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Abstract

Public policies and medical interventions often involve dynamics in their treat-
ment assignments, where individuals receive a series of interventions over multiple
stages. We study the statistical learning of optimal dynamic treatment regimes
(DTRs) that guide the optimal treatment assignment for each individual at each
stage based on the individual’s evolving history. We propose a doubly robust,
classification-based approach to learning the optimal DTR using observational data
under the assumption of sequential ignorability. This approach learns the optimal
DTR through backward induction. At each step, it constructs an augmented inverse
probability weighting (AIPW) estimator of the policy value function and maximizes
it to learn the optimal policy for the corresponding stage. We show that the result-
ing DTR can achieve an optimal convergence rate of n=/2 for welfare regret under

mild convergence conditions on estimators of the nuisance components.
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1 Introduction

Public policies and medical interventions often involve dynamics in their treatment as-
signments. For example, some job training programs offer participants training sessions
over multiple stages (e.g., Lechner, 2009; Rodriguez et al., 2022). In clinical medicine,
physicians sequentially administer treatments, adapting to patients’ evolving medical con-
ditions (e.g., Wang et al., 2012; Pelham Jr et al., 2016). Multi-stage treatment assignments
are also common in educational programs spanning multiple grades (e.g., Krueger, 1999;
Ding and Lehrer, 2010) and dynamic marketing strategies (e.g., Liu, 2023), among other
examples.

This study focuses on the optimal allocation of sequential treatments (Robins, 1986),
where individuals receive interventions over multiple stages. In this context, treatment
effects at each stage are often heterogeneous, depending on prior treatments and related
states. Therefore, adapting treatment allocation based on evolving information can sub-
stantially enhance the welfare gains of multi-stage interventions.

We study statistical learning for optimal sequential treatment assignment using data
from quasi-experimental or observational studies. Throughout this paper, we assume se-
quential ignorability (Robins, 1997), meaning that treatment assignment at each stage
is independent of potential outcomes, conditional on the history of prior treatments and
observed states. Under this assumption, we develop a method to learn the optimal Dy-
namic Treatment Regime (DTR), a sequence of stage-specific policies that determines the
optimal treatment for each individual at each stage, based on their history up to that
point.

In developing our approach, we build on recent advances in doubly robust policy learn-
ing (Athey and Wager, 2021; Zhou et al., 2023b) and extend them to dynamic settings.
We propose a doubly robust, classification-based method to learn the optimal DTR using
backward induction, which sequentially estimates the optimal policy from the final to
the first stage. At each step of the backward induction, the method constructs an aug-
mented inverse probability weighting (AIPW) estimator for the policy value function by
combining estimators of propensity scores and action value functions (Q-functions) while
using cross-fitting.! The Q-functions can be estimated via fitted Q-evaluation (Munos and

Szepesvari, 2008; Fonteneau et al., 2013; Le et al., 2019), a method for offline policy eval-

!The Q-function for each stage of a fixed DTR is the conditional mean outcome given the treatment
and history, assuming future treatments follow the fixed DTR.



uation in reinforcement learning. At each step, the optimal policy for the corresponding
stage is estimated by maximizing the estimated policy value function over a pre-specified
class of stage-specific policies. This procedure produces the estimated DTR as a sequence
of the estimated policies across all stages.

The proposed approach is computationally feasible due to step-wise backward opti-
mization, which is a considerable advantage given the computational challenge of optimiz-
ing DTRs over multiple stages. Additionally, it does not rely on structural assumptions,
such as Markov decision processes. Leveraging a classification-based framework (Kita-
gawa and Tetenov, 2018), the approach can enhance the interpretability of DTRs by
incorporating interpretable policy classes, such as decision trees, for each stage. More-
over, the approach can encompass various dynamic treatment problems, including optimal
stopping/starting problems, by appropriately constraining the class of feasible DTRs.?

We study the statistical properties of the proposed approach in terms of welfare regret,
defined as the average outcome loss of the estimated DTR relative to the optimal one.
This is, however, a nontrivial task because stage-specific policies within the DTR are
estimated sequentially, rather than simultaneously, and state variables are influenced by
past treatments. The main contribution of this paper is to establish the convergence rate
for welfare regret, linking it to the convergence rates of the nuisance component estimators
(propensity scores and Q-functions) in terms of the mean-squared-error (MSE). Our key
result identifies conditions on the nuisance component estimators and the class of DTRs
under which the resulting DTR attains the minimax optimal convergence rate of n="/2 for
regret. For example, if all nuisance components are estimated with an MSE convergence

rate of n~1/4

, which is attainable by many machine learning methods under structured
assumptions, the resulting DTR can achieve regret convergence to zero at the minimax
optimal rate of n~/2. This result is comparable to those of Athey and Wager (2021) and
Zhou et al. (2023b), who study doubly robust policy learning in single-stage settings, and
aligns with the spirit of double machine learning (Chernozhukov et al., 2018).

We illustrate the proposed method with an empirical application to data from Project
STAR (e.g., Krueger, 1999), where we learn the optimal DTR for assigning each student
to either a regular-size class with a teacher aide or a small-size class without one during

their early education (kindergarten and grade 1). The estimated DTR uses information

on students’ intermediate academic performance to determine the optimal class type for

2An important example of an optimal stopping problem in economics is unemployment insurance
programs that reduce benefit levels after a certain duration (e.g., Meyer, 1995; Kolsrud et al., 2018)



a subsequent grade. Our empirical results show that the optimal DTR leads to better

academic outcomes for students compared with uniform class-type allocations.

Related Literature

Although numerous studies have investigated the statistical decision/learning of treatment
choice, most have focused on the single-stage problem.®> Among these works, this study is
most relevant to Athey and Wager (2021) and Zhou et al. (2023b). They propose doubly

~12_ypper bound on

robust policy learning in single-stage settings and show that the n
the regret can be achieved even in the observational data setting. This study seeks to
extend their approach and results to the dynamic treatment problem.?

There is an expanding literature on the estimation of optimal DTRs, with many meth-
ods proposed.® Offline Q-learning (Watkins and Dayan, 1992) is arguably the most popu-
lar method for estimating optimal DTRs (e.g., Murphy, 2005; Moodie et al., 2012; Zhang
et al., 2018).5 Murphy (2005) shows that the performance of the DTR obtained via Q-
learning depends on the accuracy of the Q-function estimates; if the estimated Q-functions
are not close to the true ones, the resulting DTR can be far from optimal. Our approach
also estimates Q-functions as part of its procedure. However, leveraging propensity score
models, it is more robust and accurate than Q-learning.

This study is also related to the classification-based, inverse probability weighting
approach for estimating optimal DTRs (e.g., Zhao et al., 2015; Sakaguchi, 2024). This
approach uses inverse propensity weighted outcomes to estimate the value function of a
DTR and maximizes it to estimate the optimal DTR over a pre-specified class of DTRs.
However, the use of inverse probability weighted outcomes sometimes leads to excessively
high variance, resulting in suboptimal DTRs (Doroudi et al., 2018). Our approach en-
hances the power of this method by incorporating models of Q-functions.

Doubly robust estimation for optimal DTRs has also been proposed by Zhang et al.

3 A partial list includes Manski (2004), Hirano and Porter (2009), Stoye (2009; 2012), Qian and Murphy
(2011), Bhattacharya and Dupas (2012), Tetenov (2012), Zhao et al. (2012), Kitagawa and Tetenov
(2018), Athey and Wager (2021), Mbakop and Tabord-Meehan (2021), Kitagawa et al. (2023), Zhou
et al. (2023b), and Viviano (2024), among others.

4To be precise, this study extends the results of Zhou et al. (2023b) rather than those of Athey and
Wager (2021), as it involves multiple treatments at each stage and relies on a similar complexity condition
on the policy class as in Zhou et al. (2023b).

5Chakraborty and Murphy (2014), Laber et al. (2014), Kosorok and Laber (2019), and Li et al. (2023)
provide reviews of this literature.

6Q-learning is a sequential approach that estimates the optimal Q-functions and optimal policies from
the final stage to the first stage through backward induction.



(2013), Wallace and Moodie (2015), and Ertefaie et al. (2021). Zhang et al. (2013) suggest
estimating the optimal DTR by maximizing an AIPW estimator of the welfare function
over an entire class of DTRs. However, this approach faces computational challenges
for two reasons: (i) the nuisance components to be estimated depend on each specific
DTR, and (ii) the method maximizes the estimated welfare function simultaneously over
the entire class of DTRs. Our approach resolves these issues because (i) the nuisance
components depend only on the estimated policies for future stages, and (ii) the optimal
DTR is estimated through stage-wise backward optimization. Section 5 provides further
details on this comparison. Wallace and Moodie (2015) develop a doubly robust estimation
method based on Q-learning and G-estimation (Robins, 2004). Ertefaie et al. (2021)
propose a doubly robust approach for Q-learning and investigate the statistical properties
of the estimated parameters in the Q-functions. By contrast, our focus is on the statistical
properties of welfare regret for the estimated DTR. In the context of policy learning for
optimal stopping/starting problems, Nie et al. (2021) develop a doubly robust learning
approach with computational feasibility and show upper bounds on the associated regret.
Our framework encompasses this problem as a specific case.

This study also relates to the literature on (offline) reinforcement learning in terms of
multi-stage decision problems.” However, most works assume a Markov decision process,
which this study does not rely on. In the context of non-Markov decision processes, Jiang
and Li (2016), Thomas and Brunskill (2016), and Kallus and Uehara (2020) propose
doubly robust methods for evaluating DTRs, but they do not focus on optimizing DTRs.

Finally, in the econometric literature on dynamic treatment analysis, Heckman and
Navarro (2007) and Heckman et al. (2016) use exclusion restrictions to identify the av-
erage dynamic treatment effects, but their focus is not on the identification of optimal
DTRs. Han (2023) proposes a method to characterize the sharp partial ordering of the
counterfactual welfares of DTRs in an instrumental variable setting. Ida et al. (2024)
empirically show that the optimal DTR outperforms optimal static targeting policies in

the context of energy-saving rebate programs.

Structure of the Paper

The remainder of the paper is organized as follows. Section 2 outlines the dynamic treat-

ment choice problem. Section 3 presents the doubly robust approach for learning the

"This study differs from the multi-armed bandit problem, as the latter involves online learning, whereas
this study focuses on offline learning.



optimal DTRs through backward induction. Section 4 shows the statistical properties of
the proposed approach. Section 5 compares the proposed approach with that of Zhang
et al. (2013). Section 6 presents a simulation study to evaluate the finite sample perfor-
mance of the proposed approach. Section 7 shows the the empirical application results.

Appendix A includes the proof of the main theorem along with some auxiliary lemmas.

2 Setup

Section 2.1 introduces the dynamic treatment framework, following the dynamic counter-
factual outcome framework of Robins (1986, 1997) and Murphy (2003). Subsequently, we

define the dynamic treatment choice problem in Section 2.2.

2.1 Dynamic Treatment Framework

We consider a fixed number of stages, 7' (< o0), for multiple treatment assignments. Let
Ay, ={0,...,d; — 1} (t = 1,...,T) denote the set of possible treatment arms at stage t,
where d; (> 2) represents the number of treatment arms at stage ¢ and may vary across
stages. We observe the assigned treatment A; € A; for each individual in each stage t.
Let S; be a vector of the state variables observed prior to treatment assignment in stage t,
which may depend on the past treatments. In each stage ¢, we observe the outcome Y; after
the treatment intervention. S; (¢ > 2) may contain the previous outcomes (Y,...,Y; 1).
Throughout this paper, for any time-dependent object V;, we denote by V, = (V,...,V})
the history of the object up to stage t, and by V., = (Vi,..., V), for s < ¢, the partial
history of the object from stage s up to stage t. For example, A, denotes the treatment
history up to stage .

Let Z = (Ar, Sy, Y ) represent the vector of all observed variables. We define the
history at stage t as H, = (A,_,,5,), which is the information available when the pol-
icymaker selects the treatment intervention at stage t. Note that H; = (S1), where
S, represents individual characteristics observed prior to the beginning of the sequential
treatment intervention. We denote the supports of H; and Z by H; and Z, respectively.

To formalize our results, we employ the framework of dynamic potential outcomes
(Robins, 1986; Hernan et al., 2001; Murphy, 2003). Let A, = A; x --- x A;. We define
Y; (a,) as the potential outcome of a, € A, for stage ¢, which represents the outcome

realized at stage t when the treatment history up to that stage corresponds to a,. We



assume that the outcome at each stage is not influenced by treatments in future stages.
Since the state variables S; may also depend on past treatments, we define the potential
state variables as Sy(a, ;) for each t > 2 and @, ; € A, ;. For t = 1, we set S1(ay) = Si.
The observed outcomes and state variables are thus defined as Y; = Y;(4,) and S; =
St(A,_,), respectively.

