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Abstract. The Generalized Method of Moments (GMM) attains the
semiparametric efficiency bound when the weight matrix is optimally
chosen. In this study, we characterize the efficiency of the GMM estima-
tion from the viewpoint of information geometry. Using the convexity of
the criterion function of the GMM estimation, we introduce a dually flat
connection structure to the model and derive the canonical divergence.
At the same time, using the asymptotic normality of the GMM esti-
mator, we formulate statistical differentiation and define the statistical
divergence. In conclusion, we prove that the two divergences coincide if
and only if the optimal weight matrix is employed.
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1 Introduction

This paper presents a geometric intuition for the efficiency of the Generalized
Method of Moments (GMM). The classical least squares method cannot be ap-
plied in regression models where the explanatory variables are correlated with
the forecast errors. In econometrics, this is called the endogeneity problem. In
order to obtain consistent estimates for regression with endogeneity, instrumen-
tal variables, or instruments, are often used. A higher dimensional vector of
instruments contains more information and allows for more accurate estimation.
However, it leads to the problem of over-identification, i.e., solving simultaneous
equations whose dimensions are higher than the number of parameters to be
estimated.

The GMM is a method proposed by [10] to deal with the over-identification
problem, in which an appropriate positive definite matrix is employed as a weight
matrix, and solving the high-dimensional simultaneous equations is replaced by
a problem of minimizing the quadratic form of the weight matrix. [6] found
an optimal weight matrix selection method that allows the GMM estimator to
achieve semiparametric efficiency bounds. See also [4] and [5] for more details
on the GMM estimation and its efficiency.



In this paper, we understand the efficiency of the GMM estimation from
the viewpoint of information geometry. We interpret the introduction of instru-
ments as setting an equivalence relation in the space of random variables. In
the quotient space, the set of GMM models is realized as a finite-dimensional
manifold. The weight matrix for the GMM estimation defines the Riemannian
metric, dually flat structures, and the canonical divergence.

We also propose a new method of differentiation based on asymptotically
normally distributed estimators. In the standard theory of differentiable mani-
folds, a smooth path on the manifold defines a tangent vector. Similarly, in this
paper, a sequence of estimates converging in distribution to the true parameter
defines statistical versions of the co-metric and the canonical divergence of the
GMM manifold.

Hence, the GMM manifold has two different divergences, which are generally
not equivalent. We prove that they coincide if and only if the weight matrix is
optimal. The result implies that we can illustrate the efficiency of GMM estima-
tion by a Pythagorean theorem between the two divergences derived from the
criteria function and the asymptotically normal estimator. This insight offers
some intuitions for estimation efficiency in other estimation methods, such as
least squares or maximum likelihood.

The application of differential geometry to the estimation efficiency has often
focused on the higher-order efficiency [3,7]. However, this paper considers the
case of the first-order efficiency, that is, the conditions for the estimator to have
the least asymptotic variance. In addition, although many of the information
geometric considerations of statistical models assume an exponential distribution
family [1,2,15], the models analyzed in this paper do not make assumptions
about the distribution type.

This study is based primarily on [12] and [13]: the former shows that when
a convex potential function is given on a differentiable manifold, a dually flat
structure is naturally derived from the potential; the latter constructs informa-
tion geometry based on a co-metric rather than a metric. We also use the fact
that the criterion function of the GMM estimation is convex to show the dual
flatness of the GMM manifold and formulate a statistical version of the co-metric
by asymptotic behaviors of the GMM estimator.

2 The Generalized Method of Moments

This section briefly explains asymptotic theory of the linear GMM estimation.
Details and proofs of claims given in this section are found in Appendix A of the
paper.

Suppose that the probability space (£2, B, P) is given. Denote by Lo(P) the
space of squared integrable random variables with norm ||y||z,(py = (Ey*)"/?; by
L3 (P) the space of m-dimensional vectors of square-integrable random variables
with norm [[z]| g py = (E Y12, #2)'/2 for 2 = (21, am) "

Assume that a linear relation

y=1x"0+e¢ (2.1)



between y € Lo(P) and = € L5*(P) holds with error term e and parameter
6= (0,---,0™)7T € R™. If conditions € 1L x and rank Exz" = m are satisfied,
0 is consistently estimated by the Ordinary Least Squares (OLS). In applications
in economics, however, some components of x are possibly correlated with the
error term due to the endogeneity of the model. In such a case, classical OLS
fails to be consistent for . To deal with the endogeneity problem, we assume
the existence of instruments z € LL(P), I > m, that satisfy moment conditions

(A1) Eze=0
and the rank condition
(A2) rank Ezx" =rank ExxT = m.

