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Abstract

The recent seminal work of Chernozhukov, Chetverikov and Kato has shown that bootstrap approx-
imation for the maximum of a sum of independent random vectors is justified even when the dimension
is much larger than the sample size. In this context, numerical experiments suggest that third-moment
matching bootstrap approximations would outperform normal approximation even without studentization,
but the existing theoretical results cannot explain this phenomenon. In this paper, we develop an asymp-
totic expansion formula for the bootstrap coverage probability and show that it can give an explanation
for the above phenomenon. In particular, we find the following interesting blessing of dimensionality
phenomenon: The third-moment matching wild bootstrap is second-order accurate in high dimensions
even without studentization if the covariance matrix has identical diagonal entries and bounded eigen-
values. We also show that a double wild bootstrap method is second-order accurate regardless of the
covariance structure. The validity of these results is established under the assumption that the underlying
distributions admit Stein kernels.

Keywords: Cornish—Fisher expansion; coverage probability; double bootstrap; Edgeworth expansion;
second-order accuracy; Stein kernel.

1 Introduction

Let X1, ..., X, be independent centered random vectors in R¢ with finite variance. Set

1 n
Sp = — X;.
Vi

The aim of this paper is to investigate the accuracy of bootstrap approximation for the maximum statistic
T, = 121;1& Sn.js

when both n and d tend to infinity. The seminal work of Chernozhukov, Chetverikov & Kato [18] has

established a Gaussian-type approximation for this statistic under very mild assumptions when the dimension

d is possibly much larger than the sample size n. To be precise, let Z be a centered Gaussian vector in R?

with the same covariance matrix as .5,,, say 2. The Gaussian analog of T, is given by

ZV := max Zj.
1<j<d
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Under mild moment assumptions, Chernozhukov, Chetverikov & Kato [18] have shown that

sup| P(T, < 1) — P(2V < 1) = O ((W)b) (1)

teR

holds with @ = 7 and b = 1/8. This result implies that given a significance level a € (0, 1), the probability
G

P(T,, > ¢& ) is approximately equal to o as long as logd = o(n'/7), where ¢{'_

G

11—«

is the (1 — «)-quantile
of ZV. Therefore, we can use ¢{_, as a critical value to construct asymptotically (1 — a)-level simultaneous
confidence intervals or a-level tests for a high-dimensional vector of parameters; see [6, 23] for details. In

practice, cﬁa is not computable because 3 is generally unknown, so we need to replace it by an estimate.

In [18], this is implemented by the Gaussian wild (or multiplier) bootstrap: Let wy, ..., w, be i.i.d. standard
normal variables independent of the data X7, ..., X},. Define the Gaussian wild bootstrap version of S, as
follows:
1 & . S
Sk = \/ﬁ;wi(Xi—X), where X = nZ;X (1.2)

We may naturally expect that c?_a would be well-approximated by the (1 — «)-quantile of the conditional
law of T} := maxy<;<q Sy, ; given the data, say ¢1—q. This is formally justified by [18]: They essentially

P(T,>é1-a)=a+0 ((k’ga(dn)>b> (1.3)

prove

n

with @ = 7 and b = 1/8. Subsequently, Chernozhukov et al. [20] have improved the convergence rates of
(1.1) and (1.3) to b = 1/6. They also proved the left hand side of (1.1) can be replaced by sup 4 |P(Sy €
A)—P(Z € A)|,where R := {H?Zl[aj, bj] :aj <b;, j=1,...,d} is the class of rectangles in RY.

It is easy to see that the conditional law of S} given the data is N (0, X,,), where ¥,, is the sample co-
variance matrix: 3, := n~! S (Xi— X)(X; — X)T. Hence, the Gaussian wild bootstrap is essentially a
feasible version of the normal approximation for 7;,. Then, it is natural to ask whether the approximation ac-
curacy can be improved by more sophisticated bootstrap methods such as the empirical and non-Gaussian wild
bootstraps. In the fixed-dimensional setting, it is well-known that standard bootstrap methods improve the
approximation accuracy in the coverage probabilities over the normal approximation only when the statistic
of interest is asymptotically pivotal (cf. [38, Chapter 3]). Even worse, they can be harmful for the univariate
sample mean without studentization; see [47, Section 3]. Despite these facts, numerical experiments suggest
that third-moment matching bootstrap methods would outperform normal approximation (cf. [22, 26]). To
appreciate this, we depict in Fig. 1 the P—P plot for the rejection rate P(7,, > ¢1_,) against the nominal
significance level o when n = 200 and d = 400, where ¢;_, is computed by either the Gaussian wild boot-
strap or a wild bootstrap with third-moment matching. We can clearly see that the latter performance is much
better than the former.

Deng & Zhang [26] tried to explain this phenomenon by showing that convergence rates of third-moment
matching bootstrap approximations have a better dimension dependence, i.e. they achieve a = 5 and b =
1/6 in (1.3). Later, however, it was shown in [39] that the same convergence rate is achieved by normal

approximation, i.e. (1.1) holds with @ = 5 and b = 1/6. Chernozhukov et al. [22] have further improved
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Figure 1: PP plots for the rejection rate P(T,, > ¢;_,,) against the nominal significance level « when n = 200 and
d = 400. The rejection rate is evaluated based on 20,000 Monte Carlo iterations. The critical value ¢;_, is computed
by the Gaussian wild bootstrap for the left panel and the wild bootstrap with w; generated from the standardized beta
distribution with parameters «, /3 given by (2.8) with v = 0.1 for the right panel, respectively. The number of bootstrap
replications is 499. X7, ..., X, are generated from a Gaussian copula model with gamma marginals as in the simulation

study of Section 3. The parameter matrix is R = (0.207*); < ;<4

the convergence rate to a = 5 and b = 1/4 for both normal and bootstrap approximations. Moreover, if we

require 3 to be invertible, it is possible to achieve the Berry—Esseen rate n /2

up to a log factor even in the
high-dimensional setting. Results in this direction first appeared in Fang & Koike [29], where the following

result is obtained when X7, ..., X, are log-concave:

log® d

sup |P(S, € A)—P(Ze€ A)|=0
AeR

logn | . (1.4)

This rate is known to be optimal up to the logn factor in terms of both n and d; see Proposition 1.1 in
[29] and also Corollary 2.1. This type of result has been further investigated in [24, 42, 48]. In particu-
lar, Chernozhukov et al. [24] have obtained the above nearly optimal rate when max; ; | X;;| is bounded.
Here, the boundedness condition can be replaced with the sub-exponential condition by a simple truncation

1/2 is (nearly) attainable even when X

argument; see Appendix A. Further, in some situations, the rate n~
is (asymptotically) degenerate; see [31, 32, 49]. Nevertheless, all of these improvements are valid for nor-
mal approximation and thus do not explain the superior performance of third-moment matching bootstrap
approximations.

In this paper, we aim to explain the superior performance of bootstrap approximation in high dimensions
using Edgeworth expansion and related techniques. Specifically, we develop an asymptotic expansion for-
mula for P(7,, > ¢1_,) in Theorem 2.3. One main implication of this formula is that when d > n and X
has identical diagonal entries and bounded eigenvalues, the wild bootstrap with third-moment matching is
second-order accurate in the sense that

P(T,>¢a)=a+0 <log7§dn)>

3



for some constant a > 0 (see Corollary 2.2). This shows that high dimensionality can be beneficial to
the accuracy of the third-moment matching wild bootstrap, revealing the blessing of dimensionality in this
context. By contrast, the Gaussian wild bootstrap does not benefit from the high dimensionality in this
situation, which clearly explains the performance difference in Fig. 1. At the same time, our asymptotic
expansion formula also shows that this is not always the case: The structure of ¥ strongly determines whether
the above improvement occurs. In particular, when ¥ is an equicorrelation matrix, the third-moment matching
wild bootstrap could be inferior to the Gaussian wild bootstrap; see Corollary 2.4 and the simulation results
in Section 3. For this reason, we also develop an alternative approximation to the quantiles of 7;, that is
second-order accurate regardless of the structure of 3. A classical solution to this problem is bootstrapping
the studentized version of S, but this is impossible in high dimensions since the sample covariance matrix
f]n is degenerate whenever d > n. Instead, we achieve this by Beran [7]’s double bootstrap method, another
classical technique to improve the approximation accuracy for non-pivotal statistics; see Section 2.3.
Despite the fact that Edgeworth expansion is a standard tool to analyze the performance of bootstrap in
the classical setting (cf. [38]), this approach has not been investigated for the above problem so far. One main
reason is the lack of valid Edgeworth expansion for 7, in the high-dimensional setting. While asymptotic
expansions for statistics of high-dimensional data have been actively studied in multivariate statistics (see
[35] for an overview), results developed there seem inapplicable to our problem. One main reason is that
T, may not have any limit distribution as n,d — oo even after properly scaled. In fact, this is one of
the motivations for the development of Chernozhukov—Chetverikov—Kato’s theory. In view of (1.4), we
are concerned with Edgeworth expansion of P(S, € A) over A € R. In the fixed-dimensional setting,
a valid Edgeworth expansion of P(S,, € A) is conventionally derived from an asymptotic expansion of
the characteristic function of S,, via Fourier analysis (see e.g. [8]). Such an argument makes the dimension
dependence of the error bound extremely complicated, so it is rarely given explicitly. One exceptional work
is Anderson et al. [2], but their proof technique seems to inherently require the condition d < n and is
thus inapplicable to our setting. In fact, in the high-dimensional setting, the geometry of the set A plays a
key role to obtain an improved dimension dependence of error bounds, and it is unclear how to incorporate
such information into Fourier analytic arguments. We also mention the recent work by Zhilova [60] who
establishes explicit, computable error bounds for sup 4 4 |P(S, € A) — P(S,, € A)| where S, is another
sum of independent random vectors and A is either the class of balls or half-spaces. However, apart from
other technical issues, these error bounds contain 1/4/n terms and cannot be used for second-order analysis.
To circumvent the above issue, we develop valid asymptotic expansions using Stein’s method. The use of
Stein’s method for asymptotic expansion was initiated by Barbour [4] who derived an asymptotic expansion
of E[h(Sy)] when d = 1 and h is a smooth function. To drop the smoothness of the test function h, the
so-called Cramér’s condition is usually assumed in the Fourier analytic approach, but it is unknown how
to (directly) incorporate Cramér’s condition into Stein’s method based arguments. Instead, we assume that
the underlying random vectors have Stein kernels, motivated by the recent development of this approach by
Fang & Liu [33] in the univariate case (see Lemma 2.1 ibidem). Apart from the technical difficulty, Cramér’s

condition is violated whenever the underlying statistic has a singular covariance matrix. This is unsuitable



for application to bootstrap statistics in high-dimensions, so Stein kernels will be a more appropriate tool for
our problem (see Remark 2.4).

In addition to the above development, we also establish two new inequalities for high-dimensional nor-
mal distributions in order to overcome further difficulties that arise specifically when proving the validity of
asymptotic expansions in high dimensions. The first inequality is an anti-concentration inequality on rect-
angles for the higher-order terms of the Edgeworth expansion. Such a bound is necessary when controlling
the remainder term appearing in an application of the so-called smoothing inequality, which is a standard
initial step in justifying multivariate Edgeworth expansions (see e.g. [8, page 91]). Existing bounds, such as
[8, Corollary 3.2], involve constants that grow polynomially with the dimension and therefore do not work
in ultra-high-dimensional regimes where the dimension is far larger than the sample size. To address this
limitation, in Lemma 4.2 we derive a new anti-concentration inequality for the higher-order terms of the
Edgeworth expansion that depends only poly-logarithmically on the dimension. See also Remark 2.3. The
second inequality is necessary for establishing the validity of the Cornish—Fisher expansion used in justifying
the asymptotic expansion formula for P(7,, > ¢1_,). In the conventional derivation of the Cornish—Fisher
expansion, one assumes that the distribution function of the statistic admits an absolutely continuous limit
distribution function G. The Cornish—Fisher expansion is then obtained by transforming the Edgeworth ex-
pansion through the inverse of G and applying a Taylor expansion (see [35, Section 5.2]). In this situation,
since GG does not depend on n, the validity of the Cornish—Fisher expansion follows almost automatically
from that of the Edgeworth expansion. However, as noted earlier, in high-dimensional settings the maxi-
mum statistic 7, generally does not possess a non-degenerate limit distribution. Consequently, one must
instead transform the Edgeworth expansion using the distribution function Fz of ZV, which depends on 7,
thereby requiring a sufficiently sharp non-asymptotic bound for the inverse of F'z. To resolve this issue,
we derive in Lemma 5.1 a new isoperimetric-type inequality for Gaussian maxima that yields precisely the
control needed; see also Remark 2.6.

The remainder of the paper is organized as follows. Section 2 collects the main results of this paper: In
Section 2.1, we establish valid Edgeworth expansions for \S,, and .S} in high dimensions. Then, we develop
an asymptotic expansion formula for P(7}, > ¢;_,,) and discuss its implications in Section 2.2. Finally, we
show in Section 2.3 that a double wild bootstrap method is second-order accurate. Section 3 contains a small
simulation study. Most proofs are collected in Sections 4 and 5. The appendix contains additional proofs and

auxiliary results.

Notation For a vector z € R%, we set |z| := Z?zl % and 2V := max;<j<qx;. We denote by 14 =
(1,...,1)" € R? the all-ones vector in R%. For r € N, (R%)®" denotes the set of real-valued d-dimensional
r-arrays V.= (Vj, . )1<j...j.<d- In particular, (R?)®1 = R and (R%)®? is the set of d x d matrices. For
Uec RH®and V € (RH)®", weset URQV := (Ussiiq Vit oo )<t oot sjo<d € (RH®(a+7) We write
U®? = U®U for short. When ¢ = r, we also set (U, V) := 2?1,-..,jr=1 Uij,.....;»Vir.....jr- In particular, when
g =71 =1, (U,V) is the Euclidean inner product of U and V, which we also write U - V. In addition, we

set [Vl =35 21 Vil and [V [l == maxi<j, . j,<a|Vi,,. ;|- Further, for z € R?, we define



:L’®r = (l’jl s ‘Tjr)lﬁjh---,jrﬁd € (Rd)@)r. Finally, we set

1 n
- &r
X = EE XFr
=1

Given an r-times differentiable function b : R? — R, we set V"h(z) := (9, j, () 1<), ju<d €
(RH®" for z € RY, where 0j,,_j, = 6%?%?8%‘ For m € N U {oo}, C/"(R?) denotes the set of bounded
C™ functions with bounded derivatives.

For an invertible matrix V, ¢y denotes the density of N (0, V'). We write ¢4 = ¢, for short, where I
is the d x d identity matrix. Further, we write ¢ = ¢; for short. ® denotes the standard normal distribution
function. Also, for a distribution function F' : R — [0, 1], its (generalized) inverse is defined as F'~1(p) =
inf{t € R : F(t) > p}, p € (0,1). We refer to Appendix A.1 in [11] for useful properties of inverse
distribution functions.

For a random vector & and p € (1, 00), we set ||£]|, := (E[|€]P])'/P (recall that |- | is the Euclidean norm).
Further, for a > 0, we set ||£||y,, = inf{t > 0 : E[exp{(|¢|/t)*}] < 2}. For two random vectors £ and 7,
we write £ 4 7 if & has the same law as 7.

We assume d > 3 whenever we consider an expression containing log d. A similar convention is applied

to n.

2 Main results

Throughout the paper, we assume that S;, has an invertible covariance matrix 3 and denote by o, the
square root of the minimum eigenvalue of ¥. We also set & = max;j—1 .4 /3;; and ¢ = minj—y g /3;;.
Further, wy, ..., w, denote i.i.d. random variables independent of X, ..., X,,. They are used to define the
wild bootstrap statistic S in (1.2). We always assume E[w;] = 0 and E[w?] = 1. Also, P* and E* denote the
conditional probability and expectation given the data X1, ..., X, respectively. For p € (0,1), ¢, denotes
the conditional p-quantile of 7} given the data, i.e. ¢, := inf{t € R : P*(T}; <t) > p}.

2.1 Valid Edgeworth expansion in high dimensions

We begin by introducing appropriate (second-order) Edgeworth expansions for S,, and S;;. The former

is standard. That is, our Edgeworth expansion for S, is defined as

pn(2) = ¢x(2) (E[X3], V3¢5(2)), =zeR<

1

- 6yn
The situation is different for the latter. In the low-dimensional setting, a natural bootstrap version of p,,(z)
would be obtained by replacing 3 and E[ﬁ] with their sample counterparts f]n and X3, respectively. How-
ever, when d > n, f]n is always degenerate, so ¢in is not well-defined. For this reason, we consider an
Edgeworth expansion “around ¢x”. Formally, our Edgeworth expansion for S is defined as

Pun(2) = 65(2) + 3 (X2~ £, V6n(2) — = (X5, VPos(2), = € R,

2 6y/n

where v € R is a constant determined by the construction of S};. Typically, v = 1 for third-moment matching
bootstrap methods.

Next, we formally define the notion of Stein kernel.



Definition 2.1 (Stein kernel). Let ¢ be a random vector in R? with E[||¢[|o] < co. A measurable function
7:R? — R @ RY is called a Stein kernel for (the law of) & if E[||7(€)||o0] < oo and

E[(¢ — E[¢]) - VA(€)] = E[(7(€), VZh(€))] @1
for any h € C2(R%).

The concept of Stein kernel was originally introduced in Stein [58, Lecture VI] for the univariate case.
Although its partial multivariate extension dates back to [14], general treatments have started in more recent
studies of [44, 56], stemming from the discovery of a connection to Malliavin calculus due to Nourdin &
Peccati [54] (the so-called Malliavin—Stein method). We refer to [51] for the recent development.

Remark 2.1 (Alternative definition). Our definition of Stein kernel is taken from [44]. In the literature, the
definition of Stein kernel often requires (2.1) to hold with VA on both sides replaced by any bounded C'*
function h : R? — R? with bounded derivatives. Except for the case d = 1, this requirement is slightly
stronger than ours. Nevertheless, as far as the author knows, this stronger requirement has so far been met

by all known constructions of Stein kernels, including all the examples of this paper.