Let Sy(a,_1) = (51, S2(ay), - - -, Si(a,_,)). We define the vector H; (a,_,) = (a,_,,S,(a,1))
as the potential history realized when the prior treatments are a,_;. For t = 1, we set
Hi (ay) = Hy. The observed history is then defined as H, = H, (4,_;). We denote by P
the distribution of all underlying variables <AT, {ﬁT(ngl)}gT,l Ay, {KT(QT)}QTGAT)a
where Y (ar) = (Vi(a1), Ya(ay), .., Yr(ar).

From an observational study, we observe Z; = (A;7,5;7,Y,; ) for individuals i =
yoooon, where A po= (Ai1, .., Air), Sir = (Siq,-- -, Sir), and Y, p = (Yo, ..., Yir).

The observed outcome Y;; and state variables S;; are defined as Y;; = Y;;(4,;,) and

1

Sig = Sit(A;;_1), respectively, with Yj;(a,) and S;; (Qt_l) being the potential out-
come and state variables, respectively, for individual ¢ at stage t. Let §LT(QT_1) =
(Sia, Siplar), ..., Sir(ar_y)) and Y, p(ar) = (Yia(ar),...,Yir(ar)). We assume that

>, for 1 =
ap€Ar
1,...,n, are independent and identically distributed (i.i.d) under the distribution P. We

the vectors of random variables <Al T {ﬁi T (ngl)} A {Xi T (QT)}
’ ’ ar _1€Ar_1 ’

denote by H;; = (A;; ,,5;,) the history of the i-th individual at stage ¢.

Define e, (hy,a;) = Pr(A; = a; | Hy = hy) as the propensity score of treatment a, at
stage t with the history h;. In the observational data setting we study, the propensity
scores are unknown to the analyst. This contrasts with the experimental data setting, in
which the propensity scores are known from the experimental design.®

Throughout the paper, we suppose that the underlying distribution P satisfies the

following assumptions.
Assumption 2.1 (Sequential Ignorability). For anyt =1,...,T and ar € Ay,
{}/t (Qt) y e 7YT (QT) ) St+1(gt)7 SR ST(QT_l)} AL At | Ht a.s.

Assumption 2.2 (Bounded Outcomes). There exists M < o0 such that the support of
Yi(a,) is contained in [—M /2, M /2] for all t € {1,...,T} and a, € A,.

8Even when the data are obtained from a sequential randomized trial, the propensity scores may be
unknown due to non-compliance with assigned treatments or attrition over stages.



Assumption 2.1 is what is called a dynamic unconfoundedness assumption or sequential
conditional independence assumption elsewhere, and is commonly used in the literature
of dynamic treatment effect analysis (Robins, 1997; Murphy, 2003). This assumption
implies that the treatment assignment at each stage is independent of both current and
future potential outcomes and future state variables, conditional on the history up to that
point. In observational studies, this assumption holds when a sufficient set of confounders
is controlled at each stage. Assumptions 2.2 is a common assumption in the literature on

estimating optimal DTRs.

2.2 Dynamic Treatment Choice Problem

The aim of this study is to develop a method for learning optimal DTRs using data from
an observational study. We define a policy for each stage t as m; : H; — A;, a map from
the history space for stage t to the treatment space for stage t. A policy m; determines
which treatment is assigned to each individual at stage ¢ based on their history h;. We
define a DTR as m = (m,...,7r), a sequence of stage-specific policies. The DTR, guides
the treatment choice for each individual from the first to the final stage, based on their
evolving history up to each stage.

Given a fixed DTR 7, we define the welfare of 7 as

W(r)=E [Z > (Y;f(@t) J [ Hme(Hala, ) = aJ)] .

t=1a,€A,

This represents the expected total outcome realized when the sequential treatment as-
signments follow the DTR 7.

We consider choosing a DTR from a pre-specified class of DTRs denoted by II =
IT; x - - x Iy, where II; represents a class of policies for stage ¢ (i.e., a class of measurable
functions m : H; — A;). For example, Laber and Zhao (2015), Tao et al. (2018), Sun
and Wang (2021), Blumlein et al. (2022), and Zhou et al. (2023a) use a class of decision
trees (Breiman et al., 1984) for II;, and Zhang et al. (2018) use a class of list-form policies
for IT;. These policy classes are employed to enhance the interpretability of the resulting
DTRs.

Our framework can also accommodate cases where only a subset of the history, h, < hy,
is used for treatment choice by constraining II; to be a class of functions of ;. This is

particularly important given the increasing dimension of the entire history h; over time,



where only a sub-history may be informative for optimal treatment choice. Additionally,
our framework can encompass the optimal stopping/starting problem by constraining the

class II of DTRs as follows.

Example 2.1 (Optimal Starting/Stopping Problem). Suppose that the number of treat-
ment arms d; is time-invariant (d; = K for some K) and that arm 0 represents no
treatment. Qur framework can accommodate the optimal starting problem, where the
decision-maker determines when to start assigning one of the arms a; € {1,..., K —1} for
each unit. This problem can be encompassed in our framework by constraining the class of
DTRs 11 such that for any t € {2,...,T} and (w4, hy) € Iy x Hy, m(hy) = ay—q if a1 # 0.

The optimal stopping problem can also be specified in a similar manner.

An important example of an optimal stopping problem in economics is unemployment
insurance programs that reduce benefit levels after a certain duration (e.g., Meyer, 1995;
Kolsrud et al., 2018). In this context, a DTR determines the timing of benefit reductions
for each unemployed individual.

Given a pre-specified class II of DTRs, we impose an overlap condition on D, asso-

ciated with the structure of II, as follows.

Assumption 2.3 (Overlap Condition). There exists n € (0,1) for which n < e;(hy, ay)
holds for any t € {1,..., T} and any pair (hy, a;) € Hy x A, such that there exists m € 11,
that satisfies m(hy) = ay.

When II is structurally constrained, Assumption 2.3 is weaker than the common over-
lap condition that requires the overlap e;(hy, a;) € (0,1) for all (hy, a;) € Hy x A, and t. For
example, in the optimal starting problem, Assumption 2.3 does not require e;(hy,0) > 0
for any h; such that as in h; differs from 0 for some s < t.

The ultimate goal of our analysis is to choose an optimal DTR that maximizes the
welfare W (-) over II. We are especially interested in learning the optimal DTR from
observational data that satisfies the sequential ignorability assumption (Assumption 2.1).

The following section presents a step-wise approach to learning the optimal DTR.

3 Learning of the Optimal DTR

In this section, we propose a doubly robust approach to learning the optimal DTRs

through backward induction. Section 3.1 first introduces Q-function (action-value func-

8



tion) and the fitted Q-evaluation, a method to estimate the Q-functions. This section also
discusses identifiability of the optimal DTR through the backward-induction procedure.
Section 3.2 then presents our proposed approach to learning the optimal DTRs.

3.1 Fitted Q-evaluation and Backward Induction

For any DTR 7 and the class II of DTRs, we denote their partial sequences by m,.,; =
(7, ..., m) and Iy = I, x - -+ x II;, respectively, for s < t.° We define the policy value

of m.p for stage t as

Vilrur) = B [2 > (m@s)'l{ét_l — -] e (Hilar) =ae}>],

s=ta,eA, =t

where we assume 1{4, = a,} = 1 for t = 1. V; (m.7) represents the average total outcome
from stage ¢ to stage T' that is realized when the treatment assignments before stage t
follow A, ; (i.e., assignments in the observational data), and those from stage ¢ follow
7. With some abuse of terminology, we refer to V; (my.7) as the policy value function of
mer. Note that Vi(m.p) = W(n).

Given a fixed DTR 7, we define Q-functions (state-action-value functions), recursively,

as follows:

QT(hT;aT) =F [YT|HT = hp, Ar = GT] ) (1)
Q" (hr—1,ar—1) = EYr_1 + Qr(hp, mr(Hr))|Hr—1 = hr—1, Ar—1 = ar—1],  (2)

and, fort =T —2,...,1,
T(t+1):T _ T(t+2):T o o
¢ (h,a;) = E [Y;: + Qi (Hyg, Mg (Heg)) | Hy = hy, Ay = at] : (3)

We refer to Q; """ (ht, a;) as the Q-function for 7(;11y.7. The Q-function Q; """ (hy, a;)
represents the average total outcome when the history H; and treatment A; correspond to
h; and a; in stage t, and the future treatment assignments follow m(41).7. When t = T, we
denote Q7" V7 (-,-) = Qr(+,-). Note that E[Q;"“ V" (H,, m,(H,))] = Vi(m.r) holds under
Assumption 2.1.19 In what follows, for any function f(-,-) : H; x A; — R and policy
m() : Hy — Ay, we denote f(hy, m(hy)) shortly by f(hy,m) (e.g., Q7 (he, m(hy)) is

9For any object vs; and W, (s <t), vy and w,., correspond to vy and wy, respectively.
10See, for example, Tsiatis et al.(2019, Section 6.4) or Lemma B.2 in Appendix B.



denoted by Q;“"V 7" (hy, m)).

Given a fixed DTR 7, we can use the sequential definitions in equations (1)-(3) to
estimate the sequence {Q; """ (-, )}=1..r of the Q-functions for 7. This approach is
referred to as the fitted Q-evaluation (Munos and Szepesvari, 2008; Fonteneau et al.,
2013; Le et al., 2019) in the reinforcement learning literature and comprises multiple

steps as follows:

e Regress Yy on (Hr, A7) to obtain Qr(-,-) as the estimated regression function for
QT('7 ');

o Regress Yy_y + Qr(Hr,mr) on (Hr_y, Ar_1) to obtain Qf7 () as the estimated
regression function for Q7" (-, -);

~

e Recursively, for t = T —2,...,1, regress Y; + Q1" (Hyy1,m41) on (Hy, Ay) to

. AT : . . . T .
obtain Q,; “*"7(-,-) as the estimated regression function for Q, """ (-,-).

We can apply flexible/nonparametric regression methods, including machine learning
methods (e.g., random forests, lasso, neural networks), to the regression in each step.
Given the definitions of the Q-functions, we can optimize the DTR through backward
induction. To present the idea, we here assume that the generative distribution function P
is known and that the pair (P, II) satisfies Assumptions 2.1, 2.2, and 2.3. The backward-
induction approach in the population problem is a step-wise process that proceeds as

follows. In the first step, the approach optimizes the final-stage policy over Il by solving

5P = arg max E [Qr(Hy, 77)] .
WTEHT
Then, recursively, from ¢t =T — 1 to 1, the approach optimizes the t-th stage policy over
IT; by solving

%,B
P = arg max E lQ:(t“):T(Ht,m)] .

me€lly

*,B
Note that the objective function F lQ:““):T(Ht,m)] corresponds to the policy value

W(m,ﬂa’fl):T) under Assumption 2.1. The entire procedure yields the DTR 7*8 =

(Tr?B? U 77T;7B)'

We denote the optimal DTR over II by 7%%" = arg max W (7). Importantly, the DTR

mell
7B obtained through backward induction does not necessarily correspond to the optimal

10



DTR 7" when II is structurally constrained, as noted by Li et al. (2023) and Sakaguchi
(2024). To ensure that backward induction yields the optimal DTR, the policy class II; for
each stage t (= 2) needs to be correctly specified. The following is a sufficient condition

for backward optimization to attain optimality.

Assumption 3.1 (Correct Specification). There exists w5 = (75, ..., 75) € o such

that for anyt =2,...,T,

ES *
Q:““):T (Hy, 7)) = sup Q:““):T (Hy, 7)) a.s.

ﬂ'tEHt

Assumption 3.1 requires that, for each stage ¢t > 2, II; includes a policy that can
select the optimal arm among all feasible arms in {m;(h;) : m € II;} (€ A;) for any
history h;. This assumption is satisfied when II, (for ¢t = 2,...,T) is flexible enough
or correctly specified in relation to treatment effect heterogeneity.!* We suppose that II
satisfies Assumption 3.1. Note that Assumption 3.1 is a sufficient but not a necessary
2

condition.’

A stronger version of Assumption 3.1 is that each II; (¢t > 2) contains the first-best

. . : FB FB FB
policy; that is, there exists w5~ = (my" ,...,77 =) € Iar such that for any ¢ =
2. ...T
R FB B L FB
(t+1):T *, t+1):T
Q" <Ht,7rt > > max Q, (Hy, ay) as.
at t

The first-best policy 7} FPB {5 the policy that selects the best treatment arm for any history
hy. Liet al. (2023) and Sakaguchi (2024) argue that the availability of the first-best policies
is a fundamental assumption for the optimality of the backward optimization. However,
Assumption 3.1 is practically weaker than this. For example, in the optimal starting
problem (Example 2.1), although II, may not include the first-best policy 7" due to
structural constraints from the optimal starting problem, Assumption 3.1 does not require
its feasibility. Similarly, when each policy in II, depends only on a sub-history &, (a subset
of hy), Assumption 3.1 requires that the optimal policy is available for the sub-history,

rather than for the entire history.

"Zhang et al. (2013) discuss how to correctly specify II; based on the model for treatment effect
heterogeneity. Zhao et al. (2015) use a reproducing kernel Hilbert space for each II; as a flexible class of
polices.