Under these conditions, 6 is characterized as a unique solution to
Ez(y—z"0) = 0. (2.2)
If n independent copies

(xlaylvzl)a cee (xnvynazn)

of (x,y,z) are observed, corresponding equations

- zi(yi — JJ‘TQ) = (2:3)

K3

might offer an estimator 0,, of 6. However, empirical equations (2.3) might fail
to have solutions when dim z > dim z.

An equivalent way to characterize 6 is to consider it as a minimizer of the
criterion function

1
2
where W is a positive definite I x I matrix.

Let E, be the empirical expectation operator based on the data: for an
arbitrary function f(z,y, 2),

M(6) (Bz(y—2"0)"WEz(y —z'8), (2.4)

Buf(e,0,2) = = 3 [ 1, 20). (25)
i=1

When dim z > dim z, the Generalized Method of Moments (GMM) estimator 6,
is defined as the minimizer of the sample M-function

- 1

M(0) = §Enz(y — ") WE,z(y —z6). (2.6)

Since M is convex with respect to 6, the estimator is obtained by solving the
first-order conditions of minimization,

%M(G) = —(Bpzz ) WE,z(y —x"0) =0, (2.7)



which yield the formula of the GMM estimator

O, = (Bnza ") TWEpz2 ") Y (Epza )T WE,zy. (2.8)
Assume that
(A3) Ee?zz' < oo

Let A = Eza" and ¥ = Ee?z2'. By the weak law of large numbers and the
central limit theorem, consistency

0, 20 (2.9)
and asymptotic normality
V6, —0) 5 N (0,V) (2.10)
are satisfied as n — oo, where
V= (ATWA) T ATWEWA(ATWA) (2.11)

Asymptotics (2.9) and (2.10) hold for arbitrary W, but the size of the asymptotic
variance V' depends on the choice of W. Chemberlain (1987) proves that by the
optimal choice Wo,y = X -1

V(W) 2 V(W) = (ATE714) 7 (2.12)

holds for arbitrary W, where the matrix inequality means that V(W) —V (W)
is positive semi-definite [6].

3 Dually flat manifold and the canonical divergence

This section summarizes [12], which illustrates how to introduce dually flat struc-
tures and the canonical divergence of a manifold via a convex function. Proofs
of claims in this section are given in Appendix B of the paper.

Consider an m-dimensional C*°-manifold M with a coordinate system 6 =
@1,---,0™) : M — R™. Let C°°(M) be the set of smooth functions on the
manifold. Suppose that a function ¢ € C°° (M) has the positive definite Hessian
D21/J = [81-8]-1/1], where

0

We call the pair (0,1) a frame of M. If (é,@[}) satisfies
0=A0+0b, P(O)=1p0)+c 0+d (3.2)

at every p € M, where A is an m X m matrix, b,c € R™ and d € R, we regard
(0,%) as equivalent to (0,v), and write (6,v) ~ (8,4). Let A be the equivalent
class of (0,v).



Define n = (1, ,0m) | : M — R™ and ¢ € C(M) by
ni=0ip and P+ =0"1. (3.3)

Then, (1, @) also gives a frame of M. In particular, #* = 9%y holds, where

5= 2

= (3.4)

The definition (3.3) implies that
[0:0;9(p)] ! = [0 p(p)]- (3.5)

We say (n,¢) as the dual frame of (0,1), and denote by A* the set of dual
frames: that is,

A* ={(n,%) | (n,¢) is dual of 7(6,7) € A}. (3.6)

If (1, ¢) is the dual frame of (0,1)), then (6,) is shown to be the dual frame of

(1, ¢). Hence, A = (A*)* holds. Additionally, if (7}, §) is the dual frame of (6,v),
then (0,v) ~ (6,%) implies (1, @) ~ (7, 9). We call (M, A, A*) the dually flat
space for the reason stated below.

