reproducible. The Tikhonov representative of Definition 4
is the default first stage precisely because it is single-valued and stable on the nonunique solution
set; the fallback in step (v) guarantees that a reported estimate always corresponds to a calibrated
orthogonal moment with controlled weights and bounded moment residual.

For each application and simulation cell we report the resulting first-stage diagnostics: the opti-
miser failure rate, the median and maximum treatment-weighted calibration weight, the moment-
residual norm, the Sargan—Hansen overidentification statistic, the dual condition number, the ef-
fective sample size, and the winsorization (cap) rate, if any. These diagnostics make the difference
between a well-identified fold and a weak-calibration fold observable, and they are the empirical
counterpart of the weak auxiliary-measurement singular-value characterization of Appendix K.

The fixed procedure also clarifies which population object the estimator targets. The cross-
fitted central limit theorem of Theorem 6 is stated for convergence to a fixed, score-admissible ex-
act calibrator-representer tuple, whereas the Tikhonov first stage selects a finite-sample-anchored

representative of the solution set. The next lemma connects the two.

Lemma 12 (Tikhonov path to an exact score-admissible representative). Suppose the empirical
Tikhonov representative 7y converges in L? to the population Tikhonov representative n* as the
reqularization A\ — 0 and the sieve dimension grows, and suppose the combined regularization
and sieve bias is o(n*1/4) in the relevant treatment-weighted norm. If n* belongs to the exact
role-reversed calibration solution set and is score-admissible in the sense of Theorem 6, then the
first-stage rate and admissibility conditions of Theorem 6 hold for 1y, and the cross-fitted estimator

s asymptotically linear with the stated influence function.

The lemma is the link between the regularized implementation and the asymptotic theory:
regularization selects a stable representative, and provided that representative is an exact, score-
admissible calibrator-representer in the limit, the inference of Theorem 6 is unaffected. This
is consistent with the paper’s overall division of labor, in which causal validity comes from the

primal-adjoint representer conditions and regularization is a finite-sample stabilizer.
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R Architecture-adaptive comparison with ordinary AIPW

This appendix formalizes the optional architecture-adaptive procedure referenced in Section 3. It
combines the role-reversed calibrated moment with the ordinary adjustment (AIPW) moment us-
ing the overidentifying calibration residual of the adjustment representative as a regime indicator.
The resulting validity is a model-union analogue of double robustness and is therefore deliberately
kept separate from the calibrator-representer double robustness of Theorem 3, which holds within

the role-reversed calibration model.

Two candidate moments. Let ¢rr(O;n) = T'1(0;q1,b1) — I'o(O;qo,by) denote the role-
reversed calibrated moment built from exact calibrators and representers, and let
D{6(Y, X) —mi(X)} (1 —D){l(Y,X) —mg(X)}

di6n(0) = {mf(X) —mh(X)} + %) - T o(X)

denote the ordinary adjustment moment, which uses the X-anchor calibrators ¢; x(X) = {1 —
e(X)}/e(X), qo.x(X) = e(X)/{1—e(X)} and the outcome-regression anchors m{(X) = E{¢ (Y, X) |
X} of Definition 5. By Theorem 10(a), E{¢1en(O)} = 7 whenever treatment is strongly ignor-
able, P(D =1 | Y1,Y,,5,Q,X) = e(X); by Theorems 1-3, E{¢)rr(O;7n)} = 7 whenever the

calibration and representation conditions hold, including under residual selection on (Y7, Yp).

Overidentifying calibration residual. The X-anchor calibrator always solves the X-marginal
calibration moment, E[{(1— D) — Dg; x(X)} | X] = 0. Whether it solves the full treated calibra-
tion moment that also loads on the response-side measurement is testable. For a vector ¢(S, X)

of test functions, define the treated overidentifying residual and its Sargan—Hansen statistic

91.n(q1,x) = Pu[{(1 = D) = D1, x (X)} (S, X)], Tin=ng1a(q.x) O  grnlqx),

with ﬁl a consistent estimator of the moment covariance, and analogously Ty, with (1—D), go x,
and a test vector ¢(Q, X). Write T}, = T1 4, + Ton-

Lemma 13 (Regime separation). Suppose the overlap and moment-reqularity conditions of Ap-
pendiz O hold and ¢ is chosen so that Q1,9 are nonsingular. (a) Under strong ignorability,
D 1 (W1,Y,5,Q) | X, the population residual vanishes, E[{(1 — D) — Dq1 x(X)}p(S,X)] =0,
and T,, = Op(1) with a limiting chi-squared law under the usual GMM conditions. (b) If instead
treatment depends on the potential outcomes in the sense that the true treated calibrator is not
X-measurable on the support of ¢, then the population residual is nonzero and T;, —, 0o at rate

n.