The validity of Edgeworth expansion for S, is ensured if the summands have Stein kernels:
Theorem 2.1 (Edgeworth expansion for S,,). Suppose that X; has a Stein kernel TiX foreveryi=1,....,n
Suppose also that there exists a constant b > 0 such that

X <b 2.2
2, oax, 1 X @2)

and

X 2
A (X < b, 2.
gfsxnlgixsziHka( ’)”7/11/2 = 23

Further, assume log3 d <n. Then,
5 3
<C —b log”d 1

*

sup ‘P(Sn €A — / pn(z)dz (2.4)
A

AER

Remark 2.2. Here and below, we do not intend to optimize the dependence of bounds on b and .

Remark 2.3 (Proof strategy). One main tool to prove (2.4) and its bootstrap counterpart (2.7) is an explicit
decomposition formula of E[h fRd z)dz for a suitable test function 2 : RY — R using
Stein kernel (see Lemma 4.3). In the univariate case, such a decomposition has recently been derived in
[33] for any bounded h (see Eqs.(2.10) and (2.11) ibidem). Although their argument can be extended more
or less naturally to the multivariate case as long as h is sufficiently smooth, it would generally fail if A is
just bounded. This is because when d > 2, the Stein equation associated with / is a second-order partial
differential equation, so its solution is less smooth than in the univariate case (see also [37, Remark 2.7] for
a related discussion). For this reason, we prove the decomposition formula with & replaced by a smoothed
version hy(z) = E[h(v/1 — tx + /tZ)] with t € (0,1]. For h = 14 with A € R, this formula along with



Lemma 4.4 gives an error bound for E[hy(W)] — [pa hi(2)pn(2)dz depending (poly-)logarithmically on d
and ¢

Therefore, in contrast to the univariate case, we need an additional argument to make the smoothing error
negligible. Conventionally, this is accomplished by the so-called smoothing inequality and a suitable estimate
for sup 4 [, (DA |pn(2)|dz (called an anti-concentration inequality), where the supremum is taken over R in
our case. See e.g. [8, Lemma 11.4] for the former and [8, Corollary 3.2] for the latter, respectively. However,
to the author’s knowledge, all the existing bounds for sup 4 [, (@A) |pn(z)|dz depend polynomially on d and
are inadequate for our purpose. To resolve this issue, we establish a novel bound for sup 4 | [ (DA pn(2)dz|
which depends only poly-logarithmically on d (see Lemma 4.2). This together with a modified smoothing

inequality (Lemma 4.1) shows that the above smoothing error is negligible.
Below we give a few examples satisfying (2.3).

Example 2.1 (Log-concave distribution). Log-concave distributions are prominent examples having Stein
kernels with the desired properties. The following result follows from [1, Proposition A.5], [34, Theorem
2.3 and Proposition 3.2] and Lemma D.6.

Lemma 2.1 (Stein kernel of log-concave distribution). Suppose that a random vector X in R? has a log-
concave density. Then X has a Stein kernel T and

Xillw, < E[X2 (X < E[X?
max | J\le_Clrg;gd\/ [X5], 1gi§d||7'yk( Mp,jo < € max E[X]]

for some universal constant C > 0.

Example 2.2 (Gaussian copula model). Let R be a d x d positive semidefinite symmetric matrix with unit
diagonals. Also, for every j = 1,...,d, let ;1; be a non-degenerate probability distribution on R (i.e. j;
is not the unit mass at a point), and denote by F its distribution function. The Gaussian copula model
U= (Uy,..., Ud)—r with parameter matrix R and marginal distributions pi1,. .., g is defined as U; =

F7(®(Z5)) forj=1,...,d, where Z ~ N(0, R).

Proposition 2.1 (Stein kernel of Gaussian copula model). Suppose that there exists a constant k > 0 such
that for every j = 1,...,d and any Borel set B C R,

(BM™ — (B
R10 h

> kmin{p;(B),1 - p;(B)}, 2.5)
where B" := {t € R : |t — s| < h for some s € B}. Then X := U — E[U] has a Stein kernel T and

—1 —2
11%132'21”)9”% <Ck™, lg’f‘gdHTjk(X)le <Ck

for some universal constant C' > (.

The maximal constant « satisfying (2.5) is called the Cheeger (isoperimetric) constant of 1;. We refer to
[10, Theorem 1.3] for a useful equivalent formulation in the univariate case. When p; is log-concave, then
(2.5) is satisfied with k = 1/,/3 Var[X ;]| by Proposition 4.1 in [9]. Since the gamma distribution with shape



parameter > 1 is log-concave, Proposition 2.1 shows that the simulated model in the introduction satisfies
the assumptions of Theorem 2.1. We can actually show that any gamma distribution has a positive Cheeger

constant; see Proposition 4.1.

Example 2.3 (Affine transformation). Let & be a random vector in R™ with a Stein kernel 7. Then, a straight-
forward computation shows that for any ¢ € R?% and d x r matrix V, V¢ + a has a Stein kernel given by
x> EVT(OVT | VE+a=2a]

Example 2.4 (Multiplicative perturbation). Let X be a random vector in R? and € a centered random variable
independent of X and having a Stein kernel 7. Then X has a Stein kernel x — E[7(€)X®? | eX = z],
provided that E[||eX || o] + E[||7(€) X®?|| o] < oc. This easily follows by applying Example 2.3 conditional
on X. This type of random vector arises in high-dimensional regression; see [18, Section 4]. Note that uni-
variate Stein kernels can be written down explicitly and their properties are well-investigated in the literature;

see [28, 46] for example.

Example 2.5 (General continuous distribution). Let X be a centered random vector in R¢ with density f. If
E[|X|?] < oo and the support of f is a (possibly unbounded) rectangle, we can construct a Stein kernel for
X by modifying the construction given in [51, Remark 4.13] as follows (see also the proof of [3, Theorem
4]). Fora vectorz € R?and j € {1,. d} weset 1, = (z1,...,25) " and zj.q4 := (zj,...,24)". Also,

define a function g; : R/ — R as gj(u fR‘i ;5 flu,v)dv. Thanks to the fact that f is supported by a

rectangle, we can define a function 7y : Rd — R such that

() f(x) = 9j1($1;(j—1))/ uy f (U, T(j11y.a)du

RI=1x[z;,00)

o0
— / gj(xlz(jl),u)du/ uy f(u, Tgjqn)a)du
x; RJ
a.e. x with respect to the Lebesgue measure, where we set gg = 1 by convention. By construction, it is
straightforward to verify that Z ;(11;f)(x) = —21 f(x) a.e. x. Moreover, the assumptions E[| X |?] <
ocoand E[X] = OrespectlvelylmplyEHTl]( )] < ocandTi;(z)f(x) — Oas|xj| = coa.e. (z1,...,2j—1,Tj41,--.,Td)-
[th( )} for any h € C}(R?). Rotating the
indices, we can analogously construct functions 7;; : RY — R (i, j ., d) satisfying E[|7;;(X)[] < oo
and 39 E[r;;(X)9;h(X)] = E[X;h(X)] forany h € C}(RY).
for X.

Let us give a sufficient condition to bound ||7;;(X) |, ,, (We will actually bound ||7;;(X) ||y, ). Fora non-

Hence, integration by parts gives Z;lzl E[m1;(X)0;h(X)] =

onsequently, (Tij)1<i,j<d is a Stein kernel

empty subset I C {1,...,d}, we denote by f7 the density of (X;);cr. Suppose that there exists a constant
K > 1 such that for any disjoint partition {1,...,d} = I Ul U I3,

1 < I, (Xi)ien,) fr, (Xi)ier,) frs((Xi)iers) <K as 2.6)
K f(X)
Also, suppose that the Cheeger constant of the law of X; is bounded below by 1/K forall j € {1,...,d}
(cf. Example 2.2). Then we have |7;;(X)| < 2(K + | X;| + E[|X;]]) K a.s. Hence, there exists a universal
constant C' such that ||7;;(X)]y, < CK™.



Condition (2.6) can be interpreted as a weak dependence condition between the components of X . Though
this condition seems somewhat restrictive, it is satisfied e.g. when the copula of X belongs to the Farlie—

Gumbel-Morgenstern family with appropriate parameter values (see [53, Example 3.31]).

Remark 2.4 (Relation to classical conditions). (a) In the univariate case, if a non-degenerate distribution has
a Stein kernel, then it has a non-zero absolutely continuous part; see [28, Theorem 1.1]. In particular, it must
satisfy Cramér’s condition.

(b) In the multivariate case, a non-degenerate distribution may not satisfy Cramér’s condition even when it has
a Stein kernel: A simple example is a multivariate normal distribution with singular covariance matrix. This
example is indeed important in the high-dimensional setting when analyzing the Gaussian wild bootstrap.
(c) If a probability distribution has a Stein kernel, its support is convex. This follows from the fact that any
one-dimensional marginal has a Stein kernel and thus is supported by an interval according to [28, Theorem
1.1].

As a first application, we derive the exact convergence rate of the coverage error of (infeasible) Gaussian
approximation in the spherical case. This will serve as a benchmark. Recall that cg denotes the p-quantile
of ZV.

Corollary 2.1 (Coverage error of Gaussian approximation in the spherical case). Under the assumptions of
Theorem 2.1, suppose additionally that ¥ = ol for some o > 0. Suppose also that d — oo, log®d =
o(n/log?n) and b/o = O(1) as n — oo. Further; suppose that (nd)~* >0, Z;-lzl E[(Xi;/0)%] = vx as
n — oo. Then, for any o € (0,1),

n

V2
log® d (P(T, = cf ) — @) — —3 X log(1 —a) (n— o).

We turn to Edgeworth expansion for S:. Its validity is ensured if the weight variables have Stein kernels:

Theorem 2.2 (Edgeworth expansion for S}). Assume (2.2). Also, suppose that w; satisfies either of the

following conditions:

(i) w1 has a Stein kernel T* and there exists a constant b, > 1 such that |wy| < by, and |7*(w)| < b2,
(ii) wy ~ N(0,1). We set b, = 1 in this case.

Further; assume log® d < n. Set  := E[w}]. Then we have

b3,b° log®(d
sup ‘P*(S:L €A — / Pnny(2)dz| < C—¢ Mlogn (2.7)
AeR A Ok n
with probability at least 1 — 1/n.
We can construct a random variable w; satisfying Condition (i) and E[w}] = 1 as follows: Let 7 be a

random variable following the beta distribution with parameters o, 5 > 0. Then w := (n — E[n])/+/Var[n]
satisfies (i) by [46, Example 4.9] and Example 2.3. Also, we have

Blw?] = 26— a)ya+B+1 201 —2u)V1+v

1l =

(a+B+2)Vap 24 v)/u(l =)

10



where 1 = o/(a+ ) and v = a + (. From this expression, given a positive constant v > 0, we have

E[wf] = 1 if we set

azyc—(22—lc—1/)\ﬁ7 5=VC+(2;C_ v)y/c

A drawback of Theorem 2.2 is that two-point distributions do not admit Stein kernels (cf. [28, Theorem

with ¢ = % 4 20v + 20. (2.8)

1]). In particular, it does not cover Mammen’s wild bootstrap (cf. Eq.(3.1)) examined in the simulation
study of [26]. However, the above standardized beta distribution becomes closer to Mammen’s two-point
distribution as v is closer to 0, and their numerical difference virtually vanishes. Our simulation study shows

that the beta wild bootstrap with v = 0.1 performs very similarly to Mammen’s one.
2.2 Asymptotic expansion of coverage probability

Next, we develop an asymptotic expansion of the bootstrap coverage probability P(7,, > ¢1_,) and
investigate its implications. Before proceeding, we introduce some notation used throughout this section.
Fort € R, we set A(t) := (—o0,t]%. We denote by f5 the density of ZV, where Z ~ N(0,X). Note
that f5; is a C™ function since ¥ is invertible. Also, we set g := /Var[ZV]logd. By Lemma D.3, ¢4
is bounded from below by a positive constant depending only on & and ¢. By Lemma D.1, ¢; is generally
bounded by E\/@, but we often have ¢; = O(1) as d — oo, known as a superconcentration phenomenon
(cf. [16]). For example, this is the case when ¥;; = 1 for all j and there exists a constant C' > 0 such that
Yk < C/log(2 + |j — k|) for all j, k. This follows from [16, Theorem 9.12].

Theorem 2.3 (Asymptotic expansion of bootstrap coverage probability). Under the assumptions of Theorems
2.1 and 2.2, let A > 0 be a constant such that b/o, < \. Then, for any ¢ € (0,1/2), there exist positive
constants ¢ and C' depending only on \, ¢ and by, such that if

st log®(dn)

5 logn <c, 2.9)
o3 n
then
. G s log®(dn)
sup  |P(Ty > é1-0) — (0~ (1 - 1)Qu(ef o) ~ E[Ra(@)])] < 022817 jogny,
e<a<l—e¢ oy
where )
o o - - V3 3

Qn(t) := /A(t){pn(z) o (2)}dz = 6\/ﬁ<E[X3]’ A(t)V o5 (2)dz), teR,

and

) <F ® 14, \1/(%2>

o) = — o = 205:(2)dz.
R) = T Y L, T

Cl —a )
Remark 2.5 (Univariate case). When d = 1 and X = 1, the above asymptotic expansion formula reduces to

a— Eé%?{?(c?_a)? +1}o(c§ ) ify=0,

X3 .
a— B0 )?e(ef ) ify =1

These recover the asymptotic expansion formulae for normal and empirical bootstrap coverage probabilities,
respectively; see e.g. [47, Eqs.(2)~(3)] (note that ¢§' |, = ®~1(1 — a) = —®~1(a) when d = 1).
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Remark 2.6 (Proof strategy). A basic strategy to prove Theorem 2.3 is the same as the classical one (cf. Sec-
tion 3.5.2 in [38]): We replace the “complicated” random variable ¢; _, by its asymptotic expansion (known
as Cornish—Fisher expansion). After this replacement, it turns out that the proof amounts to Edgeworth
expansion for the maximum component of a sum of independent random vectors with (approximate) Stein
kernels, which can be handled by a similar strategy to the proof of Theorem 2.1.

A major difficulty specific to our setting arises when we derive an error bound for Cornish—Fisher expan-
sion. This is due to the fact that the “centering” distribution function Fz(t) = P(Z" < t) for our Edgeworth
expansions depends on d and may not converge to a non-degenerate distribution function as d — co. In
particular, bounding derivatives of F, ! is non-trivial in our setting. To resolve this issue, we develop a
novel isoperimetric-type inequality for ZV suitable for our purpose (see Lemma 5.1). We remark that a
Gaussian-type isoperimetric inequality for Z" can be derived from Gaussian isoperimetry, but the dimension

dependence is less sharp than ours; see Remark 5.1 for details.

Now we discuss implications of Theorem 2.3. An easy consequence is that any wild bootstrap approxima-

tion is second-order accurate when E[X 3] = 0 as long as w satisfies the assumptions in Theorem 2.2. How-
ever, simulation results suggest that the choice of w; would affect the performance even when E[ﬁ] =0,
so there is still room to investigate.

The following corollary gives a more interesting implication:

Corollary 2.2. Under the assumptions of Theorem 2.3, suppose additionally that E[w}] = 1, ¢ > 2e~/2,
o = 0 =: o and the maximum eigenvalue of ¥ is bounded by K o? with some constant K > 0. Then there

exist a constant C' > 0 depending only on \, e, K and b, such that

3 1og3(d log®d
sup  |P(T > é10) —a| < C %M logn + 4 [22 2| (2.10)
e<a<l—¢ 0% n o dn

Observe that the second term on the right hand side of (2.10) is divided by v/d. Hence, Corollary 2.2

implies that the third-moment matching wild bootstrap is second-order accurate if d > n and X has identical

diagonal entries and bounded eigenvalues with respect to d. This seems to be a new result on the blessing of
dimensionality, although excessively high dimensionality is harmful due to the first term of the bound. We

also remark that such an improvement generally does not occur without third-moment matching:

Corollary 2.3. Under the assumptions of Corollary 2.1, if w; satisfies the conditions in Theorem 2.2 with
by = O(1), then for any o € (0,1),
n
log® d

Remark 2.7. The additional assumptions on X in Corollary 2.2 are necessary to ensure that 7;, is truly

(P(T, > ¢1-0) —) > —(1 — E[wg])\ffyx log(l1—a) (n— o).

high-dimensional:

(a) The assumption ¢ = @ ensures that no single component solely affects variations of 7;,. Formally,
this assumption is mainly used to prove P(Z; > ¢{_ ) = O(d~!\/logd) as d — oo for every j

-«

(corresponding to the second inequality of (5.28)).
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(b) The boundedness of the maximum eigenvalue of 3 rules out situations where the components of X
have a common factor. In such a situation, the common factor solely affects variations of 7T},. In fact,

we obtain the following corollary when this is the case:

Corollary 2.4. Under the assumptions of Theorem 2.3, suppose additionally that X1, ..., X, arei.i.d. and
each has the same law as \/ﬁUld + /1= pV, where p € (0,1) is a constant, U is a random variable with
mean 0 and variance 1, and V is a random vector in R independent of U with E[V] = 0 and Cov[V] = 1.
Moreover, suppose that p and U do not depend on d,n. Then, for any a € (0,1),

3 _ 2,2
(e -0+ 2 o)

+ (1= p)2Tpr(a)+o(n/?)

P<Tn > él—a) —a=

(2.11)

as d,n — oo, provided that b = O(1) and log® d = o(n/ log® n). Here, we set z, := ®~'(a) and

o) e LT s 3 (\ds 1 (E[V®]©1,4,05?)
Tunle) = G V), [ Vo) on e S

Moreover, if v = 1, then Y, (a) = o(n~Y/?) as d,n — oo.