The divergence of M is a smooth function D : M x M — R such that

Dipl) { 20,

=0 < p=gq. (3.7)

When the divergence D is given, we can derive geometric properties of M from
D [1,2,8,9]. Denote by X (M) the set of smooth vector fields on M. The Rie-
mannian metric g of M is given by

00X, Yy) = XgYoD(oll)| (38)
for every p € M and X,Y € X(M). The affine connections V and V* are also
determined by

0(VxY )y Zy) = =X,Y,Z,D(llg)| (3.9)
and
95(V3Y )y %) = =X, Z,D0ll0)| _ . (3.10)

q=p
To be emphasized here is that (V,V*) is a pair of the dual connections, which
satisfy
X[g(Y,2)] = g(VxY,Z) + g(Y,VXY) (3.11)
for any X,Y,Z € X(M).
For the dually flat space (M, A, A*), the canonical divergence is defined by

D(pllg) = ¢(p) + ¥ (q) — n(p) " 6(q), (3.12)



where (1, p) € A* is the dual frame of (6,1)) € A. It is shown that (3.12) satisfies
the condition (3.7). Furthermore, for any p, q,r € M, (3.12) satisfies

D(pllq) + D(gllr) = D(pllr) = (n(p) — n(q) " (6(r) — 6(q)), (3.13)
which implies
D(pllq) + D(q|r) = D(p|lr) (3.14)

if (n(p) —n(q))T(8(r) — 6(q)) is satistied. This is a version of the Pythagorean
theorem. Therefore, we can consider D(pl||q) as a squared distance between p
and gq.

The components of the Riemannian metric are given by

9ij (p) := gp(0s,0;) = 9;0;¢(p) (3.15)
with respect to 6, and
9" (p) := gp(8",0") = & p(p) (3.16)

with respect to 7. Let G(p) = [g;j(p)] and G*(p) = [¢"/(p)]. Then, the relation
G(p)~! = G*(p) is confirmed. Furthermore, the connection coefficients of V with
respect to 6 are

L) 1= =(0,(0),(0)a Dlla)|_ =0, (3.17)
and the coefficients of V* with respect to n are
a(p) = —(0)4(0"),(9),D0ll0)| =0, (3.18)

q=p

Therefore, 6 is the affine coordinate of (M, V), and 7 is the affine coordinate of
(M, V*). Since

(0.0 = 0000 0(5) = { ¢ 7). (319)

(0,m) is the dual affine coordinate, and (M, g, V,V*) is indeed the dually flat
space.

Thus, the dually flat structure (g, V,V*) is derived from the dual frames

{(0,v), (n,¢)}. It is also shown that the corresponding dual frames are uniquely

determined by (g, V,V*). Therefore, there is a one-to-one correspondence be-

tween {(6,¢), (n,¢)} and (g, V, V*).

4 Cotangent space generated by asymptotically normal
estimators

In the previous section, we derive a dually flat structure from a convex function
defined on a manifold. An alternative method to determine the dually flat struc-
ture is constructing the co-tangent space from asymptotically normal statistics.



Let M be an m-dimensional C*°-manifold with canonical coordinate 6 :
M — R™. Assume that there exits a sequence 6 = {6,,} of statistics satisfying
asymptotic normality

5 d

V(0 (p) — 0(p)) = N(0,V;) (4.1)
at every p € M, where V, = [V (p)] is the asymptotic variance of 6(p).
Definition 1. The statistical derivative (df), of f € C°°(M) at p relative to
0 ={0,} is the limit distribution of \/n(f(0,(p)) — f(0(p))). That is,

Va(f(0a(p)) — FOP)) > (df), (4.2)

as n — o0.

For the coordinate function 8 : M — R™ itself,
(d6")(p)
(do), = : ~ N(0,V},). (4.3)
(df™)(p)
The following properties hold for the statistical derivative.