12Sakaguchi (2024, Remark 3.1) provides two examples demonstrating cases where backward induction
leads to optimality in one instance and sub-optimality in another when Assumption 3.1 does not hold.

11



The following lemma formalizes the optimality of the backward-induction procedure

under Assumption 3.1.

Lemma 3.1. Under Assumptions 2.1, 2.3, and 3.1, 7 is the optimal DTR over I1; that

18,
W(r*B) = W(rn) for all m e IL.

Proof. See Appendix B.1. n

3.2 Learning of the Optimal DTRs through Backward Induction

This section presents a backward optimization procedure to learn the optimal DTRs using
an AIPW estimator of the policy value function. Following the doubly robust policy
learning of Athey and Wager (2021) and Zhou et al. (2023b), we employ cross-fitting
(Schick, 1986; Chernozhukov et al., 2018) to estimate the policy value function and learn
the optimal policy independently. We randomly divide the dataset {Z; : i = 1,...,n} into
K evenly-sized folds (e.g., K = 5). Let I} be the set of indices of the data in the k-th fold,
and I_j denote the set of indices of the data excluded from the k-th fold. In what follows,
for any statistics f , we denote by f ~* the corresponding statistics calculated using the
data excluded from the k-th fold.

The approach we propose is based on backward induction and thus consists of multiple

steps. As a preliminary step, we estimate the propensity scores {e;(-, -)};=1,.. 1 for all stages

and the Q-function Q7 (-, -) for the final stage using the data excluded in each cross-fitting
fold. For each fold index k, we denote by é;7%(-,-) and @}k(, -), respectively, the estimators
of e4(+,-) and Qr(-,-) using data not contained in the k-th fold. Any regression methods,
including machine learning methods (e.g., random forests and neural networks), can be
used to estimate e, (-, ) and Qr(-,-).

DTR sequentially as follows. In the first step, regarding the final stage T', we construct a

score function of the treatment a; for stage T as

Por(ar) Yir — @;k(i)(Hi,% Air)
2 ~—k(7
e (Hyr, Air)

A =ar}+ @;k(i)(H@T’ ar).
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Given a policy 7y, the sample mean (1/n) >}’ fi’T(WT(Hi7T)) is an ATPW estimator of
the policy value Vi(mr) for stage T.
We then find the best candidate policy for stage T by solving

1
T = arg max — ZFZT 7TT(H1 T))
mrellp n i=1
In the next step, we consider stage T'— 1. Given the estimated policy 7 from the
previous step, for each k-th cross-fitting fold, we estimate the Q-function Q;T_l(-, -) for
7 by regressing Y; r_; + QT( H;i,7r) on (H;r_1,A;r—1) using the observations whose
indices are not included in ;. This corresponds to the second step of the fitted-value
Q-evaluation. We denote by Q”T’ *(.,-) the resulting estimator of Q47 (-, ) for each fold
k. Any regression method can be applied at this step.
We subsequently construct the score function of ar_; as follows:
N A Adp,—k(i
B _ Yiro + DirGr(Hir) — Q7" (Hiz—y, Air—)
I _ (&Tfl) = -
3,71 ~—k(7)
er_y (Hir—1,Air-1)
Adp,—k(i
+Qr) ( )(Hi,T—h ar_1).

A1 = ar_1}

Given a policy mr_1, the sample mean (1/n) )", fi§_1(WT_1(H¢,T_1)) is an AIPW es-
timator of the policy value Vp_i(mp_1, 7). We then find the best candidate policy for
stage T'— 1 by solving

n

1
1 = arg maX—EF 71 (mr1(Hir-1)).

mp_€lly_y 105

Recursively, for t = T—2,...,1, we learn the optimal policy as follows. For each cross-

R(t+1):T

fitting index k, we first estimate the Q-function @,

7f(t+2) T

by regressing Y; i +Q,\ " (Hipr1, fieg1)
on (H;y, A;+) using the observations whose indices are not in [, (the fitted Q-evaluation).
Any regression method can be applied at this step.

We next construct the score function of a; as

o AT B 77’6(7‘)
PReDT () = Yip + T (R (i) — Q0 (Hiy, Asy)
o MO (Hiy, Avy)

it
+ QW(HD T7 z)<Hi,t7 a).

. ].{Amg = at}
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We then find the best candidate policy for stage t by solving

T; = arg max — Z FMH) T (m(Hyyp))

ﬁtEHt i=1

where the objective function (1/n)>", fff;t““‘ (m(H;y)) is an AIPW estimator of the
policy value V(m, i 1yr).

Throughout this procedure, we obtain the sequence 7 = (71, ..., ), which serves as
the estimator for the optimal DTR. In the following section, we will show its statistical

properties with respect to its welfare regret.

4 Statistical Properties

Given a DTR 7 € I, we define the regret of m by R(7) = supzcg W (7)) — W(n), the loss
of the welfare of 7 relative to the maximum welfare achievable in II. We study statistical
properties of 7 with respect to its regret R(7). This section shows the rate of convergence
of R(7) depending on the convergence rates of the estimators of the nuisance components,
(6%, )} =1, and (QremF }i=1...1, and the complexity of II.

Let Q9 ) (-,-) and ™ (-,-) denote the estimators of the Q-function Q;“*V7(-,")
for 7(441).r and the propensity score e,(-, -), respectively, using a sample of size n randomly
drawn from the distribution P. For t = T', we denote @;(T“):T’(n)(-, ) = AE,?)(-, ). We

AT(t+1): T’(")( )

suppose that {Q, . ) h=1,..r and {éﬁ”)(-, )}ez1, 7 satisfy the following assump-

tion.

Assumption 4.1. (i) There exists T > 0 such that the following holds: For all t =
L,....,T, s=1,...,t, and m € {0, 1},

AT .7,(n m . 2
sup E sup Qt (t+1).T7( )<Ht, at) o Qt (t+1):T (Ht, at))
a1 €A, Te+1):TEN g1 1).1
2
1 1 1
x B PE—r - _ O(T) '
Z::rsn éé (Hb af) H€=s GK(HZ’ a'é) n

(11) There exists ng € N such that for anyn =ng andt =1,...,T,

sup A:““):T’(n)(Ht,at) < o0 and min éE")(Ht’“t) >0

at€Ay, 1) 7€ty 1) €A
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hold a.s.

As we will see later, the y/n-consistency of the regret R(7) to zero can be achieved
when Assumption 4.1 (i) holds with 7 = 1, which is not very strong or restrictive. For

example, Assumption 4.1 (i) is satisfied with 7 = 1 when

E AT (t+1):75(n) T(t+1):T 2 — 0<1)
sup sup . (Hy,ar) — Q, (Hy, ar) = and
ate AL Te+1):TEH (1)1 \/ﬁ

1 1 o(1)
sup F - = -
g1 €Ay HZ s€ (Hfa Cl@) HZ:S eE(HZ7 Cl,g) \/ﬁ

hold for all t = 1,...,7 and s = 1,...,t. The uniform MSE convergence rate of
A:(t“):T’(n)(Ht,at) for the fitted Q-evaluation is not a standard result, but some exist-
ing results could be applicable with some modifications (e.g., Zhang et al., 2018).'* Note
also that Assumption 4.1 (i) encompasses the property of doubly robustness; that is,
Assumption 4.1 (i) holds if either Q] (t“):T’(n)(-, ) is uniformly consistent or é"(-,-) is
consistent.

We next consider the complexity of the class IT of DTRs and the class II; of stage-
specific policies. Following Zhou et al. (2023b), we use the e-Hamming covering number

to measure the complexity of the class of policy sequences ., € II; x - -+ x II; for each s

and ¢ such that s < ¢.

Definition 4.1. (i) For any stages s and t such that s < t, given a set of history points
{hgl),..., hy } < H;, we define the Hamming distance between two sequences of poli-
cies Tsp, Moy € gy as dp(Tsq,mhy) = 0720 YR # 7 (W) v - v m(h) #
(WY, where hYY < hgll c ... c b € M, from the definition of the history. Let

N, <e, 1., {hil), e hg" }) be the smallest number of sequences of policies Wg}t), 7r§:2t), e

in Iy such that for any me, € gy, there exists ngz satisfying dp,(7s., 71522) < e. We define

the e-Hamming covering number of 1ls,; as

Ndh(€7 Hs:t) = sup {Ndh (67 Hs:t7 {hz(tl)a AR hzgn)}> ‘n = 17 h§1)7 A hgn) € %t} .

(11) We define the entropy integral of Iz as k(11 So \/log Ny, (€2, sy )de.

13Zhang et al. (2018) derive the rate of convergence for offline Q-learning using Support Vector Machine
regression with policy search over the class of list-form policies. While their study focuses on Q-learning,
the results can likely be extended to fitted Q-evaluation.
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Note that when s = t, Ny, (€, 1l5) = Ny, (¢,11;) and k(1) = x(I1;). We assume that

the policy class II; for each t is not excessively complex in terms of the covering number.

Assumption 4.2. Forallt =1,...,T, Ny, (e,11;) < Cexp(D(1/€)¥) holds for any e > 0

and some constants C; D >0 and 0 < w < 0.5.

This assumption implies that the covering number of II; does not grow too quickly, but
allows log Ny, (¢, 11;) to grow at a rate of 1/e. This assumption is satisfied, for example, by
a class of finite-depth trees (see Zhou et al. (2023b, Lemma 4)). In the case of a binary
action set (i.e., |A:] = 2), a VC-class of A; also satisfies Assumption 4.2. Zhou et al.
(2023b, Remark 4) shows that the entropy integral x(II;) is finite under Assumption 4.2.

Regarding the class IT of entire DTRs, its entropy integral «(II) is finite as well under
Assumption 4.2.

Lemma 4.2. Under Assumption 4.2, x(II) < 0.

Proof. See Appendix B.1. n

The following theorem presents the main result of this paper, showing the rate of

convergence for the regret of the DTR 7 obtained using the proposed approach.
Theorem 4.3. Under Assumptions 2.1-2.3, 3.1, 4.1, and 4.2,

R(m) =0, (/{(H) 'n_l/z) + Op(n~ min{l/2,7/2}y
Proof. See Appendix A. O

This theorem shows the convergence rate of the regret R(7) for the proposed approach.
When Assumption 4.1 (i) holds with 7 = 1, the approach achieves the minimax optimal
rate #(II) - n~"/2 for the regret convergence.'® This result is comparable to those of Athey
and Wager (2021) and Zhou et al. (2023b), who study doubly robust policy learning in

single-stage settings.'®

4Tn the case of binary treatment assignment at each stage, Sakaguchi (2024) shows that the minimax
optimal rate of convergence for the regret is Vi.z - n= %2, where Vi.p is the VC-dimension of the class of
DTRs.

15Tn the single-stage binary treatment setting, Athey and Wager (2021) use the specific growth rate of
the entropy in a VC class and obtain a slightly stronger result compared to using the fixed entropy class.
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In the proof of Theorem 4.3, we consider the derivation of the asymptotic upper
bound on R(7). This is, however, a nontrivial task because the stage-specific policies
in T = (m,...,7r) are estimated sequentially, rather than simultaneously. If the DTR
is estimated simultaneously across all stages, we can apply the theoretical analysis of
Zhou et al. (2023b) with some modifications. However, since 7 is estimated sequentially,
we cannot directly apply their approach. While the sequential estimation complicates
the analysis of R(7), Appendix A introduces new analytical strategies for evaluating the

regret of the sequentially estimated DTR.

5 Existing Approach

An alternative doubly robust approach for estimating the optimal DTR is maximizing an
ATPW estimator of the welfare function over the entire class of DTRs. Specifically, we

have

#AEW — arg maXWAIPW(ﬂ) with (4)
mell

1 n T N
W) = L 3051 (52 )V
i=1t=1

7T —k(i T —k(i AT(t : 77k‘(i)
- (@th © (ﬂt) - ¢i,t£1) (th)) ’ Qt( o (Hita Wt(Hit)))

and 0" (m,) = (T2, 1{As = mo(Hio)}) /(T2 &% (His, Ais)), where WATPY (1) s
an AIPW estimator of W (m). This approach is first proposed by Zhang et al. (2013)
without using cross-fitting, but they did not show its statistical properties.'® One advan-
tage of this method is that it does not require the correct specification of IT (Assumption
3.1) for consistent estimation of the optimal DTR.

However, this approach faces two computational challenges. First, since the nuisance

W(t“)T}t:lMT depend on each specific DTR 7, we basically need to es-

components {Q
timate {QW““)T}t:L_,_yT for every DTR 7 to implement this method. Nie et al. (2021)
highlight this computational issue. Second, maximizing AP W () simultaneously across
all stages is computationally difficult, particularly when T' is not very small. These com-
putational issues render the approach intractable unless the class of DTRs is small (e.g., I1

consisting of a small number of DTRs). By contrast, our proposed approach has two key

16 Jiang and Li (2016), Thomas and Brunskill (2016), and Kallus and Uehara (2020) propose AIPW
estimators of welfare functions for evaluating fixed DTRs, but their focus is not on optimizing DTRs.
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advantages: (i) the nuisance components {Qf(””:T}t:L._,,T depend only on the estimated
policies 7,11y from the earlier steps of the backward optimization, and (ii) the backward
optimization is computationally much more efficient than the simultaneous optimization
across all stages.