If E[V®3] = 0 in Corollary 2.4, the asymptotic expansion formula (2.11) has the same form as in the
univariate case (cf. Remark 2.5). Therefore, in such a situation the third-moment matching wild bootstrap
underperforms the Gaussian wild bootstrap if |z, | > 1 according to [47, Section 3]. We expect that a similar
phenomenon would occur when p is close to 1; see Section 3 for numerical evidence. On the other hand,
Corollary 2.4 also shows that the coverage error of the third-moment matching wild bootstrap is always
of order O(n~'/2) regardless of the value of E[V®3]. The simulation results in Section 3 suggest that the
Gaussian wild bootstrap would not enjoy this property because its performance in Design (I) significantly

worsens when the value of p is close to 0.
2.3 Double wild bootstrap

As mentioned in the introduction, the lack of second-order accuracy in standard bootstrap methods is
due to the fact that 7;, is not asymptotically pivotal. If we knew the distribution function of 7,,, say F,
then F),(T,) would give an (exactly) pivotal statistic. Beran [7] suggested estimating F;, by the bootstrap
distribution function F},(t) = P*(T* < t) and use F},(T},) to construct critical values. This method is called
bootstrap prepivoting. Note that F}, canbe computed by simulating the conditional law of T} given the data.
To estimate the law of Fn(Tn), we use the following nested double wild bootstrap procedure following [7]:
Let vq, ..., v, be i.i.d. variables independent of everything else and such that E[v;] = 0 and E[v?] = 1. We

define the wild bootstrap statistic of S}, as

*ok 1 & * VoK * ¥ vk 1 - *
S :z;vl-(Xi—X), where X} = wi(X; — X), X :nZ;X"'
1= 1=

" n

Then define F(t) = P**(T* < t) for t € R, where T** := maxj<j<g Sy and P** is the conditional
probability given X1, ..., Xp, wi, . .., w,. Weregard F*(T*) as a bootstrap version of F},(T},) and estimate
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the law of F},(T},) by the conditional law of F*(T?*). Formally, given a significance level a € (0,1), let 3, be
the conditional (1 — «)-quantile of £*(T%*) given the data. We expect that P(F,(T},) > fa) = P(T}, > ¢

would be close to . This is formally justified by the following theorem:

52)

Theorem 2.4 (Second-order accuracy of double bootstrap coverage probability). Suppose that the assump-
tions of Theorem 2.3 are satisfied. Suppose also that vy has a Stein kernel T** and there exists a constant
b, > 1 such that |v1| < b, and |7**(v1)| < b2. Further, assume E[w}] = E[v}] = 1. Then, for any

e € (0,1/4), there exists a constant C' > 0 depending only on \, €, b, and b, such that

ﬁ log®(dn)

sup
oy

2e<a<l—2¢

logn. (2.12)

P(Tozé; ) -of<cC
Remark 2.8 (Proof strategy). A key fact to prove Theorem 2.4 is that the coverage probability for the second-
level bootstrap enjoys the same asymptotic expansion formula as P(7,, > ¢;—,) with high probability;
see Lemma 5.5. Equivalently, the distribution functions of F},(T},) and F*(T**) share the same asymptotic
expansion formula with high probability. This enables us to prove (2.12) by a standard argument to prove

the accuracy of bootstrap approximation.

Remark 2.9 (p-value). One can easily check that T}, > ¢ e is equivalent to P*(p < p,) < «, where p,, :=
1- Fn(Tn) and p; =1 — F;(T:;) are the p-values of the first- and second-level bootstraps, respectively.
Hence the p-value of the double bootstrap method is P*(p, < py,).

Remark 2.10 (Computational cost). It is well-known that the double bootstrap often entails a prohibitively
high computational cost, as it requires nested resampling of the data (cf. [38, Section 3.11.1]). Specifically,
if B; and By denote the numbers of the first- and second-level bootstrap replications, respectively, a total
of 1 + By + B B> test statistics must be computed. For this reason, several authors have investigated ways
to reduce its computational burden. For instance, in the context of constructing confidence intervals, Lee &
Young [45] showed that the coverage error due to the Monte Carlo approximation in the double bootstrap is
of order o(B; Y 2) +0(By 1), suggesting that B, may be chosen much smaller than B;. Moreover, for a fixed
confidence level, Nankervis [52] proposed stopping rules for the second-level bootstrap to avoid unnecessary
computation that does not affect the resulting confidence interval. As an alternative approach, Davidson &
MacKinnon [25] proposed the fast double bootstrap (FDB), which requires only a single second-level boot-
strap sample for each first-level one. While the FDB dramatically reduces the computational burden relative
to the standard double bootstrap, it does not necessarily improve the order of accuracy in approximating

coverage probabilities from a theoretical point of view (see Chang & Hall [15]).

3 Simulation study

This section conducts a small Monte Carlo study to supplement our theoretical findings. We adopt a
similar simulation design to [26]: We set d = 400 and generate the data from a Gaussian copula model,
ie. X1,...,X, areii.d. with the same law as U — E[U], where U is defined as in Example 2.2. The marginal
distributions ;1; are the gamma distribution with shape parameter 1 and unit scale. As the parameter matrix

R, we consider two designs: (I) R = plf?Q +(1=p)lgand (II) R = (plj*k‘)lgj,kgd. Here, the parameter p
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is varied as p € {0.2,0.8}. We also vary the sample size as n € {200,400}. We compute the rejection rate
P(T,, > ¢) atthe 10% significance level based on 20,000 Monte Carlo iterations, where ¢ is an estimated 90%
quantile of the corresponding statistic using various bootstrap methods. In addition, to assess the performance
when the skewness of the data is zero, we also consider the case that X; 4 U —U’, where U’ is an independent
copy of U. To keep the marginal kurtosis at the same level, we change the shape parameter of the gamma
distribution to 0.5 in this case. We remark that these models satisfy (2.2) and (2.3) thanks to Proposition 2.1.

For the bootstrap methods, we consider the empirical bootstrap (EB), wild bootstrap and double wild

bootstrap (DB) methods. For the wild bootstrap, we consider the following 4 types of weight variables:

GB w; is a standard normal variable.

MB w; follows Mammen’s two point distribution [50]:

p<w1=“52“> :1—P(w1=—ﬁ2‘1> =\/25¢_51. (3.1)

RB w; is a Rademacher variable: P(w; = £1) = 1/2.
BB w; follows the standardized beta distribution with parameters given by (2.8) with v = 0.1.

The double wild bootstrap is implemented with both w; and v; generated from the standardized beta distri-
bution with parameters given by (2.8) with v = 0.1. Note that our theoretical results are applicable only
to GB, BB and DB. We include EB, MB and RB in our assessment because they are commonly used in
the literature. The number of bootstrap replications is set to 499 for the first-level bootstrap and 99 for the
second-level bootstrap in DB (see [38, Appendix I1.8] and [45] for discussions about the number of bootstrap
replications).

We summarize the simulation results in Tables 1 and 2. First, Table 1 reports empirical rejection rates
at the 10% level when the laws of X; are asymmetric. We find that the difference in performance between
GB and BB is largely in line with our Corollaries 2.2 and 2.4: First, in Design (I), GB outperforms BB when
p = 0.8, while BB slightly outperforms GB when p = 0.2. This is consistent with Corollary 2.4: When p is
close to 1, the first term on the right hand side of (2.11) dominates the coverage error, and this term has the
same form as the univariate case. According to computations in [47, Section 3], this implies that the coverage
error of GB would be smaller than that of BB. On the other hand, when p is closer to 0, the second term on
the right hand side of (2.11) would be non-negligible for GB, so the above argument would be invalid in this
case. Next, in Design (II), BB performs much better than GB, which is consistent with Corollary 2.2: Since
3. has no large eigenvalues in this design, BB is second-order accurate by Corollary 2.2.

Turning to the performance of DB, it uniformly outperforms the other methods when n = 400. It tends
to over-reject when n = 200, but it still outperforms the others in Design (I). In Design (II), BB outperforms
DB when n = 200. This would be because BB is also second-order accurate in this design thanks to the
high dimensionality by Corollary 2.2. Since our theory suggests that an increase in the sample size n would
improve the performance of DB more than the others, it is expected that DB performs much better when
n = 400.

Next, Table 2 reports empirical rejection rates at the 10% level when the laws of X; are symmetric. Recall
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that our Theorem 2.3 implies that both GB and BB are second-order accurate in this case. Reflecting this
fact, GB clearly performs better than in the asymmetric case. The performance of BB is improved in Design
(D but not in Design (II). The latter would be due to the same reasoning as above, i.e. BB is second-order
accurate in Design (II) even when the skewness is not zero by Corollary 2.2. By contrast, the performance of
DB is not improved. This is not surprising because DB is already second-order accurate in the asymmetric
case and the zero skewness condition would not contribute to its performance. When comparing GB and BB,
BB still outperforms GB. This may be due to an effect of kurtosis, but we will need higher-order asymptotic
expansions for the formal discussion and leave it to future work.

Finally, we briefly discuss the performances of EB, MB and RB. First, EB tends to under-reject and its
performance is not pronounced compared to other methods. In fact, we can observe similar phenomena in
the simulation results of [22, 26]. Formally, this does not contradict our theory because we have no valid
Edgeworth expansion for EB in high-dimensions, although it is unclear whether this is an artifact of our proof
strategy. Next, although MB is not covered by our theory, its performance is similar to BB. This is perhaps
explained by the fact that their weights are very close numerically. Third, RB performs remarkably well in
the symmetric case. This is already observed in the simulation study of [22] who explain this phenomenon
by their Theorem 2.3. Another possible explanation is the match of higher moments, but we have no formal

theoretical result for this so far.

Table 1: Rejection rate at the 10% level (Asymmetric case)
n p EB GB MB RB BB DB
D Rjk =p+ (1 —p)lj=y
200 0.2 0.061 0.124 0.080 0.155 0.078 0.114
0.8 0.071 0.090 0.072 0.093 0.071 0.101
400 0.2 0.072 0.122 0.083 0.140 0.085 0.107
0.8 0.080 0.095 0.081 0.096 0.080 0.102
(ID) Rjp, = pli=*
200 0.2 0.065 0.146 0.092 0.195 0.091 0.117
0.8 0.069 0.139 0.089 0.177 0.088 0.113
400 0.2 0.074 0.135 0.090 0.160 0.088 0.101
0.8 0.079 0.135 0.092 0.155 0.091 0.104

4 Proofs for Section 2.1

We use the following notation in the remainder of the paper: For two random variables £ and 7, we write
& < norn 2 € if there exists a universal constant C' > 0 such that & < Cn. Also, given real numbers
01,...,0m, we use Cy, g, to denote positive constants, which depend only on 61, ...,0,, and may be

different in different expressions.
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Table 2: Rejection rate at the 10% level (Symmetric case)
n p EB GB MB RB BB DB
D Rjx = p+ (1 —p)lyj=g)
200 0.2 0.065 0.076 0.083 0.100 0.082 0.114
0.8 0.089 0.092 0.091 0.096 0.091 0.105
400 0.2 0.081 0.088 0.090 0.099 0.092 0.105
0.8 0.095 0.099 0.098 0.099 0.095 0.103
(ID) Rjp, = pli=*
200 0.2 0.062 0.071 0.085 0.101 0.084 0.114
0.8 0.067 0.076 0.088 0.100 0.086 0.109
400 0.2 0.079 0.084 0.092 0.103 0.092 0.106
0.8 0.083 0.087 0.096 0.102 0.094 0.106

4.1 General error bounds via approximate Stein kernel

We first develop error bounds for high-dimensional Edgeworth expansion in a somewhat general form.

For later use, we consider a situation where a Stein kernel exists in an approximate sense:

Definition 4.1 (Approximate Stein kernel). Let & be a random vector in RY with E[|{]|] < oo. Given
measurable functions 7 : R — R? ® R% and B : RY — RY, we call (7, 3) an approximate Stein kernel for
(the law of) & If E[[|7(€)loc] + E[B(€)]loc] < o0 and

E[(¢ — E[€)) - VA(&)] = E[(7(€), V*h(€))] + E[B(€) - V(E)]
for any h € CZ(RY).
With this definition, we have the following results:

Theorem 4.1 (Error bound for Edgeworth expansion via approximate Stein kernel). Let &1, .. ., &, be inde-
pendent random vectors in R? with mean 0 and finite variance. Set W = >_"_, & and Sy = Cov[W]
For each i = 1,...,n, suppose that &; has an approximate Stein kernel (1;, 3;) such that E[||&||2,] +
E[lm ()23 + E(IB:()IXY < coforalli = 1,....n. SetT = S 7(&), T = T — % B =
> im1 Bil&) and

B 1

6<E[W®3], Vios(z)), ze€R4 @.1)

pw(2) = B(2) + 5 (Sw — 5, Vén(2))

Then, there exists a universal constant C > 0 such that for any t € (0,1/2],

sup ‘P(W cA)— / pw (2)dz
AeR A

n

>e

=1

E
ol +

*

log?d _
< C|logt|—2 (EHT||§O+E

> &)™
=1

)

[e.9]
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log5/2 ?3 . ®3
+C T®Z§ +E|> P on&)
00 i=1 00
+01°g d( B®Z€®3 +E|> 6P @ 8i(&)
00 =1 00
+E T®Zﬁi(§i)®§¢ +E Zﬂi(&)®§i®n’(§i) )
i=1 00 =1 oo
logd 9
+C (EHBH +E ZBZ (&)® )
0_3 AN A 1\S? ?
10gd log?d log5/2d - ®3
e w( S = sl = 2SS R ) (42)

Theorem 4.2 (Refined Gaussian comparison inequality). Let W be a centered Gaussian vector in R¢ with

covariance matrix Xyy. Then, there exists a universal constant C > 0 such that for any t € (0,1/2],

sup
AeR

PWeA)— /pr(z)dz

2

log
< C|logt|

loed log?d
sy )2 ooy (80 8 e S,
c | o3

*

where pyy is defined by (4.1); note that E[W®3] = 0 in the present case.

The second result will be used for the Gaussian wild bootstrap.
The remainder of this subsection is devoted to the proofs of Theorems 4.1 and 4.2. As usual, the proof

starts with a smoothing inequality. We will use the following version.

Lemma 4.1. Let i be a finite measure, v a finite signed measure, and K a probability measure on R%. Let

€ > 0 be a constant such that o« := K ([—¢,¢]?) > 1/2. Let h : R — R be a bounded measurable function.
‘ [ bt =)

v (h;e) = sup y(hy;€), 7" (h;e) = sup 7(hy;e), 7*(h;e) = sup 7(hy;e),
yEeRd yERY yER

Then we have
< (2 — 1)y (hse) + 7 (ki) + aF* (hs €)],

where

with hy(z) = h(z + y),
+(hs) = max { [ M) = v) K (d), ~ [ i) n =) K(dm} ,
r(tie) = max { [ 104 (2:2) @), [[h60) ~ ma(as i)},
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#hie) = s | [ +y) ~ hvldo)]
y€El—e,eld

My(z;e) = sup  h(y),  mp(z;e) = inf  h(y)
yilly—zll o <e yilly—zll, <e

and * denotes the convolution of two finite signed measures.

The proof of this lemma is a straightforward modification of [8, Lemma 11.4] and given in Appendix B.3,
but its statement contains an important difference from the original one: The bound does not contain the
positive part of the signed measure v. This is important for bounding 7*(h; €) and 7*(h; ) in our setting. To
bound these quantities, we will use the following anti-concentration inequality. For A = H?Zl laj,bj] € R
and u,v € R? :=[0,00)%, define A%Y = H;lzl[aj —uj,bj + vjl.

Lemma 4.2. Letr € N. Then

1 log d)(+1)/2
sup sup sup — / Vips(z)dz|| < Cr%, (4.3)
AeR >0 ywe[0,e]d € ||/ Awv\A 1 O«
where C,. > 0 is a constant depending only on r.
Proof. See Appendix B.1. O

We will apply Lemma 4.1 with K = N(0,tX). To bound the quantity v*(h;e), we introduce some
notation and lemmas. Given a bounded measurable function » : R? — R and s € [0, 1], we define a function
hs : R4 — R as

hs(z) = E[h(V/1 — sz +/5Z)], = €RY (4.4)

where Z ~ N(0,X). When s > 0, hs(x) can be rewritten as

hy(z) = s~/ /Rd h(2)os (Z_Jlg_sa’) dz.

By this expression, h; is infinitely differentiable and

V'hs(z) = (—\/ ! ; s) /Rd h(V1 = sz + /52)V ¢x(2)dz (4.5)

for any r € N. In particular, hs € C2°(R?). We will use the following lemmas to bound +*(h; £).

Lemma4.3. Let h : R? — R be a bounded measurable function andt € (0,1]. Then, under the assumptions
of Theorem 4.1,

E[h(W)] — /Rd hi(2)pw (2)dz
1 1 n
= i/t (/s mi (E[<T®27V4hu(W)>] — ;E[<Ti(§i)®2,v4hu(W)>]> du> ds

1 1 1 4 n
- = my Y Bl(ri(&) ® &7, V4hu<W>>]du) ds
(S
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3
S

[
o

/1 my zn:EKfi@S ® (& + B — Bi(&)), V4hv(W)>]dv> du) ds
u i=1
m; i E[(2° @ (T — m(&)), V5hU(W)>]dU> du) ds

u i=1

[ (s v >>]—ZE[<&<@>®2,vzhu<W>>1>du>ds

i=1

1
/ (m +m ZE Bz éz ( (fz)) (W))]du) dS

=1

1 n
/ my, Y JEl(Bi(&) @ 5?2,V3hu<W>>]du> ds
§ i=1
1 1 n
[ m ( [ mty B w6 e @ - n<5i>>,v4hv<w>>]dv> du> s
s “ i=1
L : L ANTENB(E) 96 (64 B — 86, T3 o) du | ds
*8/,: - (/ - (/ mi DL Bl(5(6) 9% (6 + B - 5(&). ¥ m(Wmd)d )d, 4.6)

where mgs = 1/+/1 — s for s € |0,1). Also, under the assumptions of Theorem 4.2,

1 1
()] - [ w2z = | [ ( / miE[«zW—z>®2,v4hu<w>>1du> ds. @)

Proof. See Appendix B.2. O]

+
| =
&\)4
3
N T N T N T o\

Lemma 4.4. Let h = 14 with A € R. Then, for any s € (0,1) andr € N,

1— r/2
sup [|V"hs(2)|1 < C, < 23 Iogd> : (4.8)
gz8

z€R4 *

where C > 0 is a constant depending only on r.