Proof. Under (a), D L (S,Q) | X gives E{D | S, X} =e(X),so E{(1-D)—Dq x(X)}|S,X]=
{1—e(X)} —e(X){1 —e(X)}/e(X) = 0, and the treated residual vanishes; the control case is

symmetric, and the chi-squared limit is the standard overidentification result. Under (b), the
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displayed conditional expectation is a nonconstant function of (S, X') with nonzero projection on

©, SO gt,n converges to a nonzero limit and the quadratic form diverges at rate n. O

Architecture-adaptive estimators. Fix a threshold sequence ¢, — oo with ¢, = o(n) (for
example a fixed chi-squared quantile, or a slowly growing sequence). The hard-selector estimator

uses
wIGN(O)’ Tn < cp,

wRR(OQn)> T, > cp,

and the smooth-weighting estimator uses 15°(0) = {1 — w(T,,) W1an(0) + w(T,) Yrr (0;n) for
a weight w : [0,00) — [0, 1] that is continuous, nondecreasing, w(t) — 0 as t — 0 and w(t) — 1

hard(o) —

n

as t — 0o. Both are computed with cross-fitting as in Section 4.

Theorem 21 (Separated-regime architecture-adaptive validity). Assume the conditions of Lemma 13,
the product-rate conditions of Corollary 1 for ¥rgr, and the standard AIPW rate conditions for

hard

Yian. Then the hard-selector estimator T = P, yh¥d s consistent and asymptotically normal

for 7 under the union of the two models:

1) if treatment is strongly ignorable, then n < cn) — 1, the selector uses ign with proba-
) if treatment is st ly 1 ble, then P(T,, < 1, the select P ith prob
bility tending to one, and 79 has the AIPW influence function;

(i) if treatment selects on (Y1,Yy) in the sense of Lemma 13(b) while the calibration and rep-
resentation conditions hold, then P(T, > c¢,) — 1, the selector uses Yrr with probability

tending to one, and 7' has the role-reversed calibrated influence function.
The same conclusions hold for 7% with w(T,) —, 0 in case (i) and w(T,) —, 1 in case (ii).

Proof. In case (i), Lemma 13(a) gives T,, = Op(1), so P(T}, > ¢,) — 0 because ¢, — oo; on the
event {T,, < ¢,} the estimator equals the cross-fitted AIPW estimator, which is asymptotically
linear with the ATPW influence function under its rate conditions and the ignorable identity
E{¢1gn} = 7 of Theorem 10(a). In case (ii), Lemma 13(b) gives T,, —, oo, so P(T;, < ¢,) — 0
because ¢, = o(n); on {T,, > ¢,} the estimator equals the cross-fitted role-reversed estimator,
which is asymptotically linear by Theorem 3 and Corollary 1. The smooth case follows from w

being continuous with the stated limits and the continuous mapping theorem. O

Remark 36 (Why this is a model-union analogue, not double robustness). Theorem 21 is a
model-union analogue of double robustness: wvalidity holds over the union of the ignorable and
selection-on-potential-outcomes models because the regime indicator T,, separates them, not because
a single score is unbiased under either nuisance misspecification. Two cautions follow. First, the
guarantee is pointwise in the regime: along local-to-ignorable sequences for which T,, = Op(1)
yet the truth is mildly non-ignorable, the hard selector is nonreqular and post-selection inference

is not uniformly valid; the smooth weighting attenuates but does not remove this nonregularity
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near the boundary. Second, a simple unweighted average %(ﬂJIGN + YrRr) s not a valid device,
because it is biased whenever exactly one of the two moments is valid. Weighted combinations are
efficiency devices when both identifying architectures are credible; model-union robustness requires
a diagnostic or selection rule of the present type. Accordingly, the robustness property invoked
throughout the main text is the calibrator-representer double robustness of Theorem 3, and this

architecture-adaptive extension is offered only as a sensitivity tool.