Though the simultaneous maximization approach (4) is not our primary proposal, we

show its statistical properties as follows.
Theorem 5.1. Under Assumptions 2.1-2.5, 4.1, and 4.2,
R(ﬁ_AIPW) _ Op (KJ(H) .n—1/2) + Op<n_min{1/2’T/2}). (5)

Proof. See Appendix C. O

This theorem shows that 7#4/F°W

attains the same convergence rate for regret as our
proposed sequentially estimated DTR, 7, under the same conditions regarding the MSE
convergence rate of the nuisance component estimators and the complexity of the DTR
class. Since the simultaneous optimization approach does not require the correct specifi-

cation of the DTR class, Theorem 5.1 does not rely on Assumption 3.1.

6 Simulation Study

We conduct a simulation study to examine the finite sample performance of the approach
presented in Section 3. We consider two data generating processes (DGPs), labeled DGP1
and DGP2, each of which consists of two stages of binary treatment assignment (A, As) €
{0, 1}?, associated potential outcomes {Y5 (ay, 2)} 4y az)efo,1y for the second stage, 20 state
variables (Sfl), . ,5520)) observed at the first stage, and one state variable Sy observed

at the second stage. Each DGP is structured as follows:
(S SPY ~ N(0, Ly);
2
Ss (a1) = sign (SP) ~ap + S§2) + (SP) + S§4) + &1 with 1 ~ N(0, 1);

2
Yé (al, ag) = gb(al, Sg(al)) c Qo + 0.5 SQ(CLl) + S£4) - <S£5)> + S§6) + &2 with Eg ~ N(O, 1),

A, ~ Ber (1/(1 + 60-5S£2LO~SS£SLS£5))) . Ay ~ Ber (1/(1 + 60-55940-552*02%‘1)) .
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In DGPs 1 and 2, we specify ¢(ay, Sa2(a1)) as

(b(dl, Sg(al)) = SigIl(SQ(CL1> : (Cbl - 1/2)) and
¢(ar, S2(ar)) = Sa(ar) + (a1 — 1/2),

respectively. In each DGP, the first-stage treatment a; influences the outcome Y3 through
both direct and indirect channels: (i) a direct effect on Y; via treatment effect heterogene-
ity Ya(a1,1) —Y2(a1,0) and (ii) an indirect effect on Y, via the second-stage state variable
Sa(ay).

We compare the performance of the approach proposed in Section 3 (labeled “DR”)
with those of three existing methods: Q-learning without and with policy search (labeled
“Q-learn” and “Q-search,” respectively) and the IPW classification-based approach with
backward optimization (labeled “IPW”).!" For each method, we use generalized random
forests (Athey et al., 2019) to estimate nuisance components. We set K = 5 for cross-
fitting in the proposed approach.

For DR, Q-search, and IPW, we use a class of DTRs Il = II; x II, with II; being the
class of depth-1 decision trees of Hy, and I, being the class of depth-2 decision trees of
H,. In DGP1, I1; is correctly specified in the sense of Assumption 3.1, whereas in DGP2,
I1, is misspecified, leading to a loss of optimality in backward optimization. Note that Q-
learn consistently estimates the optimal DTR in both DGPs. We solve the optimization
problems involving decision trees using the exact learning algorithm for decision trees

proposed by Zhou et al. (2023b).
[Table 1 about here]

Table 1 presents the results of 500 simulations with sample sizes of n = 250, 500, 1000,
2000, and 4000. In each simulation, welfare is calculated using a test sample of 50,000
observations randomly drawn from the same DGP. The results show that DR consistently

outperforms the other methods for both DGPs and all sample sizes in terms of mean

Following Murphy (2005), we separately consider Q-learning with and without policy search. In Q-

learning with policy search, the optimal policy for each stage t is chosen from a pre-specified policy class
AT (t+1):T

I1;; specifically, the optimal policy is estimated as 7; = arg max ZZ;I " (H;, 7). This approach,
meelly
for example, is used by Zhang et al. (2018) with a class of list-form policies for II;. In contrast, Q-
learning without policy search optimizes the policy for each stage t over all measurable policies, such as
AT (t+1):T

#i(he) = arg max ., Q, (ht,a¢) for any hy. This approach consistently estimates the first-best
a€A:
DTR unless the Q-functions are not misspecified.
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welfare. For example, in DGP1, with a small sample size (n = 500), DR achieves over
40% higher welfare than all other methods. Notably, DR surpasses Q-learn even in DGP2,
where DR does not consistently estimate the optimal DTR, but Q-learn does.

7 Empirical Application

We apply the proposed approach to data from Project STAR (e.g., Krueger, 1999; Ding
and Lehrer, 2010), where we study the optimal allocation of students to regular-size
classes (22 to 25 students per teacher) with a full-time teacher aide and small-size classes
(13 to 17 students per teacher) without one in their early education (kindergarten and
grade 1).1® We use a dataset of 1,877 students who were not assigned to regular-size
classes without a full-time teacher aide in kindergarten.! Among these students, 702
were randomly assigned to regular-size classes with a teacher aide, whereas the remaining
students were assigned to small-size classes without a teacher aide in kindergarten (labeled
“grade K”). Upon their progression to grade 1, the students were intended to be randomly
reassigned between the two class types. However, as some students selected the class
types themselves, the allocation process was not entirely random (see, e.g., Ding and
Lehrer (2010) for a detailed discussion). Therefore, we consider this empirical task in the
observational data setting.

We investigate the optimal allocation of students to the two class types in grades K
and 1, based on their socioeconomic backgrounds, educational environment, and inter-
mediate academic achievement. Each student’s academic achievement is measured by
their percentile rank on combined reading and mathematics test scores taken at the end
of grade 1. The welfare objective for the policymaker is assumed to be maximizing the
population average of this academic achievement measure.

We define the first and second stages (t = 1 and ¢t = 2) as grades K and 1, respectively.
We define the action set A; = {aide,small}, where the treatment variable A; is labeled
“aide” if a student is in a regular-size class with a teacher aide at stage ¢, and “small”
if the student is in a small-size class. The outcome variable Y5 denotes the percentile

rank of the combined reading and mathematics scores at the end of grade 1. We do not

BKrueger (1999) reports that the presence of a teacher aide did not have a significant impact on
student test scores. However, whether teaching aides have effects on academic attainment has not been
examined by accounting for multiple stages of treatment and treatment effect heterogeneity.

19We exclude regular-size classes without a teacher aide, as they are unlikely to be preferable to either
regular-size classes with an aide or small-size classes without one for any student.
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incorporate the first-stage outcome into the objective function W (r).

We include seven variables in Hy (= S;): student gender, student ethnicity (White/Asian
or other), eligibility for free or reduced-price school lunch, school location type (rural
or non-rural), teacher’s degree (bachelor’s or higher), years of teaching experience, and
teacher ethnicity (White or other). For the second-stage state variables Sy, we include
three variables: reading, math, and total test scores at the end of kindergarten. Recall
that Hy = (Ay, S1,52).

The class of DTRs II = II; x I1; is defied as follows. For the policy class I1; associated
with kindergarten class allocation, we employ a class of depth-1 trees that may take
splitting variables from teacher degree, teacher experience, and school location type. For
the policy class II; associated with class allocation in grade 1, we use a class of depth-
2 trees that may take splitting variables from reading, math, and total test scores at
the end of kindergarten, as well as the kindergarten class type. Note that we exclude
student gender, student ethnicity, and teacher ethnicity as splitting variables, as using

such variables for treatment choice would be discriminatory.
[Figure 1 about here]

Figure 1 displays the DTR estimated using the proposed approach. The policy for
kindergarten class allocation uses teacher experience to determine class type, indicating
that teachers with 19 years of experience or less should be assigned to small-size classes.
The policy for grade 1 class allocation uses total and reading test scores at the end of
kindergarten to determine each student’s class type. For example, following the estimated
policy, students with a total test score below 914 are assigned to the small-size class in

grade 1.
[Table 2 about here]

Table 2 presents an estimate of the welfare contrast of the optimal DTR 7% relative
to the uniform assignment of all students to small classes in both grades (i.e., W (7*P*) —
E[Y5(small, small)]), along with the share of students in each of the four allocation arms.
These estimates are obtained using 5-fold cross-validation. The results show that class-
type allocation with the optimal DTR improves academic achievement by an average of
1.27% compared with the uniform allocation of small-size classes. Additionally, under the

DTR allocation, around 23% of students are placed in regular-size classes with a teacher
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aide in either grade K or 1. Given the higher cost of small-size classes relative to regular-
size classes with a teacher aide on a per-student basis (Word et al., 1990)%°, this finding
suggests that allocation based on the DTR can reduce the costs associated with class-size

reduction while simultaneously improving students’ academic achievement.

8 Conclusion

We studied the statistical learning of the optimal DTR using observational data and
developed a doubly robust approach to learning it under the assumption of sequential
ignorability. Based on backward induction, the approach learns the optimal DTR sequen-
tially, ensuring computational tractability. Our main result shows that the DTR obtained
through this approach achieves a convergence rate of n=/? for welfare regret under mild
conditions on the MSE convergence rate for estimators of the propensity scores and Q-
functions. The simulation study confirms that the proposed approach outperforms others
in finite sample settings. Applying the proposed approach to Project STAR data, we
estimate the optimal DTR for the sequential allocation of students to regular-size classes

with a teacher aide and small-size classes without one in early education.

20 According to Word et al. (1990), adding a full-time aide in Grades K-3 across Tennessee cost approx-
imately 75 million dollars annually, while reducing class sizes by one-third cost around 196 to 205 million
dollars per year.
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Tables

Table 1: Monte Carlo simulation results
DGP1 & Size(n) DGP2 & Size(n)

Method 250 500 1000 2000 4000 250 500 1000 2000 4000
0.20 031 0.44 058  0.69 1.29 1.69 1.77 1.82 1.87

Qrlearn 051y (011) (0.10) (0.07) (0.03) (0.36) (0.13) (0.07) (0.05) (0.03)

’ asfe;d; © 017 029 041 054 065 127 160 153 1.51 153
(0.19) (0.22) (0.21) (0.16) (0.10) (0.45) (0.21) (0.10) (0.06) (0.09)

N h; 77777 023 030 037 046 055 1.32 141 152 166 1.80
" (0.13) (0.15) (0.16) (0.15) (0.12) (0.2) (0.18) (0.19) (0.21) (0.19)

N 7]5; 028 043 062 070 073 150 176 193 199 202

(0.18) (0.17) (0.11) (0.04) (0.02) (0.26) (0.24) (0.14) (0.07) (0.03)

Notes: Each cell shows the mean welfare, with the standard deviation in parentheses, for each method,
DGP, and sample size. These values are calculated based on 500 simulations using a test sample of
50,000 observations randomly drawn from the same DGP. Columns 2-6 and 7-11 show the results for
DGP1 and DGP2, respectively, across sample sizes of 250, 500, 1000, 2000, and 4000.

Table 2: Empirical results for optimal class-type allocation

Share of students in each allocation arm (aq, az)
(aide, aide) (small, aide) (aide, small) (small, small)
1.27% 1.0% 17.2% 5.1% 76.7%

Notes: The first column shows the estimate of the welfare contrast, defined as W(r*°Pt) —
E[Ys(small,small)]. Each of the second to fifth columns shows the estimated share of students
assigned to each of the four allocation arms, (a;,as) € {aide,small}?, by the optimal DTR.

Welfare contrast
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Figure

Figure 1: Estimated DTR for class assignment in grades K and 1

(a) Policy for grade K (b) Policy for grade 1
Teacher’s experience < 19 years Total test score < 926
Trt/ \@lse TM \@se
Small Aide Total test score < 913  Reading test score < 434
Tru% \?alse Tru% &‘alse
Small Aide Aide Small

Notes: This figure illustrates the DTR estimated in Section 7. Panels (a) and (b) show the estimated
policy trees for grades K and 1, respectively.
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Appendix

A Proof of Theorem 4.3

This appendix presents the proof of Theorem 4.3, along with some auxiliary lemmas. We
aim to derive an asymptotic upper bound on R(7). This is however a non-trivial task
because the components of the DTR, & = (71,...,7r), are estimated sequentially rather
than simultaneously. We hence cannot directly apply the theoretical analysis of Athey
and Wager (2021) and Zhou et al. (2023b), which study doubly robust policy learning
in single-stage settings. In the following, we present an original analysis to derive an
asymptotic upper bound on R(7).

We begin by noting that Lemma 3.1 allows us to analyze the welfare regret, R(7) =
W (m*°Pt) — W (7), by evaluating the welfare difference W (7*8) — W (#) between the DTR
758 derived from the backward optimization in the population problem and the estimated

DTR 7. This approach simplifies the analysis of R(7).