Proof. Observe that {z € R? : /1 — sz + /52 € A} € R for any z € R%. Thus, the claim follows from
(4.5) and Lemma D 4. O

Proof of Theorem 4.1. Without loss of generality, we may assume that W and Z are independent. We are

going to apply Lemma 4.1 to u, v and K defined as
w(A) =P(H1—tW e A), v(A) = /Rd La(V1—t2)pw(2)dz, K(A)=P(tZ c A).
They are chosen so that /1 — tW 4+ /tZ ~ pu* K and
v K(A) = /]Rd E[14(vV1 =tz + Vt2)|pw(2)dz

for every A € R. Since

IS

d 1
VA 2log(2 (|12; \/21log(2 e log(2d) _
P(| Z|js > 7\/21og(2d)) E (1Z;] > oj/210g(2d)) < 5¢ 1
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we have a := K ([—¢,¢]?) > 3/4 > 1/2 with ¢ = 7+/2t log(2d). Let h = 14 with A = H?Zl[aj,bj] €ER.

d

Then we have Mj(z;¢€) = 14¢(x) and my,(2;€) = 14-<(x), where we set A™ := [[;_[a; — r,b; + 7] for

any r € R with interpreting [a,b] = () if a > b. Hence

e < sup BV - [ R “9)
h=14,A€ER
and
/[Mh(x; €) — h(x)]v(dr) < sup /1Au,v\A(\/1 —tz)pw(z)dz| .
AeR;u,ve(0,e]?
Further, foreach j = 1,...,d, set
Ij:[aj+z—:,bj—e],uj:vj:z—: ifaj—|—€<bj—€,
Ij = {(aj +05)/2}, uj = vj = (bj — aj)/2 ifbj < a;j + 2.
Then we have A := H;l:l I € Rou= (ut,...,uq) €[0,e]%v:=(v1,...,v4)" €[0,¢]¢and
/[h(m) — mp(x;€)v(de) = /lgu,v\g(\/l —tz)pw(z)dz.
Consequently,
T(hse) < sup / Lguna(V1 —t2)pw (2)dz| . (4.10)
AER;u,ve[0,e]d

Besides, for any z € R% and y € [—¢,e]%, we have h(z + y) — h(z) = Lapypa(z) — Lay(aty) (). For
eachj=1,...,d, set

Ij =laj +y;,bil,u; =0,v;=y;  ify; >0,a;+y; <bj,
Ij:[ajvbj+yj]7uj:_yj7vjzo ifyj<0’aj<bj+yj7

I; = {aj + yj},uj =0,v; = bj —a; otherwise.
Then we have A := H;lzl L eRou= (u,...,ug)" €10,e]%v:= (vi,...,v4)" €[0,¢]¢ and
/1(A+y)\A(x)l/(da:) = /1@“}\14(\/1 —t2)pw(2)dz.
Also, observe that A\ (A+y) =[(A+vy) —y]\ (A+y)and A+ y € R. Hence we conclude

T(h;e) <2 sup
AER;u,ve0,e]d

/1Au,v\A(\/1 —tz)pw(z)dz| . (4.11)

In addition, observe that h, = 14_, forany y € R<. Hence, Eqgs.(4.9)—(4.11) still hold if the left hand side

is replaced by the one marked with an asterisk. As a result, Lemma 4.1 gives

sup |P(V1—tW € A) — /Rd 14(V1 —tz)pw(z)dz

AER
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sup
AER;u,we0,e]d

<2 s ‘E[ht(W)] _ / ho(2)pw (2)dz| + 6 LA (VI 2)pw(2)dz

h=14,A€R

(4.12)

Note that A/\/1 —t € R for any A € R. Thus, the left hand side of (4.12) is equal to

sup
AER

PWeA) - /pr(z)dz

Further, by Lemmas D.2 and 4.2

sup
AeR;u,ve[0,]d

Viegd log®/?d log?
5 5 ( g I ogg3 HEW—EHOO-F 0

Lgu\a(V1 —tz)pw(2)dz

1-1¢ g

*

)
) : (4.13)

Meanwhile, set k := (logd)/c2. Then, by Lemma 4.4, we have for any u, v € (0, 1)

> E[E?

* * i=1

lo d log?d log®/2 d
= f( EC+ W — Sloo + e

2
BT, VW S BT (S %)

D Bn(), VIR (W) SE|D 7€)
=1

D E[(n(&) @ 7, V(W) SE|D (&) ® &7

i=1 =1

(P, VAR (W] SE|D ¢

SE(E @ B,V W) SE|Bo > ¢

i=1 i=1

D B[P @ Bil&), Ve (W) SE|D &2 @ Bi(&)

i=1 =1

STE(EE o T, ViR, (W))| SE|Te Y6
=1 :

Y EER? @ 7i(&), Vohe W) SE|Y 7 @ 7il&)
=1

B, Vo, (V)] S BB (- “) ,

Zﬂz &)®

<E

> E[(Bi(&)®, V2hy
=1
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n

D E[(Bi(&) ® T, V¥ha (W)

i=1

D E[(Bi(&) @ 7i(&), VP (W))]

i=1

D ElBi(&) © €7, Vi (W)

n

=1

=1

> TE[(Bi(&) @ & ® Bi(&), VEho (W)

i=1

Also, by the AM—GM inequality,

> (&) @&

i=1

2E k2 <E

o0

2E||T® B|| _r** <E

2F k32 <E

> Bi&) ®Til&)
=1

o0

2F kY2 <E

> Bi&) ® €2
=1

o

Further, observe that

1 V2

S e
wr/1 —w — w® VvV1—w

and

/11 | | 1 L
—ds = |logt|, / —ds < 2, / ———ds < 2, /
t S t Vs t V1—s t

STENBi(&) ® & @ T, VAo (W))]| <
=1
D E[(Bi(&) @ & @ 7i(&), Vi (W))]| S

S E[(Bi(&) ® & ® B, V3h,(W))]| <

<e|re s, (
<E
=1

SE|D Big) @€
=1

B® Z Bi(&) ®
i—1

> Bl @

i=1

n

> omil&)®

=1

2

k“+E

o0

}|TH§O k2 +E||B|% &,

k—+E

o0

> Bi&)®?
=1

k+E

> Bi&)®?
=1

o

a

1—u

Z Bi(&i) @ Ti(&:)

T®Y Bi(&)®&
=1

D Bil&) @& @Ti(&)
i—1

3/2
ﬁ> |
(5

1

u

[e.9]

(

oo

—Uu

(

o)

(

o0

l1—u

(1

1—w

v

&i

n

4
> e
=1

oo

n

> o mil&)®

i=1

n

4
2.8
=1

o0

K2,

o

for any w € (0,1),a > 0

L' logs

V1—s

Combining these estimates with (4.12)—(4.13) and (4.6) gives the desired result.

Proof of Theorem 4.2. The claim follows by replacing (4.6) with (4.7) in the proof of Theorem 4.1.

4.2 Proof of Theorem 2.1

Below we will frequently use the following identity without reference: For any x1, .

r €N,

- 2207

n

= max x
1<j<d
=1

2r
i *
[e9)

23

— v

3/2
,f> ,

3/2
H) ,

2
ﬁ> ,

2
o).

3/2

K2,

ds < 1.

O
O

.., xn € R%and



This follows from the AM-GM inequality.

Proof of Theorem 2.1. Observe that for every i = 1,...,n, (77X + (77)7)/2 is a Stein kernel for X;
and max; . || (7%, (Xi) + 773, (X0))/2[|y, ,, < b Therefore, we may assume 7%, = 77 for all j,k €
{1,...,d} without loss of generahty This particularly implies E[7/* (X;)] = E[X*?].

We apply Theorem 4.1 to & = X;/+/n. Observe that Xy = 3 and that &; has a Stein kernel 7; satisfying
7i(&) = 77 (Xi) /n.

Let us bound the quantities appearing on the right hand side of (4.2). First, noting that E[7;(&;)] = E[¢?],

we have

T =Y (&) — E[n(&)))-
i=1
Thus, by Lemma D.10 with K = b?/n, o = 1/2 and r = 2, we obtain

b*logd

b 2
E[ITI%) § =5 (Vnlogd + (logd)*)” < ——==, (4.14)

where the second inequality follows from log® d < n. Next, by Lemma D.8 and Lemma D.10 with K = b%/n,
a=1/4andr =1,

b4
Z{n &) —Eln(&)*}| S~ (Vnlogd + (logad)*).
Therefore,
Z m(&)®?]|| +E Z{Ti(&)@ — E[n:(&)%%]}
= 00 i=1 i=1 0o (4.15)
< bf b*y/logd N b'(logad)* _ b* N bt (logd)*
~on n3/2 n2  ~n nz 7
where the last inequality follows from \/logd < n'/¢ < v/n. Similarly, we can show that
- bt b*(logd)*
E ol < 4= 4.16
iz;gz ~ n + TL2 Y ( )
= v b’(logd)®
®3 (£
ED) ¢Pon@)| 3 7 7 (4.17)
i=1 0o
In addition, by the Schwarz inequality,
E|lT®> &
i=1 0o
Similarly to the proof of (4.15), we can prove
"o ’ b3 B(logd)®\* _ b8
E . < —=4+—— ] < — 4.18
;sz N(ﬁ+ = )Nn, (4.18)



where the second inequality follows by the assumption log® d < n. Combining this with (4.14) gives

n 5
E|[ToY ¢ < b ylogd (4.19)
i=1 .

~

n
Now, by (4.14)(4.16),
log d -
(EHTH2 + E Zﬁ(&')m +E| Y e >
* i=1 00 i=1 00
2 4 4 4 41003
< log”d (b7 logd n b*(logd) < bllog d’
~ ol n n?2 oin

where the second inequality follows by the assumption log® d < n. Also, by (4.17) and (4.19),

log5/2 ®3 - ®3
T®Z£ +E(Y &P om(&)
i=1 00
- 10g5/2d b5\/logd N b5(1og d)>\ _ b log*d
~ o2 n n5/2 ~ odn

where we used the assumption log® d < n in the second inequality. All together, we obtain by Theorem 4.1

1)

41..5/2 5103
>5blogd blog”?d _ b log*d

sup ‘P(Sn €A — /Apn(z)dz

AER

btlog®d b’ logd logd _ 1 524

< [logt| 2108 og’d | 5 (loed | log”
g

~ oin obn

5@3

for any t € (0,1/2]. With ¢ = 1/n?, we obtain
1 1 5/2 n
Vi < ogd og ZE €89)

Consequently, we obtain the desired result. O

TLn odnd/2 "~ ain

4.3 Proof of Theorem 2.2
First consider Case (i). Set )?Z =X, —Xfori=1,...,n. We apply Theorem 4.1 with &; = wl)?z/\/ﬁ

and t = 1/n? conditional on the data. Note that conditional on the data, ¢; has a Stein kernel 7; satisfying
7;(&) = E*[1} (wi)f(i@/n | & by Example 2.3. Therefore, we have

1
n

sup\P*w*eA) [ uneriz
AeR
( \T*H +E*

Tk 3 ®3

< +E

) Zn*mi)%?;@“

1 n
4 v R4
EaoS
=1
5/2 Zw (wi) X;°

i)

i)

+E*

*

log®/2d
4 log” (
g
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o (“’fd + BB, - Do+ P S B ) , az0)
where §
Py (2) = ¢x(2) + %@n — B, V2 (2)) — ﬁ Zl«Xi — X)®3, Vi (2))
and -

1 ¢ -
==Y r(w) X - %
n -

Next, by Lemmas D.10 and D.12, there exists a universal constant ¢ such that the event

En = Ol { <o ( logfldn) log’“(dn)> }
n ﬂ max L3201~ B3| < o log(d” gl
e o0 (4.21)

n
log(d ) log?(dn)
2
N {1%1},%)201 - Z | Xij 11 Xik | 115 vIX 0| >2b logn} < €D (\/ -

log(dn) log* n
N { max ZX X L{1x5 VI X | <2blogn} < b <1 + Logldn) log’ n

n

% Z X®7" N X®r])

n

occurs with probability at least 1 — 1/n. Recall that log® d < n by assumption. Hence, on &,, we have

= log(dn
[ X oo SO gfl ) (4.22)
and
1< log(d
NP i ol I log(dn) (4.23)
n “ n
=1 00
Thus, on &,
1 - log(dn)
Hz —EH Zx®2 D]+ IXIL S0 2R (4.24)
=1 00
Meanwhile, for every r € {2,3,4,5}, we have on &,
1< log log" (dn)
=) X®r| < - X" <" : 4.2
w2 X gfzdnz‘ 50 (125 @25)
Combining this bound with (4.22), we have on &,
log"(dn)
— Xi:|"<b ([1+——+]. 4.26
1@fzdn2' s (1425 (4.26)
Further, by (4.22), (4.25), the construction of £, and 10g3 d < n, we have on &,
logd  log?(dn)
1<n]1,211<:§d n Z |X1szk’1{|X”|V\Xlk\>2blogn} b? ( n + n ) (4.27)
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and
4
12%)2(1” ZX lk1{|X1]‘V|XLkI<2b10gn} b
Now we bound the right hand side of (4.20) on the event &,. First, we have
BT < 28" | max 7% + 218, - DI
where Rjj, := nES T (w;) — 1})?ij)~(ik. We decompose Ry, as

1<, , ~ -
R = — DA (wi) = 13X X (1{\Xij\v|xik|>2blogn} + 1{|Xij|vwxik\szblogn}>
=1
=: Ry ji + R ji-

Since

max |Ryji| < (b, +1) (max o Z | X5 Xk | 1{ 55 | X |20 log

1<j,k<d
[logd log?(d
max |Ry jil Nb2b2< oef 08 ( n)>
1<5,k<d n n

by (4.27). Meanwhile, by Nemirovski’s inequality (e.g. Lemma 14.24 in [13]),

bt logd
] S wn lgjl?}c?éanX szl{\X”|\/|XZk|<2blogn}

we have on &,,

E* | max R,
1<jk<d >

Hence we have on &,

E*[ max RQJk

< b bt logd
1<j,k<d ~

n
by (4.28). Combining (4.29)—(4.31) with (4.24), we obtain

_ 1 log?
n n

Consequently, we have

log R bﬁ)b‘* log®(dn) = log®(dn b2 bt log?(dn

n? ol n

* *

where we used the assumption log® d < n for the last inequality. Next, we have

I , ~
> (e R

bt bt log*(d
< bl max — Z X4 X o X Xim| < 220 (1 n Og(")) ,
izl n n

7.k, lm n2

oo

where the second inequality follows by the AM-GM inequality and (4.26). Similarly, we can prove

44 4
< by, b <1+ log (dn))’

n n

1 n
w2 2w
=1

o0
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(4.32)

(4.33)

(4.34)

(4.35)



n 373 3 373
3 2 wiXE| S byli <1 18 (d”)> < bl (436)
s = n n n
b b° log®(dn)
v ®5 w
n5/2 g w3t (w;) )X; < 572 <1 + p ) . (4.37)

By (4.34)(4.35),

+ E*

1 o , ~
L3 ()X
=1

log? d
O-*

1 - 4 v ®4
Ly )
i=1 0o

o0

474 2 6 414 10o3
< byb” (log”d n log®(dn) < byb” log (dn) 438)
~ ol n n? ~ ol n
Also, by (4.37),
log5/2 [ Zw (w;) X ] o b <1og5/2d N 10g15/2(dn)>
od ns/2 v ~ b n3/2 ns/2
b5 b° log? (dn)
— 4.39
Further, by the Schwarz inequality, (4.32) and (4.36),
log®? d . svas|| | < 10g”d |, (log(dn) log'(dn)\ byb?
= E* T@—ng/QZwX < —or bib = -
(4.40)
_ b log(dn)  log”?(dn) b3 b5 log®(dn)
+ < .
- od n n3/2 ~ ob n
Combining (4.20), (4.24), (4.33), (4.36), (4.38)—(4.40) and b,, > 1,b/0, > 1, we have, on &,,
sup ‘p*(s;; € A) - / B (2)dz
AeR A
515 1003 — 5/2 5/2 515 1003
< b, b° log”(dn) log + o (logd b210g d b3b§010g d\ _ byb’ log (dn) log .
o2 n n32\ o aivn oi/n
It remains to prove
b3,b° log®(d
sup /ﬁnﬁ(z)dz—/ﬁnﬁ(z)dz‘ S%Mlogn on&,. (4.41)
AcR |JA A ¥ n
Observe that
sup (£, — X2, V ¢x(2)dz)| S 11X 5% (4.42)
AEeR *
and
1 < o
- Xi_X®3_X®3,/v3 d
s0p |7 DA = X) = X2, | Pos(eha)
1 1 = . 10g3/2d
< (=) X2 || X]leo + IX3 .
ﬁ< 22X I+ 1K ) 2
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Also, note that || < b, E[w?] = b,,. Hence (4.41) follows from (4.22) and (4.25).

Next consider Case (ii). In this case, S} ~ N (0, in) conditional on the data. Hence, applying The-
orem 4.2 and using the bounds (4.22), (4.24) and (4.42), we obtain the desired bound with a simplified
argument of the proof for Case (i). O

4.4  Proof of Proposition 2.1

The proof uses the Malliavin—Stein method. We refer to [55, Chapter 2] for undefined notation and
concepts used below.

Denote by r; the j-th row vector of RY2. Then Z has the same law as (r1-G,...,1q - G)—r with
G ~ N(0,I). Hence we may assume X is of the form X = ¢(G) with ¢ : RY — R? defined as
Yi(x) = Fj*1(<1>(r]- -x))forj=1,...,dand x € R% Note that F;l is absolutely continuous and satisfies
](Fj_l)’(t)] < (kmin{t,1 —t})~1 a.e. by (2.5); this follows from arguments in Section 5.3 of [11] (see also
Propositions A.17 and A.19 in [11]). In particular, Fj_1 is locally Lipschitz, and hence v); is locally Lipschitz

and its gradient is given by Vi, (x) = ¢(r; ~x)(F]71)’(<I>(Tj -x))r; a.e. Since |r;|? = R;; = 1, we obtain

(Z;) < 117

V(G = SN (@) < e < (443)

where the last inequality follows by Birnbaum’s inequality. Now, let H = R? be the Hilbert space equipped
with the canonical inner product. Consider an isonormal Gaussian process over H given by W (h) = h - G,
h € H. We consider Malliavin calculus with respect to W. The above argument implies that X; = ¢;(G) €
D'2 and DX; = V1;(G) for every j = 1,...,d. Therefore, by Proposition 3.7 in [56], the map 7 : R? —
(R%)®?2 defined by 7j5(z) = E[-DL7'X; - DXy | X = x| forz € R?and j,k = 1,...,d gives a Stein
kernel for X. Forany p > 1and j,k =1,...,d, we have

Ellm1(X)[”] < /EIDL-1X; 2] E[| DX [%] < \/E[DX; 2] E[| DX,

where the first inequality is by the Jensen and Schwarz inequalities and the second by Lemma 5.3.7 in
[55]. If p is an even integer, we also have E[Xf] < (p—1)P/? E[|DX;[P] by Lemma 5.3.7 in [55]. Since
[V (G)]lp S /P! by (4.43), we obtain the desired result. O
4.5 Cheeger constant of the gamma distribution

Proposition 4.1. Any gamma distribution has a positive Cheeger constant.