S Reproducing-kernel Hilbert space implementation

This appendix is a proposal for a future implementation rather than a validated method; the re-
sults sketched below are conjectural targets for follow-up work and are not used elsewhere in the
paper. The simulation in Section 5 establishes that, in the four-dimensional parametric calibration
class, no single smooth Tikhonov-anchored implementation Pareto-dominates the Sargan—Hansen
architecture selector across the selection-on-gains and accidental-ignorability regimes simultane-
ously. The implementations BO/C0 (primal-only Tikhonov anchoring) achieve an approximately
705-fold MSE reduction on the ATE at R = 1,000 under selection on gains relative to A and
unanchored role-reversed calibration, but fail under accidental ignorability because the adjoint-
representer is itself unstable when the proxies become weak. The implementations B1/C1 (pri-
mal+dual Tikhonov anchoring) match A under accidental ignorability but introduce dual misspec-
ification bias under selection on gains. This finite-sample tradeoff is a feature of the parametric
calibration class, not of the population minimum-norm representative-selection rule. In a suf-
ficiently rich function class, a single Tikhonov regularisation may reduce this finite-dimensional
tradeoff between stability and regime adaptation; we sketch the implementation here as a target

for follow-up work.

RKHS-Tikhonov implementation. Let #, and H; be RKHSs over (Y,Q,X) and (S, X)
respectively, with reproducing kernels K, and K satisfying boundedness and source conditions
in the sense of Bennett et al. (2023). Let 7; : H, — L?(Ps.x) be the operator

(Thq)(s,z) = E{Dq(Y,Q,X) | S =5, X =z}

and let r1(s,z) = E{(1 = D) | S = s, X = z}. The calibration moment (2) is then 77¢ = r;. A

natural empirical estimator is the RKHS-Tikhonov solution
~ . -~ = 2 N o~ 2
Q1= argqlél%_g {HTan rl,nHLQ(PS’X) + A llg qLAHHq} , (18)

and analogously for gp, where 77 ,, is the empirical conditional-mean operator and ¢ 4 is a cross-

fitted X-anchor. The dual is fit by the matching minimum-norm equation in H;. Closed-form
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solutions are available because both objectives are quadratic; for example (18) is solved by

() = Qa() + & (Ko( 00, Ky, 0n)) '
with & the solution of a linear system of size n; we omit the algebra.

In a function class of the size of H, the population minimum of (18) (with A, | 0 at
an appropriate rate) is the constrained minimum-norm element of the calibration solution set,
in the analogous-to-Riesz-representer sense of Chernozhukov et al. (2022b) (see Remark 28).
Theorem 8 identifies this representer as ¢; x under strong accidental ignorability. Under the
source-condition theory of Bennett et al. (2023) the resulting cross-fitted estimator is uniformly
root-n consistent across both selection-on-gains and accidental-ignorability regimes for the primal,
with single regularisation parameter \; , chosen by a finite-sample MSE criterion (e.g., generalised

cross-validation).

Random feature / sieve approximations. For computational reasons, an exact RKHS solu-
tion at sample size n is rarely used. Standard approximations include (i) random Fourier features
(Rahimi and Recht, 2008), (ii) sieve expansion with growing dimension (Chen and Pouzo, 2012),
and (iii) deep neural-network-based learning (Kennedy, 2023; Foster and Syrgkanis, 2023). All
three preserve the minimum-norm characterisation of Definition 3 as long as the regularisation
is taken to vanish at a slower rate than the empirical moment-violation rate. In our finite-
dimensional simulation the rich-basis implementation C is the simplest such approximation; a

careful RKHS / random-feature study is left to future work.

Practical guidance pending the RKHS implementation. Until an RKHS implementation
is fully validated, the Sargan—Hansen statistic is used as an architecture diagnostic, not as a basis
for post-selection inference: in the simulation of Section 5 it selects the correct branch when
the critical value is calibrated to the number of test functions (y%(0.999) with K the dimension
of the instrument vector). The present finite-dimensional implementations therefore admit the
following practical recommendation: (i) calibrate the Sargan critical value to x%(0.999) for the
actual instrument dimension K (ii) report the Tikhonov primal-only estimator BO (or its rich-
basis analogue C0) as primary under a substantive selection-on-gains prior, where it delivers the
approximately 705-fold MSE reduction on the ATE documented in Table 3; (iii) report the anchor-
regularised primal+dual estimator B1 (or C1) under a substantive accidental-ignorability prior,
where it matches the AIPW(W = X) reference in Table 4; (iv) when the analyst is uncertain
about the regime, the Sargan—Hansen selector A combines the two branches automatically through
the score-test decision. Disagreement between A, B0, and Bl on a particular dataset is itself
a diagnostic signal of weak auxiliary-measurement or boundary-regime conditions and should
prompt the user to inspect the singular-value diagnostics of Section K before settling on a single

estimator. In all cases, the diagnostics recorded in the implementation file (Anderson—Rubin score
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statistic at the X-anchor; cross-fitted Tikhonov regularisation paths; dual residuals) provide direct

evidence of which regime the data are consistent with.
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