Given the estimated DTR 7, we define Rf“(m) = Vi(my, Tasryr) — Vi(fer) for any
m €Il and t = 1,...,T. Rf“T(m) measures the deviation of the policy m; from the
sequence of estimated policies 7.7 at stage t with respect to the value function. We
denote RI™T (mp) = Vip(mp) — Vip(ap) for t = T.

The following lemma provides a useful result for analyzing the regret R(7), relating

the regret of the entire DTR to the stage-specific regrets.

Lemma A.1. Under Assumptions 2.1, 2.3, and 3.1, the regret of w is bounded from above

as
; B o202 B
A 1. *, 7. *,
R(#) < R[*" (xpP) + ) FR;T(m ). (A.1)
=2

Proof. See Appendix B.2. O
The result (A.1) enables us to evaluate R(7) through evaluating stage-specific regrets

R (mP) (t = 1,...,T), which is simpler to analyze as we will see.
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Given a fixed DTR 7 = (7, ..., 7r), we define

Yir — Qr(Hir, Air)
er(Hir, Air)
AT t+1): 7_k %
- Yir — Q0™ ", 0, Air)

‘Z’,T(TFT) UHAir =mr(Hir)} + Qr(Hir, 7r(Hir)),

Vir(mr) = —7 WA =7mr(H;r)}
er"(Hir, Air)
+ @:(M):T’_k(z) (Hizp,mr(H;7)),
and recursively for t =T —1,..., 1:
~ Yit + ‘N/z‘t+1(77(t+1):T> - :(Hl):T (Hit; Ai t)
V;' ¢ = : : : — -1 Az = Tr [‘IZ
(o) eo(Hr Ai) {Aip = m(H;p)}
+ Q:(HU:T (Hip,m(Hiy)),
~ Yii+ Vi 7) — Qpurv T Y H;y, A
%’t(ﬂ-t:T) _ R 715-1-1(7.‘—(t+1).T) Qt ( it ,t) ) 1{141',15 _ Wt(Hi,t)}

& " (Hyy, Ay
AT (1), —k(4)
+ @, (Hi,taﬂ-t(Hi,t))-

Note that the sample mean (1/n)> ", \N/M (m.7) is an oracle estimate of the policy value
function Vi(m.r) with oracle access to {QT=7(,-)}s—t41,. 7 and {es(-, ) }s=¢. 7. Lemma
B.2 in Appendix B.1 shows that (1/n) >, Vs () is an unbiased estimator of the policy
value Vj(m;.r) under the assumption of sequential ignorability (Assumption 2.1).
Following the analysis of Zhou et al. (2023b), for each stage t = 1,...,T, we de-
fine the policy value difference function Ay(+;-) : II.p x Iz — R, the oracle influence

difference function At(-; ) My x I — R, and the estimated policy value differ-

ence function ﬁt('; ) Hpp x Ir — R, as follows: For 7l = (7, ...,7%) € Ir and
7T)?:T = (ﬂ—i)? e aﬂ—g’) € Ht:Ta
AT 7Tg:T) = Vi(mir) — Vi(”f:T)a (A.2)
Y a 1 (7 a IR
At(ﬂ-t:T; 71-g:T) = E Z it (ﬂ-t:T) - E Z it (W?:T) ) (Ag)
i=1 i=1
. b RPN 1 A~
Ae(mhrs Tor) EEZ it (WtT)_EZ zt(WtT)
i=1 i=1

From the definitions, the stage-specific regret RT“” (7 ’B) is expressed as
R?t:T (W:’B) = A (W:’Bﬁ(tﬂ);T;ﬁt:T) .
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In what follows, we evaluate R7*T(x*") for each t. A standard argument of the

statistical learning theory (e.g., Lugosi, 2002) gives

e (%,B\ *,B A A
Ry (m7) = Ay (Wt 77T(t+1):T77Tt:T>

#*,B A N #,B A A
< Ay <7Tt y T(t4+1):T5 7Tt:T> - A <7Tt y T(t+1):T5 7Tt:T)
a b N a b
< sup sup |At(7Tt y T(t+1):T5 7Tt77T(t+1):T) - At(Wt,W(Hl);T, 7Ttu7T(t+1):T)|
T(e+1):TEN ¢+ 1).1 7rf77rf€Ht

a b a b
< sSup sSup |At(7Tt,7T(t+1):T,7Tt,7T(t+1):T)—At(ﬁt,7T(t+1):T,7Tt,7T(t+1):T)|
T+1): 7€ e 1): 7 7 whelly

N\ a . b a . b
+ sup sup |At(7rt y T(t+1):T5 T ﬂ—(t+1):T) - At(ﬂ_t y T(t+1):T5 T 7T(t+1):T)|a
T(t+1): 7€ (t41):1 78, wlelly

(A.4)

A~

where the first inequality follows because 7; maximizes (1/n) Y | FZE&””:T (m¢(H;y)) over
Ht; hence, Al‘/ (W:,Bu ﬁ(t-&-l):T; ﬁt:T) <0.
”)

We can now evaluate Rf”’T(ﬂf ) through evaluating

a . b A a b
Sup sup |At (ﬂ—t , W(t-‘rl)!T’ 7rt , 7T(t+1):T) — At(ﬂ't s 7T(t+1):T7 7Tt ) 7T(t+1)!T>| (A5)
T(t+1): 7€ ¢4 1)1 W?»ernt

and

N a b N a b
sup sup |At(77t77T(t+1):T,7Tta7T(t+1):T)—At(ﬂt,7T(t+1):T77Tt77T(t+1);T)|- (A-6)
Te+1):TEN 1)1 W?,ﬂfeﬂt

As for the former, we apply the uniform concentration result of Zhou et al. (2023b,
Lemma 2) for the oracle influence difference function to obtain the following lemma.
Lemma A.2. Suppose that Assumptions 2.1, 2.2, 2.3, and 4.2 hold. Then, for any stage

te{l,2,...,T} and 6 € (0,1), with probability at least 1 — 20, the following holds:

~

a b a .b
sup sup |At(7Tt y T(t4+1):T5 7Tt777(t+1):T> - At(ﬂt y T(t4+1):T5 T 5 7T(t+1):T)|
Te+1):TEN g1 1).1 ﬂt“,nfel'[t

< (54.4\/5/4;(11@ +435.2 + \/ 2log %) \/ M;LT +o0 (\/Lﬁ) : (A7)

where M}, = M - <1 goop Ty ZT—t 37]_5> .

s=1

Proof. See Appendix B.1. m
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As for the latter (equation (A.6)), by extending the analytical strategy of Athey and
Wager (2021) and Zhou et al. (2023b), which leverages orthogonal moments and cross-

fitting, to our sequential multi-stage setting, we obtain the following lemma.

Lemma A.3. Suppose that Assumptions 2.1, 2.2, 2.8, and /.1 hold. Then, for any stage
te{l,2,...,T}, the following holds:

A a b N a b
sup sup  |Ag(nf, T(t4+1):T 7Tt777(t+1):T) — Ay(mf, T(t4+1):T; T 7T(t+1);T)|
T(+1):7€ N (t41):1 7, whelly

_ Op(n_ min{1/2,7'/2})'

Proof. See Appendix B.3. O

Proof of Theorem 4.3. Combining the inequality (A.4) with Lemmas A.2 and A.3, we

obtain
R?t:T (W:,B) _ Op (K(Ht:T) ) n—1/2) + Op(n_ min{l/Q,T/Q})

for all ¢ = 1,...,T. This result proves Theorem 4.3 via the inequality (A.1) in Lemma
Al O

B Preliminary Results and Proofs of Lemmas 3.1,

4.2, A.1, A.2, and A.3

B.1 Preliminary Results and Proofs of Lemmas 3.1, 4.2, and
A.2

This section presents several preliminary results and proofs of Lemmas 3.1, 4.2, and A.2.
We begin by providing the proof of Lemma 4.2.

Lemma B.1 below establishes a connection between the e-Hamming covering numbers
of classes for stage-specific policies and a class for sequences of policies, and will be used

to prove Lemma 4.2.
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Lemma B.1. Given a class of DTRs Il = 11; x --- x Iy, for any integers s and t such
that 1 < s <t < T, the following inequality holds:

t
Ndh<<t_5+1€Hst HNthHg
l=s

Proof. Fix a set of history points {hil), o h(")} < Hjp. For any integer ¢ (< t), let
héi)(g Y ) be the partial history up to stage ¢. Let K, = Ny, (¢, 11, {h(l) . h(")}). For
each ¢ € {s,...,t}, we denote by I, = <7ré ), . (K’Z)) the set of policies such that for

any 7y € Il,, there exists Wéi) € ﬁg satisfying dj, (my, 7Té )) < €. Such a set of policies exists

from the definition of N, (e, I, {hél)’ - h(n)}).

Fix 7, € II,;, and define M, =TI, x - x II,. Let 7y, = (s, ..., Ty) € II.., be such
that for any £ € {s, ..., t}, dy(m, T) < €. Then
1 o - i
(Tt Ta) = = D U (B) # (D) v v () # 7(hy)
i=1
1 N ) 7
< (;Z Lme(hy) # w(h?)})
l=s i=1

Therefore, for any m,.; € Il,;, there exists 7,; € ﬁs:t such that dp(msy, Tsy) < (t — s +
1)e. Since ‘ﬁs:t = HZ:S I,| = ]_[Z:S Ny, (e, 11, {hél), . ,hé")}), where | - | denotes the

cardinality, we have

t
Ny, <(t — s+ e, Iy, (B, h,ﬂ’”‘)}) <[]~ (e,ng, V. hfﬁ}) .
l=s

As this holds for any n and any set of history points {hgl), . hin)}, the result in the
statement holds. O

Using Lemma B.1, we present the proof of Lemma 4.2 below.

Proof of Lemma 4.2. Note that II = Il;.p. Applying Lemma B.1 to II, we have
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Ny (e2,10) <[], Nu(e?/T,11,). Then

1 1
) = f V1og Ny (2, 1T)de < J ZlogNH e2/T,11;)de
0 0

t=1

T
< ZJ \/log Ny (e2/T, I1, ) de
t=10
1 2w
[y s o0 (41
0 6
1 1 2w
TJ «/longe—l—Tf q/D(E) de
0 0 €

1
— T\/log C + VT?+)\/D f e “de = T~/log C +
0

VT @2+w) D
]_ _

< o,

where the third and last lines follow from Assumption 4.2. O

We next give several preliminary results. We first define the conditional policy value

of my.p for stage t as, for any h; = (a,_4,8;) € Hx,

Vi (e he) = 2 Z < (a1, ay.) Hl{m Hé(at 1>at(e 1))) —a£}> =hi |,

s=taj €A, {=t
where Hy(aq_1y,a;, 1)) = Hi(ay_y)) for £ = t. Note that E[Vi(m.r; Hi)] = Vi(mer). For

ease of notations, for any stages s and ¢ such that s > t and any policy sequence 7.5 € 11,

we define

Vo (@1, mes) = ), <Y;(@t1,@2:s)']_[1{w(He(Qt17@2:@_1)))=a’e})-

@;:seAt:s =t
Let }7,5 (Qtfl,ﬂ't) denote EN/t:S (th,ﬂt:s) when t = s. Note that, for any 7.7 € Il and
hy = (a,_q, ;) € Hy, V(mpr; hy) can be written as

Hy=h| = ‘/t(ﬂ-t:T; ht)-

T
Z at 177Tts

The following lemma will used in the proofs of Lemmas 3.1, A.2, and A.3.
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Lemma B.2. Suppose that Assumption 2.1 holds. Then, for any stage t and DTR w € 11,
the following hold:

(Z) Q:(Hl):T (ht7 7Tt) = W(ﬁ:T? ht) for any hy € Hy;

(1) E[ ”(ﬂ'tT)] = Vi(mpr) foranyi=1,... ,n.

Proof. We first prove (i), where we basically follow the proof of Tsiatis et al. (2019,
equation (6.53)). For t = T', the following holds for any hr = (ap_4, sy) € Hr:

QT(hTﬂTT) = |AT = 7TT(hT) Hr = hT]
Yr(Ar)|Ar = mp(hy), Hr = hy]
\Yr(ar_y, mr(hr))|Ar = mp(he), Hr = h)

E [YT(Qbe CLT> . ]_{CLT = WT(hT)HAT = ar, HT = ht]

[
2
gM

- Z E [YT(QT—MGT) -Har = 7TT(hT)HHT = ht]
ar€EAT

E| Y Yrlap_y,ar) - Har = WT(HT(QT_J)}‘HT = hT]

ar€AT

= VT(WT; hT)> (B-l)

where the fifth equality follows from Assumption 2.1.
For any integer ¢ such that ¢ < T, the following holds for any h; = (a,_4,s;) € Hy:

E [Yi + Vi (mge Hy)| Ay = mi(he), Hy = ht]

+1):T
T ~
=K [Yt a) 2 Yierys(@e1, m(he), T(ea1yis) | A = m(hn), Hy = ht]
s=t+
_ ro
= Z (E at laa't Z (t+1):s at—hataﬂ-(tJrl):s) Ay = ay, Hy = ht] - mi(hye) = at}>
at€AL | s=t+
[ T
= Z (E at 1;a't Z (t+1):s at_1,at,7T(t+1):s) H; = ht] '1{7Tt(ht) = at})
at€AL | s=t
_ v
=FE|Y, (Qt—1a7Tt(ht)) + Z (t+1):s(@t—1aWt(ht)aﬂ(tﬂ):s) Hy = ht]
| s=t+1

T
=FE|Y, (Qt—laﬂt(ht)) + Z (t+1):s(At_1aWt(ht),ﬂ(tﬂ):s)

s=t+1

Ht = ht]
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T
Z at 1,71',55

= V;t(ﬂ-t:T;ht)a (BQ)

)| He = ht]

where the first equality follows from the law of total expectations, and the third equality
follows from Assumption 2.1.