Proof. Let ;1 be the gamma distribution with shape v and rate a. If v > 1, then p is log-concave, so the
claim follows by Proposition 4.1 in [9]. When v < 1, the density f of u satisfies info<¢<ps f(£) > 0 for
every M > 0. Hence, in view of Theorem 1.3 in [10], it suffices to prove liminf,41 f(F~1(p))/(1—p) > 0,

where F' is the distribution function of . Since

d v—1
—f(F )= —=——-—a—=—a (pt1),
we have by L’Hopital’s rule liminf,41 f(F~*(p))/(1 — p) = a > 0. This completes the proof. O
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4.6 Proof of Corollary 2.1

Replacing X; by X; /o, we may assume o = 1 without loss of generality.

Observe that P(T,, > ¢{' ) —a = P(Z < ¢{_,) — P(T,, < ¢{_,). Thus, in view of (2.4), it suffices
to prove

1 Y31 U3
(10gd)3/2/(_ . ]d<E[X3],V b5(2))dz — —2v/27yx log(1 — a). (4.44)

00761704

We decompose the left hand side as

/( - ]d<E[ﬁ], Vs (2))dz

1 <& TR )
== DN EXD (S )P(cF )T+ = 3 E[X2 Xit] ' (o) d(cF_ o) ®(cF_ )02
i=1 j=1 i
! n : G 3 G d—3
+ - Z E[X;; X Xald (S )2 ®(c§ )
=1 7,kI=1
7,k,l are distinct
—: I + IT + IIT.
Since ¥ = I, by assumption, we have ¢f’ , = ®~!((1 — a)'/9). Hence we have c{_, = \/2logd + o(1)

(cf. the proof of [39, Proposition 2.1]). We also have do(c$’_,)/+/2logd — —log(1 — ) by [12, Lemma
10.3]. Consequently,

———— — —x log(l — a).

Meanwhile, noting n=* Y>> | E[X{*?] = ¥ = I, we obtain

n d n n
IS S B <30 SR SRS x| | e
j=1 i=1 i=1

i=1 j kjtk ik
and
1 n d
EZ > E[XyXaXil
=1 jki=1
7,k,l are distinct
2
1« 1«
ey e e | 50w | ssen
j gk i=1 i=1 LAk
Consequently, IT/(log d)®/> — 0 and ITI/(log d)3/?> — 0. Hence we obtain the desired result. O

5 Proofs for Sections 2.2 and 2.3

Given a random vector W, we denote by Fjy the distribution function of WV,
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5.1 Cornish—Fisher expansion

Asymptotic expansion of coverage probability is conventionally derived with the help of Cornish—Fisher

expansion (cf. Section 3.5.2 in [38]), so we first develop such expansions for 7}, and 7'¥ in our setting.

Theorem 5.1 (Cornish—Fisher expansion for 7T},). Under the assumptions of Theorem 2.1, let A > 0 be a
constant such that b/o, < X\. Then, for any ¢ € (0,1/2), there exist positive constants ¢ and C depending
only on \ and € such that if

3 1no3

Gy log”d

—= <

o3 n logn < ¢, (5.1)

then
sup ¢ @)\ O silog’d, (5.2)
u cp— ey —— || < - n, .
e<p<l—e b b fE(Cg) \/lOgdUz n

where c, is the p-quantile of T;,.

Theorem 5.2 (Cornish—Fisher expansion for T7). Under the assumptions of Theorem 2.3, for any € €
(0,1/2), there exist positive constants ¢ and C depending only on A\, e and by, such that if (2.9) holds, then

A G 3 1,03
A G Qn,'y(cp) C ¢y log (dn)
su Cp— | ¢ — < e logn 53
€<p<rl,fs P ( P fE(Cg) )‘ B logdUz n g ( )

with probability at least 1 — 1/n, where

Qn'y / {pn’y E(Z)}dz'

The proofs are based on the following abstract result.

Proposition 5.1 (Abstract Cornish—Fisher type expansion for maximum statistics). Let ¢ € (0,1/2). Also,
let W be a random vector in RY. Suppose that there exist arrays U € (R)®? V € (R))®3 and a constant
A > 0 such that

sup | POVY < 0) = [ puy(z)az| < A (5.4)
teR A(t)
where py v (z) = ¢x(z) + (U, V2¢2(2)> +(V, V3d>g(z)). Set
log d log3/2 d _
5= Ul Voo, A= A+ L (A+5)5.
U* 0* O x

Then, there exist positive constants c and C' depending only on € such that if § + A < c, then

oy (e, Quyv(F () C S
[ @) (FZ ®) =, ) )‘ = Jogd (s + 6+ 7).

where

Quy (1) / {puv(2) — ¢x(z)}d=.

The proof relies on the following novel isoperimetric-type inequality for ZV and its consequence to the

second derivative of I, L.
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Lemma 5.1. Let Z be a centered Gaussian vector in R%. If ZV has a continuous density f, then

_ 1 ) p
F;1 > —————min< —, (1 — 3/2} 5.5
F5 ) = o min{ J2 00 69
Sorall p € (0,1). Moreover, if Cov[Z] = X, there exists a universal constant C' > 0 such that
_ Var[ZV] 32 Jogd
FH'(p) <C 5.6
77 el < (min{pz, (1- p)3}> o2 (-0
Jorallp € (0,1).
Proof. See Appendix C. O

Remark 5.1. Under the first assumption of Lemma 5.1, we can also derive the following Gaussian-type

isoperimetric inequality for ZV: For all p € (0, 1),

_ 1 _
F(F; () > _o(@ H(p)), (5.7)
where ¢ := max;<;<4 \/Var[Z;]. In fact, by [5, Proposition 5], (5.7) follows once we prove

¢(®~(Elg(Z")])) <E [\/cb(@‘l(g(zv)))2 +0%g'(2V)?

for any locally Lipschitz function g : R — [0,1]. The latter follows by applying Bobkov’s functional
Gaussian isoperimetric inequality to the function z — g(max;<;j<q(Cov[Z] 1/2g) ;) (cf. Eq.(2) of [5]). While
(5.7) has a better dependence on p than (5.5), it is often the case that Var[ZV] = O(1/logd) as already

mentioned at the beginning of Section 2.2, so (5.5) is preferable to (5.7) in terms of the dimension dependence.

Proof of Proposition 5.1. Observe that

Quy(t) = (U, V3¢5 (2)dz) + (V, V3¢5 (2)dz).
A() A(t)

Hence, by Lemmas D.4 and 4.2, there exists a universal constant C; > 1 such that

Quy(t)] < C1é (5.8)
and
@y (®) - Quy(s)] < VB 59
forall £, s € R. Also, for any p € (g,1 — ), we have by (5.4)
p < Fw(Fy'(p) < Fz(Fy' (9) + Quy (Fy' (p) + A (5.10)
and
p 2 Fw(Fy' (p)=) 2 Fz(Fy' (0) + Quy (Fyy' (p) — A. (5.11)

Combining these bounds with (5.8) gives p— A — C16 < Fz(F, ‘;,1 (p)) < p+ A+ C10. Therefore, provided
that A + C10 < €/2, we have by the mean value theorem and (5.5)

F7 (p£ (A + C16)) — Fy' (p)] < Con/VarlZV](A + C1)
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for some constant C'; > 1 depending only on €. Thus we obtain
|Ft (0) = F ()] < Con/Var[ZV](A + C19).
This and (5.9) give
Quv (Fy' (p)) — Quv (F7 ' (p))| < 01025%@ +018) = A
Combining this with (5.10) and (5.11), we obtain
p—Quyv(F;'(p) — A= A" < Fz(Fy' () <p— Quyv(F;'(p) + A+ A (5.12)
Thus, provided that C16 + A + A’ < €/2, we have by Taylor’s theorem and (5.6)

_Quyv(F') ¥ (A+ A’>>
fe(Fy ' (p))

F ' (p = Quy(Fz ' (p) £ (A +A") — <Fz_1(p)

3
< Cy———|Quv (F; ' (p) T (A + A

~ To2\/logd

for some constant C'3 > 1 depending only on €. Combining this with (5.5), (5.8) and (5.12) gives

_ _ Quy (F;'(p))

4 Z\/ 3
<w(A+A,)+C3 5 gd

g3/2 o2,/logd

Since A + A’ < C2C,A, this completes the proof. O

(C16+ A + AN,

Now we turn to the proof of Theorems 5.1 and 5.2.

Proof of Theorem 5.1. First, observe that Lemma D.3 yields
Safos 2 a/F > A7 (5.13)

Hence, due to (5.1), we may assume

3 1 3
<1+§d> Oi L ogn < 1. (5.14)

o}

Then, we have (2.4) by Theorem 2.1. Also, observe that E[X3] < b%//n. Hence, in this setting,  and A in

Proposition 5.1 are bounded as

3 3
s<on/®d X< (1+§d> log”d | e,

- n Ox n

where we used (5.14) for the second inequality. Combining these bounds with (5.13) and (5.14) gives

_ log3 d
S+ A <Oy 28

logn, A<Cy-E
Consequently, the desired result follows from Proposition 5.1. O
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Proof of Theorem 5.2. By the same reasoning as in the proof of Theorem 5.1, we may assume

3\ log?(d
<1 + gd) Ogrgmlogn <1. (5.15)

o}

Let &, be the event defined by (4.21). Recall that P(&,,) > 1 — 1/n. Also, by the proof of Theorem 2.2, we
have (2.7) on &,. Further, recall that we have (4.23) and (4.25) on &,. Hence, on &,

1 log d — log*%d _ ,log®*(dn b log®/%d log®(dn
§HX2 EHoo g MHX?)HOO g3 ,sz g2 ( ) + |f>/’ - g SC)\ybw g ( )
0?2 6 o3 o2\/n o3\/n
Consequently, a similar argument to that in the proof of Theorem 5.1 gives the desired result. O

5.2 Proof of Theorem 2.3
Lemma 5.2. Foranyr € Nandt € R,

/ V'os(z / Vs (z
Proof. Let Z ~ N(0,%). Then, for any x € R,
/ pn(z+2)dz=P(Z—-—x€ A(t)")=1—-P(Z -z € At)) = 1—/ ox(z+ z)dz
A(t)e A(t)

Differentiating both sides r times with respect to = and setting = = 0, we obtain the desired result. U

Lemma 5.3 (Anti-concentration inequality for T,). Under the assumptions of Theorem 2.1, there exists a

universal constant C > 0 such that

b log®d Vlogd b3 log?d
P(t<T,<t+e¢)< C( og’ ogn+5< o8 +70g ))
o n i ot /n

forallt e Rande > 0.
Proof. The claim immediately follows by combining Theorem 2.1 with Lemmas D.2 and 4.2. O

Lemma 5.4. Let 1) be a centered random vector in R" having a Stein kernel T such that 7j;, = Ty; for all
j, k. Assume E|[|n|?] < oc. Also, let L and M be a d x r matrix and an r x r symmetric matrix, respectively.

Then, for any a € R%, ¢ := Ln + (M,n®? — E[n®2))a has an approximate Stein kernel (7, 3) such that

7(§) =E[LT(n) LT + 4(Lr(n)Mn) ® a | £,
B(&) =E[(M,27(n) — n®* —En®*)a | €.

Proof. Define a function g : R" — R% as g(y) = Ly + (M,y®? — E[n®?])a, y € R". Take h € CZ(R)
arbitrarily and set H := h o g. A straightforward computation shows that H € CZ(R?) and

VH(y) = L' Vh(g(y)) + 2(a - Vh(g(y))) My,
VZH(y) = L"V?h(g(y))L + 2{L"V?h(g(y))a(My) " + My(L"V?h(g(y))a)"}
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+2(a - Vh(g(y))) M

for every y € R". In particular, n - VH(n) = (£ + (M, n%? + E[n®?])a) - Vh(£). Hence

Eln- VH(n)] — E[(M,n%* + E[n®*])a - VA(¢)]
= E[(r(n), V*H(n))] — E[(M,n*? + E[n®*])a - V()]
= E[(7(£), V>h(£))] + E[B(€) - VR(E)].

E[(€ - E[¢]) - VA(E)]

This completes the proof. O

Proof of Theorem 2.3. By the same reasoning as in the proof of Theorem 2.1, we may assume Ti)g- b= Ti)% y

foralli € {1,...,n}and j, k € {1,...,d} without loss of generality.

By Theorems 5.1 and 5.2, there exist positive constants ¢ and C' depending only on A, € and b,, such that
if (2.9) holds, then we have (5.2) and (5.3) with probability at least 1 — 1/n. In the sequel we assume (2.9)
is satisfied with this ¢ and fix a € (e, 1 — ¢) arbitrarily. By (5.5) and Lemmas D.4 and D.11

1 NG G l <5 Vlsa  b®log*?d
_— —vQn — (X2 -39, < — v/ 1
fE (C%};a) Qnﬁ(cl—o) fYQ (Cl—Oé) 2 < ’ Ot> ~ 63/2 10g d O_Ez n Og n

with probability at least 1 — 1/n. Combining this with (5.2) and (5.3), we have

<X2 N )
2fs(cf )

Cx e bw ﬁ log?(dn)

Viegdo? n

with probability at least 1 — 2/n, where ¢1_q 1= c1_q + (1 —7)Qn(c{_ )/ fx(c{_,,). This and Lemma 5.3

él—cv - 51—& + S IOgTL (516)

give
o ~ <ﬁ B 27 \IJO{>
PT,>&_o)-P|T, > 6 - ——F—+
( n C1 a) ( n Cl—a 2f2(€?_a)
3 3 3 3
d log”(d log®d 1
< Che by 1 g—‘é og”(dn) (logn) [ 1+ g + = (5.17)
¥ n n
31 3 d
< C',\ygvbwg—‘éM logn,
0-*
where the second inequality follows by (2.9). Now, observe that
T <ﬁ - 27 \Ila> 1 "
T, =T,+ —F— = — X+ Uy), 518
n n+ 2f2(ch—a) llg‘.léd Jn ;( i + Us) ( )
where - -
X7 —E[X7°], U ~ T
v, = XY g, . (5.19)
Vn 2fs(cfy)

By Lemma 5.4, for every i, & := (X; + U;14)/+/n has an approximate Stein kernel (7;, 5;) such that
7i(&) = n T E[RN (X)) + An AN (X)) (W X)) @ 14 | &,

(2
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Bi(&) = n TV E[(Wa, 27 (X;) — X% — E[XP))14 | &)

Hence we can derive an Edgeworth expansion for T, by applying Theorem 4.1 to &;. We are going to bound

the quantities appearing on the right hand side of (4.2). First, by (5.5) and Lemma D.4

logd
1Wa s < C: C (5.20)
Hence, by Lemma D.7 and (2.9),
b? q4/logd b

HUiH%ﬂ < CE%T < C)\,E,bw@v (5.21)

and \ \/7 ,

_ ~ b’cq/logd b
V2 (RN (X (WX 1) < VR o 5.22
nﬁx " i (X)(YaXi) @ 1g - o2/n )"E’b“’logd (5-22)

P13
These estimates allow us to prove (4.15)—(4.17) with b replaced by Cy . 3, b in a similar manner to the proof
of Theorem 2.1. Further, observe that

b? s44/logd 9 b? Sd
max E|X;;U; <C 7, ElU | < Crepy—F—=—"F7—7——-
‘ [ J ” \/ﬁ . ’ [ ” A, \/ﬁa*\/@

Combining these estimates with (5.22), we can also prove (4.14) with b replaced by C .b\/<4/ 0 similarly
to the proof of Theorem 2.1. Next, by Lemma D.7 and (5.20),

b? cq4/logd

mjﬁlxﬂﬁz’j(&')”wuz < ng —.

0‘*
Therefore, similarly to the proof of (4.15), we obtain
log? d - ©3 - ¢q log®d
o1 (E ;fi ® Bi(&)|| +E Z;ﬁi(&‘) ® & @ 1i(&i) < C)\,s,bw;* -
and
log®/?d . ©2 52 log® d
5 E 2_; Ble) o & < Onebu 5=
and )
log?d - gg log®d
o E ; &) ©&|| < Onenn 5= (523)
In addition, since /3;(&;) has identical components,
logd 2log d < log®d
(E IB|% +E Z@Z &)® ) =5 D EBu(&)’) < Cre——. (5.24)
i=1 0o * =1

Combining (5.23) and (5.24) with (4.14), (4.18) and the AM-GM inequality gives

10gd< B®Z£®3

Sy log®d

T®Y Bi(&)e& ><cmw t—

i=1

+E
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and

log3/ 2 d

B@Zﬁl &) &

*
[e.e]

All together, we can proceed as in the proof of Theorem 2.1 and then obtain

~ log® d
sup |P(T,, <t) —/ (Pn(2) + qn(2)) dz| < Crep,—5 g log’ logn,
teR A() o}
where
R T 21192 2 ®3] o3
an(2) = 5 > QEXUi1g + E[UFI1F?, Vi (2)) — 3/2 Z (X + Uilg)®® = X27], Vis(2)).