Proposition 1. For f, f' € C*°(M) and a € R,

@) (d(f + ) = (@dF) + (@dF),

(ii) (d(a )) = a(df), A
(i) (d(f - )y = F O + FP)Af)y
(iv) (df), = D:f(p)(d8"),

The property (iv) of the proposition is known as the Delta method in statistics
[14,16]. The properties imply that (df), is identified with the ordinary derivative
(df)y € Ty M

d(f
df

Definition 2. The statistical cotangent space of M at p relative to 6 = {én} is
defined as A .
TyM=A{(df)p | f e C¥M)}. (4.4)

Proposition 2. The dimension of T;./\/l is m, and
T M = span{(d6?),, -, (d0™),}. (4.5)

Considering that each statistical co-tangent vector is a normally distributed
random variable, we define the statistical co-metric g, by

p(Gp, Bp) = Cov(Gyy, Bp) = iV (p) (4.6)

for &, = a;(d6?), and B3, = B,(d67), in T;M



Definition 3. The statistical tangent space Tp./\/l is the dual space of T;./\/l
Let {(81)p,---,(Om)p} be the dual basis of {(d'),, ..., (d0™),}:

Tp/\/l = span {(él)p, o (3m)p} , (4.7
and B
@utann, ={ 27 (45)
Each A, € T, M can operate on f € C°>°(M) by
Ap(f) = Ap(df)y. (4.9)
Then,
(00)pf = (00)p |01/ (D) (d67),| = (D), (4.10)

and T M is naturally identified with T, M by Di = 8; = 691.

According to [13] glven the co-metric g, correspondence A LN &y between
a tangent vector A € T M and a co-tangent vector &, € T M is given by

Ay(By) = 3p(6p, By) (4.11)
for every Bp € T;M Define (5i)p by

(&), <22 (do),. (4.12)
For Bp =0 (cfl@j)p,
(éi)p(ﬁp) = 9p((39i)pv Bp) =V (p)5j7

which implies (9;), = V;;(p)(9"), with V,! = [Vi;(p)]. Therefore, the statistical
metric of M is defined by

3p(05,0;) = Vij (p). (4.13)

By identifying d; with 8; = 09“ the potential 1/) and its dual potential ¢ are
respectivelty given by

(4.14)

where n = V716.

Definition 4. Relative to 0 = {0,,} such that /n(0,(p) —0(p)) LN N(0,V,), the
statistical divergence of M is defined by

D(plla) = ¢(n(p)) +¢(0(p)) — n(p) " 0(p). (4.15)



5 Geometry of the GMM model

Geometrically, the GMM is illustrated as a projection of y onto the plane spanned
by . To make this intuition more rigorous, we will define an equivalence relation
on Lo(P) using instruments z. We say that w and w’ in Ly(P) are equivalent
with respect to z if Fz(w —w’) = 0 holds, and express the relation as w ~, w’.
We denote by [w] the equivalence class of each w and by La(P)/z the quotient
space of Ly(P) under ~,. The projection ¢ : w +— [w] naturally induces the
quotient topology of La(P)/z, where U C Lo(P)/z is open if ¢ 1(U) C Ly(P)
is open.

Addition and real multiplication in Lo(P)/z are defined as follows:

{[w]ﬂw = [w+w']

'
alw] = [aw] (5.1)

for w,w’ € Ly(P) and o € R. The operations are well-defined since, if wy ~, w
and wy ~, w’,
Ez((w1 + we) — (w+w")) = E2(w; — w) + Ez(ws —w') =0
and
Ez(aw, — oaw) = aFEz(wy —w) = 0.

Denote by span(x) the subspace of Lo(P) spanned by = = (x1,...,7,) ", that
is,

span(z) = {z' 6|6 € R™}. (5.2)
Note that
span(z)/z = span{[z1], ..., [Tm]}
because [z 0] = [21]0' + - -+ + [2,,]0™ for every 6 = (0',---,0™). Let us define
the GMM model set by
M = span(x)/z. (5.3)

Then, the GMM model (2.1) is simply expressed as
[y] € M. (5.4)

We introduce open sets O of the model set by restricting topology of La(P)/z
onto M. Then, the next result is shown.

Proposition 3. Assume (A1)-(A2). Then, M is a m-dimensional C* man-
ifold with the canonical coordinate [T 6] — 6.

Proof. Choose arbitrary points p and p’ from M. Then 6 and 6’ exist, such that
p=[z"0land p' =[z70). If 0 £ ¢,

Ez(z'0—x"0)=FEzz"(0—-0)#0

because ker Ezx T = {0} by the assumption. Hence, p # p’ is shown.