Whent =T -1,

Q;T_1<hT—17 7TT—1) =F [YT—I + QT(HT; 7TT)|AT—1 = 7TT—1(hT—1), Hp_y = hT—l]
= EYr_1 + Vp(np; Hp)|Ar—y = mr—1(hr—1), Hp—1 = hy_4]

= VT—1(7T(T71):T; hT—1),

where the second and third equalities follow from equations (B.1) and (B.2), respectively.
Recursively applying the same argument from t = T — 2 to 1, we have Qw(t“) " (hy, ) =
Vi(mer; hy) for any ¢ and hy € Hy, which leads to the result (i).

We proceed to prove (ii). Given a fixed DTR 7 = (my,...,7r), to simply notation, we
define the independent copies of {‘N/i’t(wt:T) :t=1,...,T} as follows:

~ Yr — Hr, A
VT(ﬂ'T) = r QT( r T) . 1{AT = WT(HT)} + QT(HT, WT(HT)),
er(Hr, Ar)
and, recursively fort =T —1,...,1,
~ Y, + ‘715+1(7r(t+1):T) - ﬂ(tﬂ) T (Hy, Ay)
Vilmer) = 1A, = m(H,
t(TrtT) 6t(Ht7 At) { t ﬂ-t( t)}

+ Q:(tJrl):T (Ht7 Wt(Ht))-

Note that £ [‘7T(7TT)] =F [\N/LT(WT)] and FE [‘Z(’ﬂ't:T):l =F [%7t(wt:T)] for any ¢ and t¢.
We first consider the case that ¢t = T". Regarding the first component in XN/T(WT), for

any hr € Hr,
]_{AT = 7TT HT }
EF Y- H
[T er(Hr, Ar) ‘ T hT}
1{AT = WT(HT)} ]
— E|E[Yy|Ap = 7p(Hy), Hr) - Hr=h
[ [T‘ T 7TT( T) T] GT(HT,AT) T T

{Ar = nr(Hr)}
€T(HT,AT)

=FE [QT(HTaﬂ'T) :

HT: hT]7
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where the last equality follows from the definition of Q7 (Hr, 7).

Therefore, we have

E [VT(WT)‘HLT = hT]
1{AT = 7TT HT
(HTaAT

= QT(hT,TFT) = VT(’iTT; hT), (B?))

=L [(QT(HT,AT) — Qr(Hr, Ar)) - }'H = hT] + Qr(hr, )

where the last equality follows from the result (i). We consequently have E [VT(WT)} =
E[VT(WT;HT)] = VT(WT).
When t =T — 1, for any hy_1 € Hr_1,

1{AT—1 = 7TT—1(HT—1)}
Y- Vir( . Hr_{ =hp_
l(T1+ T7TT> er(Hr 1, Ar 1) T-1 T-1
[ 1{A =T H
E (YT 1+E[VT s ‘HT]> { : (1H Tfll( =1 }‘HT 1—hT 1:|
| r(Hr—1,Ar—1)
[ 1{A =T H
= E | (Y1 + Vp(mp; Hr)) - { : (1H Tfll( 1 }‘HT 1= hp_ 1]
| r(Hr-1,Ar_1)
[ WAr 1 =7p_1(Hp_
= | (s 4 Qutr o)) - o T
| (-1, AT—1

= FE[E[Yr-1+ Qr(Hr,mr)|Ar—1 = mr_1(Hr—1), Hr—1]

WAy = mp_1(Hp-1)}
Hpy { = hpr_
. eT(HT—laAT—l) ! o
- HAr_ = H
=LK [QTT_l(HT—laAT—l) { zT(lHTlT zéll(T 1T : }’HT 1= hr_ 1} ,

where the second equality follows from the result (B.3); the third equality follow from the
result (i); the last equality follows from the definition of the Q-function Q7" (-, ).

Therefore, for any hr_1 € Hp_1,

E [VTA(?T(T—U:T)‘HTA = hTfl]

1{AT—1 = 7TT—1(HT—1)}
eT(HT—la AT—l)

=F l(YTl + ‘N/T(WT) — Q7" (Hr-1, AT*1)> '

Hp_y = th]
+ Q7 (hp_1, 1)

- F l(Q;Tl(HTl,ATl) — Q;T,I(HT,l,ATﬂ)) _ HAp_y = mp_ 1(HT 1)}

6T<HT—17AT 1

e

+ Q7 (hp—1, 1)
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= Q7" (hp—1, mp_1) = Vp_1(mr—1)r; hr—1),

where the last equality follows from the result (i). Hence, we have E [XN/T_l(W(T_l);T)]

E [Vr_i(mr—1yr; Hr-1)| = Veoa(mer—yr)-
Recursively applying the same argument from t = 7" — 2 to 1, we have E [‘N/t(m:T)] =

U

Vi(myr) for any ¢, which proves the result (iii).

We next provide the proof of Lemma 3.1, which extends the proof of Tsiatis et al.
(2019, equation (7.21)) to the case under Assumption 3.1.

Proof of Lemma 3.1. Let m € II be fixed. Under Assumptions 2.3 and 3.1, 7% satis-
fies the condition in Assumption 3.1. For any t = 1,...,T, comparing the welfares of
(71'1:(,5_1),71':’7?) and (7r1:t,7r(t+1) ) yields:

W(Trlz(t—l)u ﬂ-:"iFB) - W(Tfl;t, 71—Ekt’fl):T>

« B B
=Vi(m (t— 1)77TtT ) — Vl<7rlttv7rzs+1):T)

T2:¢,T

_ E, [sz(t 1) ﬂ-tT (Hl,'ﬂ'l) Ql (t+1):T(H17W1>]

*,B T‘_*,B .
- lE [Qt COT(HymPP) — QT (Hy, my)

A = 7T1(H1), e aAt—l = 7Tt—1(Ht—1)7Ht—1H

WV
o

where we denote W (), 71 ) = W (7*F) and W(?TLT,WZE_D:T) = W(r) for t = 1 and
t = T, respectively; the second equality follows from Lemma B.2 (i); the third equality
follows from the definitions of the Q-functions; the inequality follows from Assumption

3.1. We therefore obtain W (7y.;—1), Wff) > I/V(7r1;t,7r(tJrl o) forany t =1,....T.

Applying this result, we have

T
W(W*7B Z < 7Tl t— 1)77Tt TB) W(ﬂ-lzta ﬂ?{fl);j")) = 0.

Since this result holds for any 7 € II, we obtain the result in Lemma 3.1. O

The following lemma, which follows from Lemma 2 in Zhou et al. (2023b) and its

proof, plays important roles in the proofs of Theorem 4.3.

Lemma B.3. Fix integers s and t such that 1 < s <t < T. For any a,, € A,,,

let {FI<Qs:t) ?, be ii.d. random wvariables with bounded supports. For any ey € Ilgy,
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we define @(ﬂ's;t) = (1/n) X", FT(WM) where FT(W“) = FT((WS(HLS), oo, m(Hit))) and
Q(ﬂ-SIt) = E[@(ﬂ-&t)]‘ For any 7Tst77rst € HSt; let A( st gt) = @( ) @( st) and
A(re,, mt,) = Q(r%,) — Q(n%,). Then, when k(Ily;) < oo, the following holds: For any

d € (0,1), with probability at least 1 — 24,

~ V*
sup Az w) — Al )| < (54“ ~(IL, )+435'2+\/210g5>\/ "

tens HA
N 1
0 J—
vn)’

2
where ‘/s*t = Supw;ﬁtmg:tel’[s:t E [(FI(W?t> - FI<7T.gt)) ] < 0.

7rst s:

Using Lemma B.3, we present the proof of Lemma A.2 as follows.

Proof of Lemma A.2. Given a fixed DTR 7© = (m,...,7r), we define the recursive

expression for t =7T,...,1 as

Yie + F:ESTIQ)T(a(t-&-l):T) - W(Hl) T(-Hzta Aip)

C1{A;, =
et(Hi,t7Ai,t) tie = ar)

le(ttﬂ):T (a,7) =

+ Qw(t+1) T( it at)

where we assume IN“W(””:T(atT) = 0 when t = T + 1. For any myi1)r € Hpr)r and
Thp = (... 1) € Mg, let TLV 7 () = D007 (n)(Hyy), - .., mp(Hyr)). Note that
LT (mr) = Vig(mor).-

Fix m(g41)7 € 41y For any mfip, W?:T € Il;.7, we define

n

N 1 - -
T . a b _ T(t+1):T [ _a T(t+1):T / _b
AT (T, Top) = n Z (Fi,t (mir) — Ly (ﬂ-t:T)>
i=1
and
1 n
T . 7T(t+1)T a TT(t+1):T /_b
AT (i, mhy) = B | = 3 (PR (ni) = T (k) ) |
n
=1
Note that

NT . a b Y a )
AT )T (Trt ; 7T(t+1):T7 Ure 7T(t+1):T) = At<7rt 3 7T(t+1):T7 Ty, 7T(t+1):T)7
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where A,(+;) is defined in (A.3). Noting that

ATEDT (Tl T g1y ), Tesnyr) = B [‘Z,t(ﬂf, 7T(t+1):T)] - F [‘Z,t(ﬂf, 7T(t+1);T)] ;

Lemma B.2 leads to

™ . a b _ a )
AT (i T(t+1):T 7Tt77r(t+1):T) = Ay(r, T(t+1):T 7Tt77r(t+1)!T>7

where A(+;-) is defined in (A.2).
Therefore, it follows for (A.5) that

a .. b a .b
sup sup AT gy T Tesn)r) — De(T, Ty T, Tegr):r)|
T(t+1): 7€ (t41):7 78, wlelly

N7 . a b g . a b
= sup sup |ATCDT (Tl Ty T Tagryr) — AT (T Ty T, Tesa)r)|
T+1):7€ N (e41):1 7, whelly

< sup sup  |ATCOT (s why) — ATCOT (s b ). (B.4)
T(e+1):0 €N (e 1)r 780 md el p

Fix 7410 € Hyyryr. Note that {f%t“)ZT(gt:T)}i:l are ii.d. random variables
with bounded supports under Assumptions 2.2 and 2.3 and that x(Il.r) is finite from
Lemma 4.2 and s(Il.7) < s(II). Therefore, fixing 711).7 and applying Lemma B.3 with
I'l(a,.;) = f;?“” (a,.r) leads to the following result: For any 6 € (0, 1), with probability
at least 1 — 20,

sup |AW(H1)¢T (Tfops Tp) — ATEDT (i )|

t:T
a b
ﬂ-t:T’ﬂ-t:TGHt:T

1\ [ylors 1
< | 54.4V2k(Iyp) + 435.2 + 2log = | || =H———+o0 N (B.5)

~

2
. T(t4+1):TH% __ TT(t+1):T [ _q T(t+1):T 1 _b
with ‘/t:T = SupwﬁT,wf:TEHt:T E [(Fi,t <7Tt:T) - Fi,t (ﬂ-t:T)) ]
. T R
Under Assumptions 2.2 and 2.3, V""" < M, < o for any m(41)r. Therefore,

combining (B.4) and (B.5) leads to the result (A.7). O

B.2 Proof of Lemma A.1

We provide the proof of Lemma A.1 in this section. The following lemma is a general

version of Lemma A.1l.
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Lemma B.4. Fiz ® = (m,...,mp) € Il. Let R[*" (7;) = Vi(7y, ms1)r) — Vi(mer) for any
7y € Iy, Then, under Assumptions 2.1, 2.3, and 3.1, the regret of w is bounded from above

as

T _
2t 2
R(r) < RP(x7%) + ) pra R (w1,
t=2

Proof. For any t, define Ry(m.r) = Vt(ﬂ;’f) — Vi(mer), which is a partial regret of 7.p for
stage t. Under Assumptions 2.3 and 3.1, 7%7% satisfies the condition in Assumption 3.1.