=1

Therefore, in view of Theorem 2.1, it remains to prove

2 1163
7 log”(dn
/ pn(2)dz —/ p(2)dz 4+ (1 —7)Qn(5 )| < Chr b é g ), (5.25)
A(G1-a)° Ale1-a)® oon
log?(d
/ gn(2)dz + E[Rp(a)]| < Ch ey -4 25 1) ogn.  (526)
A(G1-a)° oy n
Let us prove (5.25). By Lemma 4.2,
. |1 —~[b* log® d | Qn(ct,)
pul@)dz = [ pu(a)d 4 (FPalera) - Falera)) | S
/A(Ela)c Alcr—a)® VAT Sl y)
Also, by Taylor’s theorem and Lemma D.5,
2
- |1 —logd |Qn(cfs)
Fz(¢i—q) — F C—a_l_fYQTLCG—a S
|Fz(G1-a) = Fz(c1-a) — (1 = 7)@n(c[_0) ] o2 ()
Further, Lemma D.4 and (5.5) yield
G 3 3/2 1
Do) 2 g7 o siloed 527
feleila) Vedlogd vnoo o vn

Combining these three estimates gives (5.25). Next, to prove (5.26), consider the following decomposition:

/ qn(z)dz

A(él_a)c

_1 §n:<E[X~U»]1T /
n 4 1Y 4d

A((~21 )¢

V2¢n(2)dz) + % ;<E[UE]1;?2, / V2 ¢5(2)dz)

A(C1—a)®

(X +Uily)®? — X3, / Vios(2)dz)
6n3/2 Z A(E1—a)®

=I+II+1II.
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We can rewrite [ as

n d
1
I'= 72 Z E[XZ]U’L]/ 3jk¢)2(z)d2
[yt A(é1-a)®
I & G N
- Tﬂ Z E[XinilXim]\I’a,lm/ } 8jk¢z(z)dz
[t gk, ,m=1 A(é1-a)¢
1 erxs s 1 -
= —(E[X3 ®1d,\11a®/ V3¢ (2)dz) = —— (B[ X? ®1d,‘1’a®/ V25 (2)d2),
\/ﬁ< - AlC1-a)® (2 \/ﬁ< a Alé1-a) (®)dz)

where we used Lemma 5.2 for the last equality. We are going to prove ¢;_,, in the last expression can be
replaced by c{’_,. By Lemma 4.2 and (5.20),

7, 2 B 2
® </A(51a) Vps(z)dz /A( ) )V gbg(z)dz>

Cl—a

2
calog”d . G
S 5 |lea — Cl—al
1 O

Also, by (5.2) and (5.27),

. a salogd <3 log®?(dn)
’Cl—a - lea’ < C)\,s,bw < \/ﬁ + OT% logn | .

Consequently, we deduce

s3 log*(dn)

S COhebw—3
wo_i

logn,

where we also used (2.9) and (5.13) for the last inequality. Meanwhile, by Lemma D.4 and (5.21),

bt ¢Zlogdlogd 2 log?d
and
1 ; logg/2 d
®277. 772 3
1111 5 == max (1 ELXPRU oo+ | LSO + | ELDT]) <25
<C ﬁ%\/logdloggmd <C ilede
= Yebw n O_z 0_3 = ,€5bw o 1
All together, we complete the proof. O
5.3 Proofof Corollary 2.2
First, replacing X; by X;/o, we may assume o = 1 without loss of generality. Note that we have
Y g y y g y

o7 < X under this assumption. Next, set p := maxj<j<r<q |S;x| < 1. Note that we have 1 — p? > o2
because 1 — p? coincides with the minimum principal minor of 3 of size 2.

We begin by proving the following inequalities for every o € (¢,1 — ¢):

ol < Coi/logd,  exp (—(cf,)?/2) < Crcxd'\/logd. (5.28)
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The first one is an immediate consequence of Lemma A.6 in [6]. Meanwhile, by Eq.(4.2.9) in [43] (see also
Eq.(4.2.1) in [43]), we have for any u > 0

2
P(z¥ <u)-dw)i <C k| ex <_u>
P <u o< S e (-t
1<j<k<d
Set T := {(j,k) € {1,...,d}* : [Sjx| > u=2}. Observe that dK? > 39, | %2, > o2 S Gimer Skl

Hence we obtain
IP(ZY <u) =) <Oy Y Sl 10y N Syl 00
(4,k)ET (4:k)¢T
< C\dK2u2e /00 4 O\ P2 K e

Further, observe that 1 — (g/2)"/¢ < —d~'log(g/2) < 1/2. Thus, with u = ®~1((g/2)"/4) = —®~1(1 —
(¢/2)'/4), we have by Lemma 10.3 in [12]

/2 =\ (u) < —V2rd " log(e/2)y/2log(—d/ log(e/2)) < C-d~'\/log . (5.29)

In addition, by the well-known inequality ®(—s) = 1 — ®(s) < e /2 forall s > 0, we deduce u <
\/—2log(1 — (¢/2)1/4) < C.,/logd. Hence we obtain

P(ZY <u)<e/2+C\. (d*“*f’)/ 10 K2 (log d) 1/ 0+P) 1 Kd=1/? log d) .

Therefore, if the second term on the right hand side is less than £/2, then P(ZY < u) < e < 1 — a, s0
c?_a > wu. Hence the second bound in (5.28) follows by (5.29). Otherwise, we have d < dg for some
constant dy depending only on A, ¢ and K, so the second bound in (5.28) trivially holds with sufficiently
large O ¢ k-

Now we turn to the main body of the proof. Since the left hand side of (2.10) is bounded by 1, we may
assume (2.9) holds with the constant ¢ in Theorem 2.3. Also, we have f(c{" ) > C.c4/+/logd by (5.5).

Thus, the proof completes once we show that
[E[(X3 © 14, U3%)]| < Creicd ™ log?d (5.30)

for any a € (¢,1 — ¢). Observe that

(X3 @ 14, UE?) — Z (X2 1, UE2) = % SOXE, W) (X © 14, W)
=1 =1

Thus, by the Schwarz inequality

B @ 10, W87 < || - S B w02 L B @ 10,90
i=1

We have

1 & 1
-~ ZE[<X?27 Vo)’ == Z (BXPY, 0E%) < 0| Wq|7 < Alog?d,
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where the last inequality follows from Lemma D.4. Also,

fZE X ®1d, Z Z ngsz ajl\Ija,km

= zljklml

2
Z ij‘lla jl‘lla kEm < KZ (Z v ,jl) .

7,k lm=1

Therefore, (5.30) follows once we show

d [/ d 2
> (Z qfwl) < Cherd log?d. (5.31)

j=1

Below we write t = chf ., forshort. Fix j € {1,...,d} arbitrarily. A straightforward computation shows
Vo jj = =Bl 2) i imaxgs; ze<ty | Z5 = 116(1),
where Z ~ N (0, ). Hence
Wail S EN(ET12)51 | Zj = é(t) < (S7H)jltle(t) + EN(EY)-5 - 251 | Z; = tle(t),  (5.32)

where (E_l)j _j = ((Z_I)jk)1<k<d.k7gj and Z_; := (Zk)1<k<d:k+;- It is well-known that the conditional
distribution of Z_; given Z; = tis N(t¥; _;, X _; _; E® )Wlth Yj—j = (k) i<k<drzjand X_j ;=
(Xki1) 1<k i<d:k,12; (see e.g. Theorem 1.2.5 in [36]). Therefore,

B[S 2 | Zi =t = (Z7)j 1S5 =t > (Z S =t (1= (271)y)
k:k#j
and
Var[(S7Y); - Zj | Zy =t = (87Y)] (55 = £2) (27,
= > (271)jk(2 Di(Er — ZnX0)
KLk I
= > E ik (B8 — Sk + Z(E7H;5)
k:k#j
=X)L
Consequently,

BN 251 1 Zy =t < [t (1= (D) [ + /(B =1 < Ca(1 + [t]). (5.33)

Combining (5.32) and (5.33) with (5.28) gives
W5 < ON1+ [t])d(t) < Crexd ' logd. (5.34)

Next, fix [ € {1,...,d} \ {j} arbitrarily. Then we have
‘\I/ ,]l| <P < I};lix Zp <t | Z =1t,7 —t) ¢E[jl](t t) < (bZ[]l](t t)
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where X[j, [] = (Xpq)p,qeqjy- Hence
1 t2
Vol € — 2 ex (_> .
Vel = A7 T,

LetZ; :={k € {1,...,d} : |Z;k| > t~2}. Then we have

d
K?>) %5 > ) 58 > 4T,
kETZ;

where #7; is the number of elements in Z;. Hence we obtain
5 gl .03 30099 4.0, 30 P09 < 011004 et
Li#j lEIj l¢I7

< Crexc (472059 (10g )1/ 050 1 7V logd) < Cy.cd ™ logd,

where the third inequality follows from (5.28). Combining this with (5.34) gives (5.31). O
5.4  Proofof Corollary 2.3

In view of Theorem 2.3, the asserted claim immediately follows from (4.44), (5.30) and (5.5). ]
5.5 Proofof Corollary 2.4

Let us prove (2.11). Since o, > /T — pand ¢4 = O(b,/log d), we have ;—%bg?’# logn = o(n~1/?) by

assumption. Also, observe that

(1= )Qn(c o) + E[Ru(a)]
1 PPPE[US] s 34 (\ds p*2E[U%) (157, Wa)
= —(-ag /A R e er e

Therefore, in view of Theorem 2.3, it suffices to prove

2

+ (1= )T ().

0§ [ TeseHE) = o 6 +ol)

(15, Wa)”
folefa)
Observe that Z has the same law as /p(14++/1 — pG with { ~ N(0,1) and G ~ N(0, I;) independent.
Hence, F(t) = E[®((t — /1 — pG")/\/p)] for every t € R. Set aq := /T — pE[G"]. Since Var[G"] =
O(1/logd) = o(1), we have Fz(t) = ®((t —aq)/\/p) +0(1) uniformly in £ € R by the Lipschitz continuity
of ®. Hence 1 —a = Fy(c{ ) = ®((c¢f., — aa)//p) + o(1) and thus (c¢{" , —aq)//p =P (1 — )+
0(1) = —z4 + o(1). Then, for any integer r > 0, the Lipschitz continuity of ¢(") gives

D) = F EDD (5o — VT — pGY)/\/P)]
(1) ‘Tqﬁ“ <za)+o<1>- (5.35)

= p7222¢(za) + 0(1).
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Combining this with (D.1) gives
A5 [ VPon(e)d) = p b (za) + o(1) = p7E (2 — Dea) + o)
A(lea)

and
2
(1% %a)” _ p7%¢/(20)?
fo(efn)  p2¢(za)
This completes the proof of (2.11).

+o(1) = p222¢(2a) + o(1).

Next we prove T, () = o(n~/2) when vy = 1. In view of (5.35) with r = 0, it suffices to prove
(EV®*] © 14, 95%) = o(1).
Observe that

| (E[V®] @ 14, U5} | = |E[(VE2, To) (V @ 14, Ty)]|

< VEVE 0 BV © 10, )

We have E[(V®2, \Ifa>2] = (E[V®4],¥%2) = O(log*d) by Lemma D.4. Meanwhile, observe that ¢y, is
symmetric as a d-variate function due to the structure of . Hence, ¥ j; = W4 11 and W, jx = Yy 12 if
j # k. Therefore,

2

d
E[(V@14, V)] =E (D Vi| | (Wau +(d—1)¥a12)?
j=1

2

d
1
=d (a1 + (d—1)0410)° = y R
k=1
Since Z;{k:l VU, = O(1) by (D.1) and (5.35), we conclude E[(V ® 14, ¥,)?] = O(d~'). Consequently,
we obtain (E[V®3] @ 14, ¥%?) = O(d~1/2logd) = o(1). O
5.6 Proof of Theorem 2.4

For o € (0,1), we denote by ¢;_, the (1 — «)-quantile of 7,** under P**.

Lemma 5.5. Under the assumptions of Theorem 2.4, there exist positive constants ¢ and C' depending only
on A\ g, by, and b, such that if (2.9) holds, then
% log®(d
sup P <‘P*(T; > ,) — (a— Rn(a))‘ > C’%M
o

e<a<l—e

) 5
logn | < —.
n

*

Proof. The proof is basically a straightforward modification of that of Theorem 2.3. We only give a sketch
of the proof with emphasis on relatively major changes.

Fix a € (e,1 — ¢) arbitrarily. First, it is not difficult to see that an analogous result to Theorem 5.2
holds for T7*. Thus, by a similar argument to the proof of (5.16), we can find a constant ¢ depending only

on \, ¢, by, and b, and an event £ () satistying the following conditions:
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(i) If (2.9) holds, then we have on & ()

1 1 — Crebob g log (d)
sk ~ 2 ®2 ,€,0w,00 d
C — C1— —1—7—5 w; — 1) X5, log n.
-« 1-a 2f (C? a)<ni 1( % ) ) a) = /710 l n g

(ii) (2.7) holds on & ().
(iii) P(&x(e)) >1—1/n?

In the sequel we assume (2.9) is satisfied with the above c. Then, by a similar argument to the proof of (5.17),

we obtain

log*(d
|PH(T; > &) — PP (T} > é1ma — J3()] < Crcu, g% OgﬂE") logn + P*(£5(a)°),

where J*(a) = (n7' 0 (w? — 1)X P2 U,) and U, is defined as in (5.19). Since P(P*(Ef(a)°) >
1/n) < nE[P*(&:(a)¢)] < 1/n by Markov’s inequality and (iii), we conclude

s log*(dn)

o3
0%

‘P* T>|< A* )—P* (T:{ Zél—a_t]:(a)” <C)\sbw,bv logn

with probability at least 1 — 1/n. As in the proof of Theorem 2.3, we derive an Edgeworth expansion for
T + J#(a) by applying Theorem 4.1 to & := (w; X; + (w? — 1)U;1,4)/+/n conditional on the data, where
X, =X,— Xand U; := (xX92 \Tlo) /+/n. By Lemma 5.4, conditional on the data, & has an approximate
Stein kernel (75, 8;) such that

7i(&) = n” BT (w) X 4 Vi | &),
Bi(&) = n~ EF(X{2, Wa) (20" (wi) — wi — 1)1g] &,

where V; = 4n_1/2(7'*(wi)<Xi®2, \I’a)w,))@ ® 14. As in the proof of Theorem 2.3, it is not difficult to
check that we have the estimates corresponding to (4.34)—(4.37) in the present setting with probability at
least 1 — 1/(2n) by a similar argument to the proof of Theorem 2.2. Meanwhile, by the Schwarz inequality,

V; SRS XP2 0,)2
Z = o 24X, f?f‘i‘dﬁz

=1

Observe that (X2, U,)2 = (X2 U®2) Hence, by (5.20) and Lemma D.11,

~ b2 logd b2 logd
il Z X®2 <C. Lfg < C/\,Egdi;g (5.36)
U* U*

with probability at least 1 —1/(2n). Combining these estimates with (4.26) and the argument to prove (4.32),
we obtain the estimate corresponding to (4.32) with b,,b replaced by C) ¢ 4, b,0+/Sa/0« With probability at

least 1 — 1/n. Moreover, by (4.22), (4.25), (5.20) and (5.36), we have
log?d [, ¢4 log®(dn
54 <E ) < C)\sbw,bv d w;

Ox n

> Bil&) ® & @Ti&)

i=1

D &P @ Bi%)

i=1

+ E*

o0 o0
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log®/%d ¢; log®(dn
g (&) R&| < Crcpus, dﬁ,
o2 n
log? d ’ log®(dn)
0g * gd 0g
E (&) ®@&| <C —,
o7 ;ﬂ@)@f S
logd [, || ’ . = 92 log®d
2 |E > B +E|DBil&) < Cxeybu
* i=1 00 i=1 00

with probability at least 1 — 1/n. All together, we can proceed as in the proof of Theorem 2.2 and then obtain

s log*(dn)

o3

sup
teR

< COxrebu by —5 logn

PHT? + T (a) < 1) — /A NCRORRACIEE

with probability at least 1 — 3/n, where
. 1 & 1 <, .., = ~
in(2) = — Y _(2XUil] + UG, Vg5 (2)) — T D (E(wiXi + Uilg) ] — X%, V3¢5 (2)).
i=1

mn
i=1

The remaining proof is a minor modification of the proof of (5.26), so we omit the details. O

Lemma 5.6. Under the assumptions of Theorem 2.4, there exists a constant C > 0 depending only on \ and

€ such that
BLAa(a+ 9] - Bl < 0558 8¢ (537)

Jorany a € (¢,1 —2¢)and § € (0,¢].
Proof. By Lemma D.4 and (5.5),
B[R0+ 0)] ~ E[Ru(0)] < O U <l°g2 N = o |+ s - w) .

i\ ol (R T el | T ogd
Noting that (F,')'(p) = 1/ fs(e, &) for all p € (0, 1), we obtain by the mean value theorem and (5.6)

1 1 3

fo(cC os)  folcfy) : 05503\;70@'
Also, by Lemma 4.2, the mean value theorem and (5.5),
Wats — Pal S M’ﬁ " s — ol < Ce 5<dlogd

Combining these bounds gives (5.37). O

Proof of Theorem 2.4. Denote by c¢; and (' the constants ¢ and C' in Theorem 2.3, respectively. Also,

denote by ¢z and C9 the constants ¢ and C' in Lemma 5.5, respectively. Since the left hand side of (2.12)
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is bounded by 1, we may assume (2.9) holds with ¢ = ¢ A co without loss of generality. Then, for each
€ (g,1 — ¢), the event

euta) = {7 2 1)~ (o Rafa)] £ o34 1og ]

*

occurs with probability at least 1 — 5/n. Meanwhile, by (2.9), (5.5) and Lemmas D.4 and D.10, there exists
a constant C3 > 0 depending only on A, € such that the event

571::{ sup  |Ry(a) — E[R ()]I<c§d1°g£d”)}

e<a<l—e O

occurs with probability at least 1 — 1/n and

log® d
sup [ E[Rn(@)]] < G354 |22 (5.38)
e<a<l—e O %
Further, let Cy be the constant C' in Lemma 5.6. Set
log®(d log®(d log*d.
A, =0y gd 08 9%/ (dn) logn—i-ng—diog (dn) Cs3Cy gd og’
* * n
Since the left hand side of (2.12) is bounded by 1, we may assume without loss of generality
log® d
cgf Oi F3A, <e. (5.39)

Now fix a € (2¢,1 — 2¢) arbitrarily. Set a1 := a — Ap and o, | := a1 + E[Rp(an1)]. By (5.38)
and (5.39), a,, 1, a%yl € (e,1 — €). Hence, on 5n(0/n,1) NEy,

N log”(d
PHENT) > 1= ) < PT 2 6y, ) < s = Rulay) + Co 2 P8 pog
d 1 d
< Gt + ElRu ()] — B[Rl )] + 05 260 cz(;;‘w logn < a,

where the last inequality follows from (5.37) and (5.38). This yields 8, < 1 — ay, 1 on &y (ay, 1) NEy. Hence

R R 6 2 log3(dn)
P(Ty 2 83,) 2 P(Tu 2 61-0q,,) =+ 2 0l — EIRu(0,1)] = Chc, 2525 % log
3 log®(dn
>+ B[Rulan1)] ~ IR ()] = Ch e, 2520 1og
41003
1 d
Z o — C’)\’{:—J)u”bvgfcflM log n, (5.40)
ot n

4
where the second inequality is by Theorem 2.3, the third by A,, < C ¢ 5, .5, % @ log n and the fourth by
(5.37)and (5.38). Similarly, with o, o := a+2A,, and a7, 5 := an 2 +E[Ry(an2)], we have on &, (a;, 5)NEn

PH(E(Ty) > 1= 0 = An) > PHENT) 21— af ) = PATL > ¢y )
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3 13
¢7 log®(dn
> a9 — Rn(on,2) — C'Qﬁgé) logn > a.