C M, there exists V C R™ such that [U] = {[z76] | § € V}.
— span(z)/z be the standard projection. Since [x76] — @
is bijection, ¢'(w) = {w} holds for every w € span(z). Hence, [U] € Opn if
and only if U := (¢')"Y([U]) = {#T0 | 6 € V} is an open subset of span(z).
Moreover, U is shown to be open if and only if V is open. Let U be open
in span(z). There exist an open subset Uy of La(P) and V' C R™ such that
U= Uynspan(z) = {x'0 | § € V}. To be shown is openness of V. Choose
arbitrary 7 € V, and set w = ' 7. Since w € Uy, there exists sufficiently small
6 > 0 such that

For every [U
Let ¢’ : span(z

S

B(w,8) := {w" € Ly(P) | [|[w" — wl|r,p) < 8} C Uy,
which implies

Uy Nspan(x) D B(w,d) N span(z)
={aTplpeR™ |lz"p—a"7|L,p) <0}
={z"p|peR™ (p—7) Exz"(p—7) < 5’}

By (A2), there exists A > 0 such that |p—7| < X implies (p—7) " Ezz " (p—7) <
52. Hence,

U={z"010eV}D>{zTp[peR™ [p—1| <Al
which shows {p € R™ | |p—7| < A} C V. To show the inverse is straightforward.
Again, choose arbitrary points p = [z 6] and p’ = [27¢'] from M. If p # p/,
then § := 16 — 6'|/3 > 0. Let U and U’ be open sets respectively defined by
U={[lz"7]||r =0 <d}, U =A{[z"7]]| |7 -0 <6}

Then, pe U, p € U’, and U N U’ = (). Hence, M is Hausdorff.
It is clear from the above discussion that M and R™ are homeomorphic by
[z70] — 6. O
Let us define an inner product of Ly(P)/z by
([w], [w']) = (Ezw) "W Ezw' (5.5)
for every [w], [w'] € La(P)/z. A norm is also given by
ol = (eo], fo]* 2. (5.6)

Note that ||[w]|| = ||[w]|| holds if w ~, w’. Particularly, ||[w]|| = 0 holds if and
only if w € [0]. Topology generated by the norm is weaker than the standard
quotient toporogy. By restricting the norm on M, however,

Ipll = VoT ATW A8 (5.7)

10



holds for every p = [z 7). Since rank AT W A = m, the topology induced by the
norm is equivalent to Og.
A goal of the GMM estimation is to find 0 solving

[y = [=74). (5-8)

The solution is found by minimizing

M(O) = 5l ~ 76| (59)

with respect to 6. In this sense, the GMM is understood as the projection of
data [y] onto the model space M.

Note that M(0) ~ () = 26T ATW A6, which is the convex function of 6.
Therefore, (0,4) is a frame of M, and the (4,j) component of the Riemannian
metric g is given by

9ij(p) = (ATWA),5. (5.10)

In fact, since M is a linear space, the tangent space T, M at every p = [70] is
identified with M itself. We denote this identification T, M — M by

Ay =d"(0;)p — AZ/,M = [2"al, (5.11)

where a = (a',---,a™)". By the identification, the metric g of M is naturally
induced by (5.7): for every A, = a'(9;), and B, = b*(0;),,

9p(Ap, By) = (AN, BM) = a" ATW Ab. (5.12)
The correpondence A, JEIIN oy determines a co-metric on M by
9p(ap, Bp) = gp(Ap, By) (5.13)
if Ay, LN ap and B, LN Bp. Letting
9" (p) = gp((d0")y, (db7),), (5.14)
we have [g¥ (p)] = (ATWA)~L. In fact, the dual frame of (6,1)) is given by

0

n= 2 (;GT(ATWA)G) = (ATWA)H (5.15)

and
1
p(n) =n" (ATWA) "Iy = p((ATWA) ") = on T (ATWA) Ty (5.16)
Therefore, the canonical divergence of the GMM manifold is given by

Dpllg) = 5(6(p)  6(a)) T (ATWAYO() ~ 60) = glp—al’,  (5.17)

11



which is the squared norm of Ly(P)/z.
Relative to the GMM estimator (2.8), on the other hand, the statistical
divergence is obtained by

L (0)~0(a) T (ATW AN ATWZW ) (ATWA)(0(p)—0(q)). (5.18)

D(pllq) = 5

The main theorem of the paper is stated as follows.