For any integers s and ¢ such that 1 <t <s < T,

|ACI R s B VAT S ST St SO o

s—1 *,B

H{A, =n,"(H, r*B Ty

/=t 8{71 l 71-( ( Z)} . (Qs(erl):T (HS’T{_;k,B) o s(s+1).T (Hs,ﬂ-s))
=t eg(Hg, Ag)

*,B
< 1 tE [(Q:(erl):T (HS77T;<,B> _ Q2—<S+1):T (Hs, 7_(_8)):|
UNe

= (Vimh) ~ Vi)

= Rs ('ﬂ—t:T) s (B6)

=K

where the first equality follows from Lemma B.2 (i) and Assumption 2.1; the inequality
follows from Assumptions 2.3 and 3.1; the second equality follows from Lemma B.2 (i).

Fort =T and T — 1, we have

Ry(mr) = Ve(ng™) = Vr(mr) = Ry (n7);

Rp_4 (7T(T—1);T) = [VTfl (F;’i,ﬁ;’3> - Vr (W;’iﬂTTﬂ + [VTA <7T;’i3177TT> - Vr_ (7TT7177TT)]

1 .
< R (rpt) + BT (w)

1 Ty
— 5RT(7TT) + RpTVT (ﬂ;’i) ,

where the inequality follows from (B.6).
Generally, for k = 2,...,T — 1, it follows that

Ry_i (wr—ryr)

*,B *,B
= VTfk <7TT—k7 ce ey TTp ) - VTfk (WT,k, ce ,7TT)
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T
*,B *,B *,B %, B
Z [VT_k <7rT PRI ) ,7TS+1,...,7TT) — Vr_g <7TT_k,... T, 1,7r5,...,7rT)]

T
*,B *,B *,B * B
- 2 [VT_k <7TT_k, e T M1,y - - ,7TT) —Vr_k <7TT_k, ey T Ty e ,WT)]
s=T—k+1
T(T—k):T *,B
+ Ry, ( Tfk)
T
*,B *,B *,B *,B TF(T k):T (_%,B
< Z [VT,k <7TT_k,...,7TT > —Vr_s <7TT_k,... T, My e e )] + R, (777,)
s=T—k+1
a 1
(T k):T /_%,B
< Z ns—T-ﬁ-kR (7)) + Ry (772%);
s=T—k+1

where the second equality follows from the telescoping sum; the third equality follows

from the definition of R} "7 (7 Bk) the first inequality follows from Lemma B.2 and

Assumption 3.1; the last line follows from (B.6).
Then, recursively, the following hold:

1 - "
Rr_y (mr—1)r) < ER 7 (r7) + Ry 0T (npl))

1 Tr *

ERwT < *B) +R (T 1)T(7TTB1)

1 1 (T 2):T / _%,B
Ry (7T(T72):T) < ;RT ( T(T-1): T) + " RT (mr) + Ry (m725)

2 s 1 ™ 2

< i () ¢ R (R0) R )
k Qkfs

—s : 7B
o (i) € 3] s R () + B 13
s=1

Therefore, setting k = T'— 1 and noting that Ry (m.7) = R(m), we obtain

Ryl 30T (w5l ) + RP ()

T—1 _
— RTuT *,B 2° RTG+D:T *,B
= R7"(m7) + Z g et (mein)-

Setting t = s + 1 in the above equation leads to the result.

The proof of Lemma A.1 is given below.
Proof of Lemma A.1. Lemma A.1 follows immediately from Lemma B.4 with setting
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B.3 Proof of Lemma A.3

This section presents the proof of Lemma A.3. We here consider extending the analytical
strategy of Athey and Wager (2021) and Zhou et al. (2023b), which leverages orthogonal
moments and cross-fitting, to the sequential multi-stage setting.

We begin by introducing several notational definitions. For any a,, € A,, and

a b
Ty, Moy € gy, let

st7

@, = T M_ae}—nlm ) =)

Given a fixed DTR 7 = (7, ..., 7r), with some abuse of notation, we define
r7 i, Ty @
Vir(ar) = — Qr(Hir, ar) -HAir = ar} + Qr(H; 1, ar),

€T<HZT7CLT>

‘A/iT(&T)E ZT__QT ( Hir, ar) 1{AT—CLT}+QT ( H;r,ar),
7 eFD(H, 7, ar)
T @,y T

and, recursively, for t =T —1,...,1,

Yie + VZ(.:.+12)T(7Tt+1(Hi,t+1)) — Q" (Hyy, ay)
et(Hi,ta @t)

+Qﬂ<t+1 (Hiy, a),

Yiu + VIO (1 (Higen)) — Qre ™ " (H, , ay)
& " (Hyy, ar)

+ Q7 N Hyyay),

‘Z?H):T(at) A = a}

P ) =

: 1{Ai,t = Clt}

where, for t = T', we denote V, T (ay) = Vir(ar) and ‘A/;T(T“):T(at) — Vir(ar). Note

that the inside of (A.6) is expressed as

NI b b
At(ﬂ-taﬂ-(t+1):T77Tt77T(t+1 ) At(ﬂ-t? t+1):Ta7Tt77T(t+1):T>

= 3 G (VR (@) = V0 (@) (B.7)

i,m ]
at€A:
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For integers s and ¢ such that 1 <s <t <7 and a,, € A,,, let

~

At a b
Ss:st (ﬂ-s:tn st 7T(t+1)IT)

n t—l
1{142[ = CLg} ST . ndiiy :
= 2 ”fstﬂrst ( = 1 A—k(z) ) . <‘/’i,t(t+1) T(at) _ Vi,t(tH) T(at)> 7

v—s € (Hig,ay

where we assume that ([T/_ 1{A;, = as})/(J]._ é;k(i)(HM,ag)) = 1 when s = t. We
denote S% (&, b, T(i41):T) = §ﬁtt‘t(7rgt,7rf:t,7r(t+1 r) for the case s =t. For t = T, we also

= b — Ja :T b
denote S St( st77rs:t7 ﬂ-(t'i‘l)lT) - Ss:ST (W?:T’ Ws:T) where

o 1 T A = af) N N
Ses (n%p, mh .. Z - e : (Vz‘,T(aT) - Vz‘,T(aT)> :

1—s € ’ (Hi,€7af)

Note that

~

a a b N a . b a b
Z Stt(ﬂt ) 7Tt77T(t+1):T) = At<77t y T(t+1):T3 7Tt77r(t+1):T) - At(ﬁt,ﬁ(tﬂ):T, 7Tt;7T(t+1):T)
atEAt

holds from equation (B.7). Hence, regarding (A.6), it follows that

b N a b
sup sup |At(77t: t+1)T77Tt77T(t+1):T) *At(ﬂt,7T(t+1):T,7Tt77T(t+1):T)|
T(+1):7€ N (e41):1 7, wlelly

< Z sup sup | 9¢ (n%, w, T(e+1)7)|- (B.8)

b
ared, T+ r€l 1y wf wlell,

This result enables us to evaluate (A.6) through evaluating

Sat a b
sup sup ’St (Trt y T 71-(t-‘rl):T)’
Te+1):TEN ¢ 41y w?,w?eﬂt

for each a; € A,;.

Lemma B.5. Suppose that Assumptions 2.1, 2.2, 2.5, /.1, and 4.2 hold. Then for any
integers s and t such that 1 < s <t <T,

Qag.t a b
sup sup Ss:st (ﬂ-s:z‘n Tt ﬂ-(t""l):T)’
7T(t+1):TeH(t+l):T ﬁgtt7wg:tEH51t

< Op(n_ min{l/2,7’/2})

+ Z Sup Sup ‘S;s(:t(ﬂl))(ﬁg:(tﬂ)aWgz(t+1)>7r(t+2):T)- (B.9)

b
ari1eArin T(e42):7EN (e 42y ”:;(t+1)77Ts;(t+1)enst(t+1)

40



Moreover, for any integer t such that 1 <t < T,

sup | Se (i ) | = Op(n ™A, (B.10)

a a
7rt:T77rt:TerItiT

Proof. We first consider the case that ¢t < T. For any integers s and ¢ such that 1 < s <

t < T, we define

NQs:t a b _
Ss:t,(A) (ﬂ-s:t? Ts:t> W(t+1):T> =

Z": 1{Azg = as}

=R i?’““( i, ar)

x <Q ety T =) (Hz t;at) Q:(HMT (Hi,taat)>

( 1{Alt at})
zt,at) )

—Zn] LA = ag)

s A_k
s tnz 1 &, " (H,, ay)

Ds:t a b _
Ssjt(B ( 8t77TS:t77r(t+1):T) =

7r<t+2

< i1 7Tt+1 Hzt—i—l)) ZWH):T (Hz‘,t,at)>

1
n -
1
n -
1 {A’Lt = at} 1 {Ai,t - at} .
€¢ (Hitaat> ’

~ 1 s Ay = a}
S;S:tc (ﬂ-?:h Trg:ﬁﬂ-(t-‘rl):T) = - 1,TG. T ¢
,(C) Zl it Stnz iAEk( ( z[yaf)
T ST
1{A;, = a;} B 1{A;; = a;}
é;k(l) (Hiy,ar) et (Hit ar)

ztaat

X

X

Using these definitions, we can decompose S*S (T, Ty, M1y as follows:

Qs:t (@ b
sit (7Ts:t7 et 7T(t+1):T)

Zs:t b b Es: b
it sits Tsits Moty Tt tC Tgitr Mgty T(t+1):
. 34 (Mot Ty T4 1)r )+S ) (Taits Tt T(e1):7 )+5 (T6et> Toups T(e41):T)

$ _81 AMZCL( ST (t42): ST (4 42):
Z (1—1;#_ A—i(i)&H }>> (V;',tgf)'T(Wt+1(Hi,t+1)) - Vi,t(++12>'T(7Tt+1(Hz‘,t+1))> .
i=1 TS St f=s €y iy Qg

§I>—‘

Regarding the forth term in the above equation, it follows that

1 Zn: @ [T, 1 Aie = as}
n “— 1 T st Z:s é;k(l) (Hi,E, a@)

x (v;j;i?):T(nHl(Hi,tH)) = VT (e (Higen))|

sup sup
T(t4+1):0 €L (4 1)1 78,78 E st
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Qs (t4+1) b
< Z sup sup ‘S (t+1) ( (t+1)7 s:(t+1)» 7T(t+2):T)
at+1€A1 41 T(e+2): 7€ (4 2)m W::(t+1)’”Z:(t+1)ensr(t+1)

Hence, we have

sup sup
T(t4+1):0 €L (e 1)1 TGty 7E L E it

Qs:t (—a b
sit (Trs:t’ Msits 7T(t-i-l):T)‘

< sup sup
T(t+ 1):T€H(t+1):T ﬂ'?;t ,Wg;tEHs:t

Ngs:t a b
Ss:t,(A) (T6.t5 Tgets 7T(t+1):T)‘

+ sup sup

Zs:t a b
s:t,(B) (ﬂ-s:ﬁ Ts:ts 7T(t+1):T)’
7r(t+1):TEH(t+1):T ﬂ'sa;taﬂ'g;tens:t

Qs b
+ Sup sup S;l:t,t(C) (ﬂ'g;m st 7T(t+1):T)‘
T4 1): 7€ 1)1 TG Te € lLs:
+ su su S*S (t+1) (¢ b - ) (B.11)
b p (t+1) \Ms:(t+1) Nse(t+1)> M (¢+2):T) | - .

ars1€A1 T@+2) T o) ﬂgz(t“),wgz(tﬂ)eﬂs;(tﬂ)

In what follows, we will prove that:

sup sup Sijf(A) (7, oy Tasryr)| = Op (n_1/2) ; (B.12)
T(t4+1):TEL (14 1).7 Tgops g4 €Lt

sup sup fjf(B) (w2, 72, Tes1yr)| = Op (n_1/2) : (B.13)
T(e41):TEH (e 1).7 764751 Esi

sup sup Sistf(c) (7, 70y, Tsryr)| = Op (R~ mi“{1/2’7/2}) : (B.14)

7T(t+1):TEI_I(7H—1):T ﬂ'g;t’ﬂ—g;tens:t

Then we can obtain the result (B.9) from equation (B.11).

Throughout the proof, without loss of generality, we assume that n > ng, where ng
is defined in Assumption 4.1. We begin by examining §i5t:f( A) (72, woy, T4 1)), Which we
decompose as follows:

~ ~
Qg ¢ At

: a b Qs a b a a b
sit,(A) (7T55t’ Ms:ts T(t4+1):T ) S it,(A1 ( Tsits Tsepr T(t+1):T ) + S it,(A2 (7[_5:157 st 7T(t+1):T)7

where
st ( a b ) 1 Zn:Ga " E;i 1{141@ = ag}
—S: 7r ; ’7-(-8. ’7T . E J— . — K
s (A1) oy Tarty T DT i3 R Li eo(H;y, ap)
AT 7,—k(1 T . 1 {A = }
% (t+1):7>— k(1) H,, a,) — (t41):T H,,.a > 1_ it t )
( t ( R t) t ( 82 t) e (Hi’t, at) )
~ 1 ” -1 1{Ag = CLK} til 1{Ag = (Ig}
is:t (ﬂ-s , 7.[-2 , 7T(t+1)T) = _ G s:t b . {=s i 1, —
it,(A2) it it n ; 5T Tt Z;i ée_k(Z) (Hi,fy af) HE s eg( i ag)
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AT 1,—k(1 e . 1 A’L =
% ( t(t+1).T7 k(3) (Hi,taat) . t(t+1),T (Hi,taat)) (1 . ei ([—,[tt (Zt)}> ‘

For each fold index k, we define

t—1
: _s H{Aie = as}
S;;t(Al ( gbﬂ-g:t? 7r(t+1)2T) = — Z 7St T ft_sl :
n e v—s Ce(Hi g, ap)

AT Ty T . 1 Az =
% (Qt (t+1):7>—k (Hz‘,t;at> . Qt (t+1):T (Hz‘,t;at)> (1 B { )t at}) '

€t (Hi,t, at)

Fix ke {1,..., K}. We now consider S*”’ ( 7, Ter1).r). Since Q”<t+l> 1,k

Tsits Tsit (-, at)
is computed using the data in the rest K —1 folds, when the data S_, = {Z; : i ¢ I} in the
rest K — 1 folds is conditioned, Q""" " (., a,.;) is fixed; hence, S*”’Al)( T T (41):T)
is a sum of i.i.d. bounded random variables under Assumptions 2.2, 2.3, and 4.1 (ii).