Hence (3, > 1 — a9 — Ay on &, (ay, 5) N E,. Therefore, a similar argument to (5.40) yields
o log'an)
o}

Combining this and (5.40) gives the desired result. O

P(T, > ¢5 ) < a+ Cxrebyby

i logn.

Appendix

A Nearly optimal high-dimensional CLT under the sub-exponential condition

Theorem A.1. Seto; := \/\m forj =1,...,d. Suppose that there exists a constant B > 1 such that
max; ; || Xij/ojlly, < B and max;n~t 3" E[(X;;/0;)% < B2 Then there exists a universal constant
C > 0 such that

sup |P(S, € A) — P(Z € A)| <
AER

C | B2log3(d
= Blog(dn) o (A1)

where Z ~ N(0,Cov[S,]) and p? is the minimum eigenvalue of the correlation matrix of Sy,

Proof. As announced, the proof is a combination of [24, Theorem 2.1] and a simple truncation argument
used in [39, Section 5.2] and [32, Section 4.3]. Denote by ¢ the left hand side of (A.1). Considering X;;/0;

instead of X;;, we may assume o; = 1 for all j without loss of generality. Further, since 0 < 1, we may also

1 [B?log?
- 2Tl \dn) (dn) logn <1. (A2)
P n

Next, letx,, :=2Blogn. Fori =1,...,nandj =1,...,d, deﬁneX}-j = Xijlix,;1<rn) —ElXi 1 x5 <k}
and set X; = (Xﬂ, .. ,Xid)—r and S, 1= n~1/2 Sy X;. Note that maxj<i<p HX,HOO < 2Ky,. Then, by a
similar argument to the proof of Eq.(4.19) in [32], we obtain

1 N Blog(dn)\/logd1
n N4

where § := SUP AR |P(S,, € A) — P(Z € A)|. Since p? < 02 = 1, it remains to prove

assume

0 < ogn + 4,

1 /B2 log®(dn)
pi n

(SN

< logn. (A3)

We prove this bound by applying Theorem 2.1 in [24] with ¢ = 2k,,. This gives

- B2log3d  rk2log’d fin log®/2 d
d< (1 A 5 A4
S (logn) | Ao+ - Rl I TR (A4)

where A := 1‘;#” Cov(S,) — Cov(Sp)|lse- By (A.2) and p, < 1,

k2 log’d 4 B2 log®d | B2(logd)(log®n) logn < 4 B2 log®(dn)
np?  p? n n 8= n
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and
knlog®?d 2 | B2log®(dn)
P*\/ﬁ
Further, by Eq.(26) in [39] and (A.2),

1 B%logd 1 | B2log3(d
1 Bogd, o < L[ B log (dn)
ps pi n P; n

Ao < @e—“n/ (2B) B2 logn =
Consequently, we obtain (A.3) from (A.4). O

B Proofs of the auxiliary results in Section 4.1
B.1 Proofof Lemma 4.2
We divide the proof into four steps.

Step 1. First we reduce the proof to the case ¥ = I. Let Z ~ N(0,X) and Z’ ~ N(0,% — 021,). Then,
forany A € R, u,v € Ri and = € R?, we have

/ ¢ (v + 2)dz = E[1quo\a(Z — 7)] = E {/ Lguna(04z + Z")¢a(z + x/a*)dz] :
A\ A R

d

Differentiating both sides r times with respect to x and then setting x = 0, we obtain

r 1 )
/AW\AV ¢x(z)dz = ;E [/Rd Lyuna(owz + Z )¢d(z)d2:| )

*

Observe that 1 yuu\ 4(042 + Z') = 1 =14 giyyu/oww/on (o1 (a_z1)) (%) and o, '(A—Z') € R. Hence

‘ / Vs (z)dz / V' pa(z)dz
Au,v\A Au/u*,v/o*\A

Therefore, the claim for general X follows from that for 3 = 1.

1
< — sup
1 Ox AER

1

Step 2. In this and the next steps, we show that the quantity inside sup 4,5 on the left hand side of (4.3) can
be replaced by a weighted surface integral of V" ¢y, over the boundary of A. Note that an analogous result
for the case » = 0 is standard in the literature; see e.g. Proposition 1.1 in [57]. For A € R, u,v € ]Rﬁlr and
€ > 0, set

, K(e) = sup Ta(u,v) .

14 (u7 ’U) =
1 AER;u,we0,e]d €

/ V' ¢q(z)dz
Au,v\A

In this step, we prove

sup K (g) = limsup K (¢).
e>0 el0

Take ¢ > 0 arbitrarily. Forany A € R and u,v € R%, observe that A*/2?/2 ¢ R and A"\ A is the disjoint
union of (A%/2:v/2)u/2:v/2\ (A%/2:v/2) and A%/2%/2\ A. This implies that

sup T4(u,v) <2 sup I4(u,v),
AeR;u,vel0,e]? AeR;u,vel0,e/2]4
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and thus K (¢) < K (g/2). Repeating this procedure gives K () < K(g/2") forn =1,2,.... Hence

K(e) < limsup K (¢/2") < limsup K (7).

n—00 nd0

Since ¢ is arbitrary, we obtain the desired result.

Step 3. For any Borel set A C R4™!, j € {1,...,d} and s € R, define
JAJ‘(S) — / vr¢d(2|zj=s>dzl e Cifzj .. 'dzda
A

where z|,,—s = (21,...,2j-1,5, Zj11,- - - zq) " and dz; means that dz; is omitted. Then, for u,v € R? and
d
A =[I_1laj,bj] € R, set

d

La(u,v) =Y {u;Jas j(a;) +v;Tas ()},
j=1

where A7 = [ T5:k5lak, bk]. In this step, we prove

L
limsup K (g) = limsup sup M_
el0 el0  AeR;u,vel0,e]? 5

FixA:H;lzl[aj,bj] € R,e>0andu,v € [0,e]¢. For ji,...,j, € {1,...,d}, we set

u,v

Aj1,~~,jr = {.%' e A% Z; §é [a,j,bj] for j € {jl, e 7jr} and T € [aj,bj] for j Qé {jh e 7jr}}-

Then, A»?\ A =J°_, Ui<ji<-<ji<aAj,.. ;. and this is a disjoint union. Hence we have

d
Ia(u,v) = Z Z V' pa(z)dz
r=11<1 <--<jr<d " A51 0 dr 1
One can easily check that

d

swp SN[ IVl de= 0 ase Lo,

. d
AeR;u,ve(0,e]d . —o 1<j1 <<jr<d i1, G

Hence we obtain

1
limsup K (¢) = lim sup sup - Z V' ¢4(z)dz

el0 el AeR;u,ve(0,e]d 8j:1 A;’U )

Forany j € {1,...,d}, observe that A" is the disjoint union of

AEL = [al,bl] XKoo [aj,l,bj,l] X [aj — uj,aj) X [aj+1,bj+1] X oo X [ad,bd]

and

|
<

= a1, b1] X -+ laj1, bj—1] X (bj, b + v5] X @41, bj41] X - -+ X [ag, b].
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Therefore, we have

g V' pa(z)dz — La(u,v)
AU sV
1

d
Z ( {V"¢a(2) = V" ¢a(2|z;=q;) }dz + /AU{VT%(Z) - VT¢d(Z|zjbj)}dZ>
j=1 J 1

< 2€Z/d ) sup HV’"qﬁd(z\Zj:S) —Vr¢d(zlzj:t)‘}1dzl---d/z\j---dzd.

—1steRi|s—t|<e

Thus,
d

1
lim sup sup - Z V'¢q(z)dz — La(u,v)|| =0.
el AeR;u,ve(0,e]d € AT

J=1"% 1
This gives the desired result.
Step 4. It remains to prove
lim sup sup [2aCu, v)lly < Cr(logd)r+1)/2, (B.1)
el AeRjuweR, (g) €
We first note that if A is an orthant, i.e. a; = —oo for all j, then (B.1) immediately follows from the

fundamental theorem of calculus and Lemma D.4. In fact, we have in this case

/ V' pa(2)dz
A

L )l

e

1

for any € > 0 and u,v € [0,¢]?. In the following we show that the proof is essentially reduced to this case

by a similar argument to the proof of [29, Lemma 2.2]. For every g € {1,...,7}, set
Ny(r) =A{(v1,..csvg) €29 v, o vg > 0,01 + -+ g =7}
Also, for any m € N, let
Im(d) ={(1,---,Jm) €{1,...,d}™ : j1,..., jm are distinct}.

Then, forany A € R, j € {1,...,d} and s € R, we have

d
[Tas&), = D /_3j1,...,jT¢d(sz=s)d21"'de“'dZd
Jryengr=1 1A

SIS

q=l (yl,...,Vq)eNq( ) ]17 7]q)€jq

=: Crz Z Z Aj(l/,j).

=1 v=(v1,...,vq) ENG(T) 5=(41,-,Jq) €T (d)

/ 8”11 ...8;:¢d(2’zj:s)dzl...j;j...dzd
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For each r = 1,...,q, the cardinality of the set N, (r) is bounded by a constant depending only on 7.
Therefore, to prove (B.1), it suffices to show that

d
YooY Ajwd) < Cr(logd)rtY/ (B.2)
7=13=01,..3r)€T4(d)
for any (fixed) ¢ € {1,...,r}, v = (v1,...,19) € Ny(r), A = H?:l
ji=1,...,d.
To prove (B.2), we introduce additional notation. For a non-negative integer m, H,, denotes the m-th
Hermite polynomial, i.e. H,,(t) = (—1)™¢(t)" 1™ (t). When m > 1, we set hy,(t) = Hpu_1(t)d(t).
Also, we denote by ¢, the maximum root of H,,. For example, t; = 0,t3 = 1,t3 = V3. Finally, set

[aj,bj] € Rand s € {aj,bj},

My, := maxo<i<t,, |Hm—1(t)| < co and define

han () = Mmd(t)1]0,,,] () + han (t)L(t,,, 00 (£)-
The function k., satisfies the following properties by Lemma A.1 in [29]:

hm is decreasing on [0, c0). (B.3)
|hn ()] < o ([t]) for all ¢ € R. (B.4)

Now, we fix j = (ji1,...,Jq) € Jg(d) and j € {1,...,d} for a while. Set

vy ifj = jpforsomep € {1,...,q},
UV =

0  otherwise.

Then we have

Aj(v,3) = lhwsr ()| T 1o (03,) = hoy (a5,)] II {200 — ()}

p:jp7J k:kAj1,-0q,7

<husa(s) | TT (honbi) + P lag, D) | TT 1@000) + @(=ar) ~ 13,

PpFJ k:k#j1,e000q,0
where the last inequality follows from (B.4) and the identity 1 — ®(t) = ®(—t). Set ¢, = |ag| A |bg| for
k=1,...,d. Then we have ®(b;) + ®(—ay) — 1 < min{P(by), P(—ar)} < P(cx). Combining this with
(B.3) gives

Aj(1,3) < 241 (cj) | [T P (cs) I .

p:jP7£j k:k7éj17"'7jlbj
Now, observe that A, (t) < Cyn(1 + ™ 1)¢(t) for any m € Nand t > 0 by construction. Hence, if
max,—1,..4¢j, < \/4(r +1)logd,
CT(log d>(riq+1)/2 (Hg:l ¢(ij)) Hk:k;éjl,...Jq (D(Ck) lf] € {jl? cee 7jq}7

Aj(v,3) < o , .
C, (log d)"=9/2¢(c;) (szl qs(cjp)) [isssy..s; ®lex)  otherwise,
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where we used the identity Zgzl vp = 1. Besides, if max,—1 ., cj, > /4(r + 1) logd,
q
2
M) < [T < 0

Consequently,

d
Z Z Aj(yaj)

J=1§=(j1,--.dq)€T4(d)

<C+C Y (logd)rat/ Hmp IT @

(J1s--rdq) €Ta(d) k:kA1,0q
+o Y > (logd)"D2g(c Hsmp I @
(J15--2Jq)ETq(d) 3:37515-+1dq k:k#51,0 00,0

With A = ¢ —1(—00, ¢;], we can rewrite the right hand side of the above inequality as

CT+Cr(logd)("‘q+1)/2 Z / Ojy.,.. ,]qqﬁd

(J1,--20q)ETq(d)
+ Cy(logd)(r0)/? ) / g bal2)d
(1t 1)ETar1(d) ” 4

This quantity is bounded by

C, (1 + (logd)r—at1)/2 Vi9¢q(2)dz|| + (logd)—9/2 VIt gy(2)dz ) : (B.5)
A’ 1 A’ 1
For any m € N, observe that
/ V"¢4(z)dz|| = lim / VT¢4(z)dz|| < sup V™¢q(z)dz
' 1 7| [ag) | AerIlJA 1

Therefore, by Lemma D.4, the quantity in (B.5) is bounded by C,(log d)("*1)/2, This gives (B.2). O
B.2  Proofof Lemma 4.3

The proof of (4.6) is an almost straightforward multi-dimensional extension of that of [33, Lemma 2.1],
and the proof of (4.7) is its simplification. Let Z ~ N(0,X) be independent of (&;)? ;. Set W(s) =
V1 —sW + /sZ for every s € [0, 1]. The following two lemmas summarize the role of the approximate

Stein kernel in the proof.

Lemma B.1. Under the assumptions of Lemma 4.3, suppose additionally that h € C} (RY). Then, for any
t € [0, 1], we have the following:

(@) IfU € (RH®" is non-random,
E[{U, V'"h(W(1)))] — E[(U, V"h(Z))]

_ ;/t (E[<U ® T,V 2h(W (s)))] +

E[(U @ B, V’"“h(W(s)))]) s
Vv1—s ’
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(b) Foreveryi = 1,...,n, let v; : R — (RY)®" be a measurable function such that v;(&;),vi(&) ®
&, vi(&) @ 1i(&) and vi(&) @ Bi(&;) are integrable. Set V := """ | v;(&;). Then

E[V, VT h(W(#)))] = E[(V, V"h(2))]

1

1 n
=5 / (EW @ T, V™2h(W(s))] = Y El(ui(&) © n(gi),vr“h(vv(s)»]) ds
¢ =1

Vi—s

Proof. Since the proof of (a) is similar to that of (b) and simpler, we prove (b) only.

1 n
+3 [ o= <E[<v ® B, VAW ()] + D El(ni(6) © (6 — Bi(), vr“h(W(s)m) ds.
t =1

By the fundamental theorem of calculus, we obtain

ELV, VTA(W (1)))] — E[(V, V"h(Z))]

1o
__ /t - E[(V. V(W (s))]ds

1 / (Ew W,V (W (s)]  E(V®Z, V’“*lh(W(sw) d
2, Vi-s Vs i

Since Z is independent of (W, V'), an application of the multivariate Stein identity conditional on (W, V)

(B.6)

gives forany 0 < s < 1

E[(V ® Z, V" h(W (s)))]

7 =E[(V®X, V' T2h(W(s)))]. (B.7)
Meanwhile, we rewrite E[(V ®@ W, V3h(W (s)))] as
E[(V @ W,V T h(W (s)))]
= iEKV ® &, VT (W (s)))]
= Zn;EKV(“ ® &, V(W (s)))] + ZH;EKW(&) ® &, VAW (9)))], (B.8)
where V) = V — v;(&). Fori = 1,...,n, since (7, 3;) is an approximate Stein kernel for &; and &; is

independent of V(9 and W — &;, we have

E(VD &, VAW (5)))]
= VI=sB[(VY @ 7(&), VIT2R(W ()] + E[(VD @ (&), VT R(W (s)))].

Hence

n

S E(VO @&, V(W (s)))]

=1

—Vi—s (Z E[(V @7(%), VIT2h(W (5)))] = > E[(vi(&) ® 7(&), VT+2h(W(S))>]>

i=1 i=1

52



+ ZE (V@ Bi(&), VT (W (s) ZE vi&) ® Bi(&), VI TIR(W (9)))]

=1 =1
1—s ( (V&T, V' 2h(W(s) ZE vi(&) @ 73(&), VI T2h(W (s ))>]>
=1
E[(V @ B, V" A(W ()] = Y El{vi(&) @ Bi(&), VAW (s)))]. (B.9)
i=1
Inserting (B.7)—(B.9) into (B.6) gives the desired result. O

Lemma B.2. Let ¢ be a centered random vector in R Suppose that & has a Stein kernel T such that
E[[[¢12.] + E[ll7(§) ® £%%loc] < 00. Then, E[[[7(£) @ &lloc] < 00 and for any f € Cy(R?),

1

E[(r(&) ® &, V2f(€)] = 5

5 (BLE™, V()] = E[(7(6) @ €%, V£ (€))]) (B.10)

Proof. Take j, k,l € {1,...,d} arbitrarily. Then we have

El|7x(§)&l] = B[l (&)&; [&] < 1] + E[|mk(€)&]; 1&| > 1]
< E[lm ()] + E[l7x(©)1€7] < EIT(E)lloo] + EllI7(€) @ £%%[|0o] < o0
Hence E[[|7(§) ® €]|oo] < 0.