Theorem 1. The canonical divergence D of the GMM manifold M = span(z)/z
with the frame (6, M) is identical to the statistical divergence D relative to
the GMM estimator (2.8) if and only if the weight matriz is given by W =
(ATX=1A)~ !
Proof. Let 1(8) ~ 9(0) = ¢(0) +c"0+d. Then, the dual parameter 77 = d1(6) +
c=mn+ c is also equivalent to 7. The dual potential is
~f~ ~T -
=7 0—y(0
P =0 0=vO)| _
=(n4+c) 60— (O +c0+d)

0=(09) 1 (i1—c), n=ii—c
= Qp(ﬁ - C) - da

and the divergence given by (6,1) and (7, @) is

D(pllq) = (i(p ))+1/J( (9)) —7i(p) "0(q)
[ ((n(p) +¢) —¢) = d] + [¥(6(q)) + c"0(q) + d] — (n(p) + ) "6(q)

(pllq)-

1 1
M(9) = 5aT(ATWA)e — (Ezy) "W A +

1
2(Ezy)TE(Ezy) ~ 5eT(ATWA)e,

the canonical divergence generated by (6, M) is
D(pllg) = %(9(17) —0(q)) T (ATWA)(8(p) — 6(q))- (5.19)

Therefore, D = D holds if and only if
ATWA = (ATWA(ATWEWA)"HATW A),

which implies W = X1, a

6 Discussions

A geometric interpretation of Theorem 1 is given in Figure 6.1. As shown in
(5.17), the canonical divergence D is the squared norm of Ls(P)/z. Hence, the

12



canonical digergence measures the distance between data [y] and the model
[#76]. The true model is the orthogonal projection of [y] under D. On the other
hand, the statistical divergence Dis interpreted as a measure of the gap between
the estimates 6 and true parameter value 6 since the divergence is derived from
the asymptotic variance of the estimator. When the two distances coincide, the
generalized Pythagorean relation (3.14) justifies Figure 6.1, where estimation
errors 0,, — 0 and data [y] are orthgonal. However, when D # ﬁ, the orthogonal
projection does not necessarily satisfy the Pythagorean relation, and the GMM
estimator fails to be efficient.

[y] = [z76]
M
/ v
D plr) = D pl|r
- Dolir) = Divlr) Dol
span(z)
riz' 0 - q z'0
Dlallr)
Fig. 6.1. The GMM manifold M when D = D.
Consider the classical linear regression model
y=x2'0+e¢ Elelr) =0 (6.1)

to see that the above intuition is valid. Let M = {276 | § € R¥}. Then, M
is shown to be a C'°°-manifold with canonical coordinate p = 26 — 6. The
criterion function corresponding to (6.1) is the sample analog of

M(O) = 5 Bu()y —70)" (6.2)

where w(z) is a positive weight function chosen by the statistician. The corre-
sponding canonical divergence is shown to be

Dplla) = 5(6() ~ 6(a)) (Bw(z)az")(6(p) — 6(a). (63)

13



The generalized least squares estimator (GLS) for the parameters is

én(p) = [EAnw(ac)mxT} - Enow(z)z(z"0(p) + e), (6.4)

which shows asymptotic normality

Vi(ba(p) —0(p)) 5 N (0,;)

as n — oo, where o%(z) = E(e? | ) and
V, = (Bw(z)zx ") Y (Eo?(z)w(z)?xx ") (Bw(z)zes )™t

Hence, the statistical divergence derived by the GLS estimator is

A 1

D(plla) = 5 (0(p) = 0(a))V,(0(p) — 0(q)). (6.5)
Notably, D = D holds when and only when the optimal weight function

w(z) = (6.6)

is chosen [6,11].

Now consider the maximum likelihood estimation method. The criterion
function of the maximum likelihood estimation is a sample analog of M () =
Elogp(x,0), where p(-,0) is the density function of & parametrized by 6. Since
the Hessian matrix of M at the true parameter value is the information matrix

0= (%5 (5] ©

M () is well approximated by ¥ (7) = 37" I(f)7 in a neighborhood of §. On the

other hand, the asymptotic variance of the maximum likelihood estimator 0, is
I(#)~!. Therefore, D = D locally holds, which is consistent with the fact that
the maximum likelihood estimator achieves the estimation efficiency.

14
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