Next we prove (B.10). By a standard approximation argument, it suffices to prove (B.10) when f is

compactly supported. For every j = 1,...,d, define a function g; : R — R as
9(z) = (22, V20, f(x Z ruro (@),  z€RY
u,v=1

Observe that g; is compactly supported because f is compactly supported. For j, k € {1,...,d} andz € R,

we have

8]@93 = 2va jk:vf Z Ly Loy ]kuvf )

u,v=1

Hence we obtain

d
E[(r(©) @& VAN = Y Elmn(&)&dnf(6)]

7,kv=1

1 < 1<

5 Z E T]k 8kgj )} 5 Z [T]k(g)fugv jkuvf(f)]
k=1 J,k,u,v=1

The second term on the last line is equal to § E[(7(£) @ £%2, V1 £(€))]. To evaluate the first term, define a
function G : R? — R as G(x) = Zk | Tk fo gr(0x)df, x € RY. Then, using the relation Okg; = 09k,

one can easily verify 0;G = g; forall j = 1,...,d. Moreover, G is bounded. In fact, since g1, ..., gq are
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compactly supported, there exists a constant K > 0 such that g;(x) = 0 for all j whenever ||z > K.
Then, for any = € R? with ||2]|o > K,

K/llz]loo

< <
)| Zmr L a0 < dic max, sup o))

It is straightforward to check that this estimate is still true when |||/ < K. Hence G is bounded. As a
result, G € CZ(R?) and thus

d

d d d
> Emk(©)0kg; (O] = Y Elmn(§)0k,G(€)] = Y El§9;G(€)] = > Elgig;(9)]

jk=1 k=1 j=1 j=1

where the second equality follows from the definition of Stein kernel. Combining these identities gives the

desired result. O

Proof of Lemma 4.3. First we prove (4.6). It suffices to prove the claim when h € C}° (R%). To see this, let
t; =t/2andts = t/(2—t). One can easily check that t1, t2 € (0, 1] and hy = (hy, )1, Since by, € C°(RY),
the general case follows by applying the claim to i = hy, and ¢ = ¢s.

Observe that E[h;(1W)] = E[h(W(t))]. Therefore, Lemma B.1(a) gives

E[B - Vh(W(s))]) ds.
1—s

1 (! _
E[h(W)] — E[h(Z)] = 2/t <E[<T, V2h(W (s)))] + (B.11)

Next, fort < s < 1, Lemma B.1 also gives
E[(T, V(W (5)))] — E(T, V*h(Z))

1

1 n
= 2/ (E[<T®2,V4h(W(u))>] — > EB[(n(&)®?, v4h(W(u))>]> du
s i=1

(EKT ® B, V(W ()] + Y E[(ri(&) ® (& — Bi(&)), V3h(W(U))>]> du
i=1

(B.12)

2 s V1—u

and
E[B-Vh(W(s))] — E[B - Vh(Z)]
1 n

1
= 2/ (EKB © T, VOh(W ()] = ) ElBi(&) @ mi(&), V3h(W(u))>]> du
s i=1

(EKB@Z’ VER(W ()] + Y E[(Bi(&) @ (& — Bi(&)), VQh(W(U))H) du.
i=1

(B.13)

v1i—u

Using the definition of the approximate Stein kernel, we can easily verify that 8;(&;) are centered. Hence

E[B-Vh(Z)] = E[B] - E[Vh(Z)] = 0. (B.14)
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Meanwhile, for s < v < 1, Lemma B.2 gives

D E[(ri(&) ® &, V3h(W (u)))]

=1

(B.15)
72 E[(67° = Bi(&) © &7, VPR(W (w)))] = V1 = wE[(7i(&) @ €72, VIR(W (w)))]) -
Then, Lemma B.1 again gives
BLEP, VhOV ()] — EI(EE, V*h(2)
=5 [ L o (7 = e, TV ) o)
vy [ = ;EKE{@?’ © (& + B = 5(6)), VOV (0)]do
and
> IS €) © &, V2ROV ()] - D EB(E) &, VH(2)]
i=1 1=1
1 n
=3 [ L EAE) 965 (76, TRV )l B.17)

1
3/ ﬁZE (Bil&) ©.& @ (& + B = (&), V(W (0)do.

Further, note that we have by integration by parts

/R ()7 gn(2)dz = (—VIT— 1) /R CEIV'R(VI— 2+ ViZ)|gx(2)dz

— (—VI— ) E[V"h(2)]

for any » € N. Also, from the definition of the approximate Stein kernel, we can easily verify (E[¢®?], M) =
(E[1:(&) + Bi(&) ® &], M) forany i = 1,...,n and symmetric d X d matrix M. Hence

<Zﬁz &) ® &, V2h(Z >

——(Zw — ,E[V?h(Z)]) =

BT, P h(2)) +

/d he(2)(Bw — %, VZéx(2))dz (B.18)

1—t }
2 Jr

2

®3 73 1 1
E[( Z n2))] /t < / ﬁdu) ds:—é /R () (EIEPY), Voo (2))dz. (B.19)

Finally, observe that

and

V'hs(W) = (1 —s)"/2E[V"h(W(s)) | &1, . ... &n] (B.20)
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for any € N and s € [0, 1]. Combining (B.11)—(B.20) gives (4.6).
Next we prove (4.7). As above, we may assume h € C;;O(Rd). By Lemma B.1(a),

1 1
Elh(W)] ~ E[n(2)] = | / E[(Sw — 5, V2h(W(s)))]ds
and

Bl 2, VROV ()]~ El(Sw — . VR = 1 [ Bl(Sw — )%, 9V )

Combining these two identities with (B.20) gives (4.7). ]

B.3  Proof of Lemma 4.1

As already mentioned, the proofis a straightforward modification of [8, Lemma 11.4]. Let
5::sup{'/hyd(uu) :yE]Rd}.

5:sup{/hyd(,u—u) :yeRd}. (B.21)

Then, given any 7 > 0, there exists a vector z € R such that J h.d(p — v) > 6 — n. In this case, we have

/[} [/ Mh. (y + ) - v)(d@] K (dz)

Assume first that

[ hetomtan) ~ [ M+ x;z-:)u(dy)] K (dx)
[ )= )~ [+~ b)) u(dyﬂ K (dx)

5y [0+ 25) = ety + 0} vlay) — [ ety +0) — ha(w)} wldy)| Kl

[6 —n—7"(hje) =77 (hye)] K(dz) = a[0 —mp — 7"(h;e) — 7" (h; €)]

—ee]d

Lo [ o miere = vy s
Y B Ly RUREE Rl pate
-/ s [ [ bty 2= 1) = [ (M 1) — ety -+ )} o) | K (o)

> / (=6 — 7" (hs )] K (da) = (1 — a) [<5 — 7" (hs ).
Rd\[—¢,e]d

Consequently, we obtain
v (h;e) > /Mhz(x; e)(pw—v)x K(dx) > 2a —1)6 — 7" (h;e) — at™(h;e) — an.

56



Letting n | 0, we obtain the desired result. If instead of (B.21) we have

5:sup{—/hyd(u—1/):yeRd}7

then, given any n > 0, we can find z € R? such that — J hd(pp—v) > & —n. Now look at —h, (instead of
h.) and note that M_, (-;€) = —my, (-;€) and

[ty = (@i e)vida) = [0, (w:2) = (-hy)otda)
for every y € R%. Proceeding exactly as above, we obtain
v (h;e) > — /mhz(fc; e)(u—v)*x K(dx) > 2a—1)0 — 7"(h;e) — a7 (h;e) — an.

Thus we complete the proof. O

C Proof of Lemma 5.1

Let us prove (5.5). We write F' = Fz and x = F~!(p) for short. First we consider the case p > 1/2.
Since the function R? > z — 2V € R is convex, ®~! o F' is concave by Corollary A.2.9 in [59]. Hence, for

any y >,
-1 (-1
y—x P(P~H(F(2)))
Lety = F~1(p) + ¢ with c a positive constant specified later. Then,

e (FE () +0)) — ()
(@ 1(p) = c |

Thus, we need to choose c so that F/(F~!(p) + ¢) has an appropriate lower bound. Noting p > 1/2, we have

1-F(FYp)+c)=P(ZY>F'(p)+c)<P(Z2¥>F11/2)+¢)
E[(ZY — F7Y(1/2))% - 2 Var[ZV]

2 - c2 ’

<

c
where we used the following inequality for the last bound: For any random variable Y and its median m,
E[(Y — m)?] = Var[Y] + (E[Y] — m)? < 2Var[Y]. Thus, letting c = /4 Var[ZV]/(1 — p), we obtain
F(F~Y(p)+c¢)) >1—(1—p)/2 = (1+p)/2. Consequently,

B 1, WO (1 +p)/2) — @)
FFY (D) > 6(@7 1 (p)) Warmral V1-p. (C.1)

Also, by the fundamental theorem of calculus,

(1+p)/2 1 1—

1 (1+p)/2)— @' (p) = /p ¢(¢_1(u))du >

where the last inequality holds because ¢ o @1 is decreasing on [1/2, 1). Combining (C.1) with (C.2) gives
(5.5).

(C.2)
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Next consider the case p < 1/2. Since the function log o® is increasing and concave, log o F' = (log o®)o

(®~! o F) is concave. Hence (logoF)' = f/F is non-increasing. Thus we obtain

FEp) o fFETHA/2) 1
D ~ F(F-1(1/2)) — 25/2\/Var[ZV]7

where the last inequality follows from (5.5) for p = 1/2 which was already proved in the above.

It remains to prove (5.6) when Cov|[Z] = X. An elementary computation shows

_ 1 _ f5(Fy " (w)
(F7 ) (u) = T (B (w) = -2
z fo(F7 ' (w) g fo(Fy ()3
for all u € (0, 1). Thus, the desired result follows from (5.5) and Lemma D.5. 0

D Technical tools
D.1 Inequalities related to multivariate normal distributions

Let Z be a centered Gaussian vector in R%. Set@ := max<j<q v/Var[Z;] and o := min; < ;<4 1/Var[Z;].
Lemma D.1. E[ZV] <&+/2logd and Var[Z"] < 5°.
Proof. The first bound follows from [12, Theorem 2.5]. The second one follows from [12, Theorem 5.8]. [

Lemma D.2 (Nazarov’s inequality). If g > 0, then for any x € R and ¢ > 0,

(v/2logd + 2).

Proof. See [21, Theorem 1]. O

P<O< max(Zj—zj)§5> <

1<j<d

Q| ™

Lemma D.3. There exists a universal constant ¢ > 0 such that \/Var[ZV]logd > co? /3.

Proof. By a straightforward modification of the proof of Theorem 1.8 in [27], we can prove

VVar[ZV](e + E[2"]) > do?

for some universal constant ¢’ > 0. In fact, this follows by applying the arguments in the proof of Theorem
1.8in[27]to X = Z /7 with t = \/1 — 02 /(4m?) when m := E[Z"] > ¢/2 (Lemma 2.2 in [27] is applied
with A = g2 /(4m7)). Then, since E[Z"] < 7+/2logd by Lemma D.1, we obtain the desired result. O

Lemma D.4 (Anderson—Hall-Titterington’s bound). For any r € N,

log’/? d
sup ‘/ V'os(z)dz|| <C, e —,
AER A 1 O

where C,. > 0 is a constant depending only on r.

Proof. Let Z ~ N(0,%) and Z' ~ N(0,% — 021;). Then, forany A € R and = € R%, we have

/ ds(z + 2)dz =E[14(Z —2)] =E [/ La(owz + 2 pa(z + /0 )dz | .
A R

d

58



Differentiating both sides r times with respect to = and then setting « = 0, we obtain

/ Vs (z)dz = iT,E {/ la(owz + Z’)VTqﬁd(z)dz} .
A Oy R4

Hence
1 log"/? d
/ V'¢s(z)dz|| < —E H / La(owz + Z"V7" ¢g(2)dz ] <G, o8 —,
A 1 O R4 1 O
where the last inequality follows by Lemma 2.2 in [29] because {z € R? : 0,2 + Z' € A} € R. O
Lemma D.5. For any integer r > (,
) = / Q%) gl (2))dz  forallt € R, (D.1)
(_Oovt}d

Moreover, there exists a constant C,. > 0 depending only on r such that sup,p, | fg) (t)] < Cr(\/logd/o,)" L.
Proof. Observe that
Fz(t) = / qﬁg(z)dz = / ¢§)(Z + tld)dz
(7oovt}d (700,0]d

for all t € R. Differentiating this equation r + 1 times with respect to ¢ gives

1) = /( STV (e + 1)z = / (157D, v gm(2))d=.
—00,0

(—OO,t]d
Hence we obtain (D.1). The second claim follows from Lemma D.4. O

D.2 Inequalities related to sub-Weibull norms

Lemma D.6. Let & be a random variable. Suppose that there is a constant A > 0 such that |||, < Apt/e
Jorallp > 1. Then ||£|y, < CaA.

Proof. See Lemma A.5 in [40]. O

Lemma D.7. For any o € (0,1), there exists a constant C, > 0 depending only on « such that

dYoal <> il
=1

Va i=1

for any random variables &1, . . ., &,.

Proof. This follows from Lemma C.2 in [17] and the triangle inequality for the Orlicz norm associated with

a convex function. O

Lemma D.8. Let 1, & be two random variables such that || &1 |y, + [I€2]ly., < oo for some ai,az > 0.
Then we have [|§162l, < 11114, €2l yn, » where o > O 'is defined by the equation 1/a = 1/ay + 1/as.

Proof. See [41, Proposition D.2]. O
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Lemma D.9. Let &, ..., &, be independent random variables such that maxi<i<n ||&|y, < K for some

K > 0and o € (0,1]. Then, there is a constant C,, > 0 depending only on « such that for any p > 1,

n
> —El&))| < Cak (vEn+p'").
i=1 »
Proof. See Lemma 2.1 in [30]. O
Lemma D.10. Let Y, ...,Y, be independent random vectors in R%. Suppose that there exist constants

K > 0and a € (0,1] such that maxi<j<, maxi<j<q ||Yij|lp. < K. Then, there exists a constant Co, > 0
depending only on o such that

n T

B> (vi—EWi]| < Car” (Varlogd+ (rlog d)”“)T (D.2)
i=1 0o
foranyr > 1 and
= 1
P Y; — E[Y; WK log(d Veajogt/a(d < — D.3
(Z( Y)| > Cak (Vanlogldn) +a'/*1og"*(dn) ) | < — (D3)
forany a > 1.
Proof. By Lemma D.9, we have for any p > 2
A . < ' 1/a .
max, Z;(Yu E[Yi;])|| < CoK (\/pn+p ) ; (D.4)

p

where C/, > 0 depends only on «. Therefore, with p = r log d, we have

r p N\ T/P
< <E > < d"/P max

1<j<d
< d/7(ClL) K" (/nrlogd + (rlog d)l/a)r.

n T

E (Y (v — E[yi))

i=1

n

> (Y —E[Yi])

i=1

n

> (Vi —E[Yy))

=1

p

Since d'/P = e"102d/P = ¢ < ¢, we obtain (D.2) with C,, = eC/,. Also, by the union bound, Markov’s
inequality and (D.4), we have forany ¢ > 0 and p > 2

P < Y Yi-EM)| > t) <d (t—lc*;K <m+pl/a)>p
=1 00
Applying this estimate with p = alog(dn) and t = eC, K (\/pn + p'/*), we obtain (D.3) 0

Lemma D.11. Let r € N. If (2.2) is satisfied, there exists a constant C,. > 0 depending only on r such that

1 1
( > a" G|V |17/ Og”) <—
n n

foranya>1andV € (R)®"

Zn: XM V) —E[(XP V)
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Proof. By Lemmas D.7 and D.§, foreveryi =1,...,n,

1, < Cr Z Xijy+ Kigy Ny, Vireoo | < CrllV Iy max [ X,
Jiye- 7]r—1

Therefore, by Lemma D.9, there exists a constant C|. > 0 depending only on 7 such that

< VI <\/5 i p)
n n

P
for any p > 1. Hence, with p = alogn, we have by Markov’s inequality

" 1
< > eCl||V|[1b" <\/5+ p>> <eP=—.
n n n

Noting n= ! log" n = /n—Tlogn - n=2log" /2 n < C,+/n~—1logn, we complete the proof. O

Lemma D.12. [f (2.2) is satisfied, there exists a universal constant C' > 0 such that for any a > 1,

n

S UXEL VY~ BUXETV)))

=1

iz XE7 V)~ E[(XE,V)))

alog(dn)  a®log®(dn) 1
P( max Z‘XU"Xlk|1{\XU|v|sz|>2blogn} > Cbz( + < e (D.5)

1<jk<d mn n n
and
log(dn) log* n 1
4
P <1<n;21?§dn E X7 XX v Xk | <2blogn} > Cb <1+ a———— )| =5 (D.6)

Proof. Let us prove (D.5). Write Y; i, := [Xy5{| Xik|1{ x;;|v| ., >2b logn} fOT short. Since [|Y; jk |y, ,, < b,
we have by Lemma D.10
1

max —
1<jk<d

3 21002
Z(Ymk — E[Y;jx])| S b2 ( aloi(dn) 48 10i (dn))
=1

with probability at least 1 — 1/n®. Moreover, observe that

b2
< X2X2 (|1 X 2h1 —.
[EYighl < max \JEIXEXEIP(Xy] > 2logn) <

Hence we conclude

1
max —
1<5,k<d M

zn:Yz‘,jk <p? ( alog(dn) n alog%dn))
i—1 n n

with probability at least 1 — 1/n®. This proves (D.5).
Next we prove (D.6). Set

‘= max E X2 X 1
C 1<y, k<d’n, ik {| X4 V[ Xix|<2blogn} -
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By Lemma E.5 in [20] with = 3 and B = 16b* log* n./n, we have for any t > 0

41 4
P << > 4E[(] + IGb()ngnt) <et

Further, E[¢] < b* + % log d by Lemma 9 in [19]. Hence there exists a universal constant C's > 0 such

that

log*n

P <C > Cyb? (1 + (logd + t))) <et

for any ¢ > 0. Applying this with ¢ = alogn gives (D.6). O
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