It follows that

t—1
(st . {=s { L } : ( :(Hl)‘T ( ztaat) Qt HDT( %t7at)>

i,m%, mb t—1
sita st o ee(Hig, ap)

x (1 _ M) ‘S—k]
€t (Hz,hat)
t—1
71A1 =aQ ANTea1).T:—k T(t41):
= F P X Zt_jl { N Z} . <Qt( +1):T (Hi,t7at) . t( +1):T (Hi,t7at)>
sit Mot v—s €o(Hi g, ap)

@K“%)\Hw] o

t—

L1{4,, = ~ T 4

- F G , - thfl { 1,0 CL(} . < :(t+1).T7 k(Hi,t,at) . :'(tH)T (Hi,t7at)>
it o—s ee(Hiyg, ar)

€t (Hz’hat))‘ ]
x |1 - —2—-21]|S_
( €t (Hi,tvat) g

E

Na... .k

1 Zs:t
Hence, fixing w417, SUDra  xb eIl S7e

b .
s:t,(Al)(ﬂ—g:ta Ts:ts 7T(t+1):T) can be written as

Ngs:ﬁk a b
sup Ss:t,(Al) (ﬂ-s:t’ Tt 7T(t+1):T)‘
Trg;TzTrngEHs:t
tfl
1 1 s:t ]‘{Al = aé}
=% S e )G
“::T’WS;TEHs:t n/ iel}, st HZ s 65( 3,05 Clg)

AT (t41):T>— T(t41): 1 Az =
8 (Qt(t+ T (Higoag) — Q1T (Hz',t,at>> <1 - at})

€t (Hi,h at)
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E[ 1 Yam ims H{Ase = ar}

b _
n/K il Tt Mot s eo(Hig,ar)

AT (+1):1:—F H _ QT (. ) 1— 1 {Az‘,t = at}
X ( t ( z,bat) t ( z,taat) ( —et (Hi,t,at) S,k .

By applying Lemma B.3 while fixing S_;. and setting i € I and

t—1
_ 1{A.€:ae} A~ o —k T . 1{A’t:at}
FT _ 1le=s i ( (t+1):T> H;, a;) — (t+1):T H;;a ) ) P S U S ,

the following holds: V§ > 0, with probability at least 1 — 24,

a’s:t7k a b
sup s:t,(Al)(ﬂ-s:t? Tt 7T(t+l):T)‘

b
Ts.T 77TS:TEI—IS”S

<o(n™V2) + <54.4/@ (IL,) + 435.2 + /2 log(1/5)>

2
2 t—1 1 A _
X sup F (G*S S ) : Ktzfl A = ar)
7rs:Ter[s:T ! ﬂ—g t7sit (H’L,Z’ a’f)

{=s €r

AT(i11).1:—k T(t41): 2 1 Az =a

] @]

<o(n V) + VK- (54 4k (M) + 435.2 + 21og(1/5)> . (%)HH
2 S_k]

2
where the last inequality follows from (G*S o ) < 1 a.s. and Assumption 2.3 (overlap

stTrst

condition). Note that x (Il,;) is finite by Lemma 4.2 and the inequality ~ (Ils;) < & (II).

E |: ( A:(tJrl):T:*k (Hi7t’ at) . :(t+1):T (H,L'7t’ at))

X

I

From Assumptions 2.2 and 4.1 (ii), we have

Iy Ty 2
sup E [( t(t+1)<T’ k( zt;at> Qt t+1>T( ztaat)> :| < 0.

T(e41):TEN ¢4 1).T

Hence, Markov’s inequality yields

A~ _ 2
Sup E |: < :(t+1):T7 k (H,ht, at) . :(t-;—l):T (Hi’t, at)>

Te+1):TEN 1 1).1

sk] —0,(1).
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Combining these results, we obtain

~Na it a 1
sup sup ‘S;?,(Zn(ﬂs:ta 7T2:t,7'('(t+1):T>‘ =0, <\/_ﬁ) . (B.15)

m(e41):TEN 1) w8 1wl €Tl

Consequently,
Dt a b
sup sup ; A1) (ﬂ's:t? Tt 7T(t+1):T)’

7T(t+1):T€H(t+1):T Wg:T’”S:TEHS:t

K 1

Ng B 7k a b

< Z sup sup Ss:?f,t(Al) (ﬂ-s:wﬂ-s:t? 7T(t+1):T)‘ = OP ([) :

k=1 T+ (1)1 78 ol ellsy n

3 Ngs: b =< b
We next consider Ss:t,t(B) (ﬂ-g:t’ Tt ﬂ-(t"rl)iT) (We will consider S A2)< sits st 7T(t+1)ZT)

later). We begin by decomposing §§fj( ) (et 70 Tas)r) as follows:

K
~Q5:t a b b Qs ¢ a b
Ss:t,(B) (ﬂ-stt’ To:ts T(t+1): Z ( M. t’ Mgty T(t4+1):T ) + S BQ)( st Tsit 7T(t+1):T)> )
k=1

where

S,k :
Sij:'f(Bl)(Wg;t, wi’:t, T(t+1)T) = — 2 M” b ( 17;(3?12) (1 (Higs)) — :(M) " (H,y, at))

ZGIk

X

A=) T UAY = ad ) LAy = o)
z_i 6@(Hig,ag) z iéz (HZJ,CL[) €t (Hi,t>at) 7

Sag ok :
Sf:st',t(Bz) (Moo s T(e+1):7) = — Z 7o, ( ZZ(HQ) (o1 (Hige)) — . (Hig, at))

lEIk

» [Toe HAie = a}  TToe H{Aie = as}
2 s AZ k(l)(HiJ?Cu) HZ sef( l@uaé)

Fix ke {1,...,K}. As for S*”’ e o o, Tus1)T), taking the conditional expecta-
tion given the date S_j in the rest k — 1 folds leads to

[S;tt(’m (mes, ﬂ—gzta 7T(t+1):T))S—k]

[ Z G ne,.mb, < zT;(Jtr+12>T(7Tt+1(Hi,t+1)) - Q:(H”:T (Hi7t7at)>

lEIk
5]

2;19 eo(H;p, ar) Z i ég_k(Hi,éy ag) | e (Hiy, at)

< A =} t—ll{AM:aZ}>1{A“ a.}
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=L [ Z G E[ Vi (mesa (i) — Q77 (Hiyg, ay)

st Ts:t
zEI

Hi,tv Ai,t = at]

1{14@@ =ag} T2 HAie = ard | 1{Aiy = a;} S
— —k
4 R Ge Hiy,ap) Z i €y k(Hz',& ag) | e (Hit, at)
E GZ STrt 7rb ( ;r(ﬂ—l)ZT (H@tu a’t) - ?(t+1)ZT (H’i,tu a’t))
ze]k st st
1{Aze = ar} [Tomy HAie = ar} | 1{Ai, = a;}
t 1 ~—k S—k
z s eé Hiy,ap) s € (Hip,a0) | € (Hiy,ar)
=0,

where the third equality follows from Lemma B.2 (i). Note that conditional on S_y,

S;; t( B1) (7%, Ty, Ta41)r) 1s & sum of 1.i.d. bounded random variables under Assumptions
2.2,2.3, and 4.1 (ii), and its condition mean is zero. Hence, fixing 7(;+1).7 and conditioning

on S_j, we can apply Lemma B.3 with setting i € I, and

FZ(%:t) = <‘7i§(ri2):T(7Tt+l(Hi,t+1>> - :(Hl):T (Hz’,t,(hf))
" < s H{Aie = af} B oy A = az}) L{Ai; = ar}

z;i GK(HZ"g, (Lg) 2 i éé k(Hi7g, ag) €t (Hi,h at)

to obtain the following: Vé > 0, with probability at least 1 — 20,

sup
b
71—g(:t77.(-3:1561_[51t

<o(nV2) + (54.4,@ (IL,.,) + 435.2 + «/210g(1/5))

2 T (¢ . (¢ .
x [ sup B l(GSt b, ) ' (W,t&ﬁZ)'T(WtH(Hi,tH)) — QT (Hz‘,nat))

71's:TEl_It:T sitr st

e A =a} TTZu {Aie = a e {Aiy = ai} n
( Hz see(Hig, ap) - iéek(vaaﬂ)) < e (Hig, au) > o /<K)
<o(n'?) + VK - (54.4/1 (7e.7) + 435.2 + \/m> : (Ffz_f 377—]24)

2
S

2
where the last inequality follows from (G*S o > < 1 a.s. and Assumptions 2.2 and 2.3.

stﬂ-st

QGs:trk a b
Ss:t,(Bl) (ﬂ-s:ﬂ st 7T(15+1):T) ’

2

1 _ 1
E [ (HE;{, eo(Hiag)  TIHZL ée_k(Hi,z,az)>

n

X

Y
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From Assumptions 2.3 and 4.1 (ii), we have

2
1 1
E t—1 - —1 ~—k < O0.
l=s ef(Hi,b (Ig) E s €e (Hi,f? af)

Hence, Markov’s inequality leads to

2
1 1
— — - S| =0,(1).
< e Hig,ap) Ziezk(Hi,€7a£)> .

Note also that x(Il,;) < oo by Lemma 4.2. Combining these results, we have

sup sup
T(e+1):T€M (1)1 72,70 €llge

A1,k a 1
5;1‘1(31)(7@:,5,71'2%,7T(t+1):T)‘ =0, (\/_ﬁ> . (B.16)

By applying the same argument to derive (B.16), we also obtain

a 1
B2) (ﬂ—s:ﬂ Trg:ta 7T(t+1):T)’ = Op <\/_ﬁ> .

sup sup
T+1): 7€ (1) 79, 70 €Tl

Consequently,
a b
sup sup B) (Tets Taits 7T(t+1):T)‘
T+1):7€ 1) 79, 70 €Tl
K
< Stk (7o b
X sup sup sit,(B )(ﬂ-s:h st 7-‘-(15-"-1)ZT>
k=1 T(t+1): 7€M 1)1 78, 78 el
K
~as;t7k a b
+ Z sup sup s:t,(B2) (ﬂ_s:t? st W(tJFl):T)‘

k=1 T(t+1):7€ (e 1)r 78, ,mb ellgy

o(f)

which proves equation (B.13).
. gst b
We next consider to bound SUDz el 1y SUPre, 7o el S, t’(c)( T s Mgy T(441):T)

from above. It follows that

sup
ﬂ'g:t ’ﬂ—g:teHSZt

Ng it a b
Ss:?f,(C) (ﬂ-s:h Ts:t 7T(t+1):T)

= sup

a a
st 77rs:t€H53t

1 " 1 Az L= Qg T . AT 1,—k(i
n Z ;jrt : t—1 A—i( )1 j (Qt COT (Hig,ae) — Q07 ¥ (Hig, at))
LR ”st ¢ (Hig ar)
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% {4 = ai} B L{A;; = as}
At_k(l) (Hiy,ay) et (Hiy, ar)

s ,—k(i
- Z IQ (t+l)T zt7at) Q T(t+1):T (@) (Hz',hat)

1 1

(mw) er (Hit,ap) - Ziég_k(i)(ﬂi,e,ae)

1 Z lQﬂ(tJrl)T it at) Q T(e41):7— k(D) (I_Im7 at)’ )

—k:

1 1
t ~—k(7)
l=s €y (Hi,faaé) l_[E s ( Zfaalé)

+ = Z ‘Qﬂ(tﬂ) T Z " at) Q:(t+1):T7_k(i) (Hi,ta at)’

1 ( 1 )
‘HZ iéé_k V(Hiy,ap) f;i eo(Higyap) | \e:(Hig, ar)
1 ¥ ™ . A~ 1 —k(i 2
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where the last inequality follows from Cauchy-Schwartz inequality and Assumption 2.3

(overlap condition). Maximizing over II41).r and taking the expectation of both sides

yields:
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where the second inequality follows from Cauchy-Schwartz inequality and the last line

follows from Assumption 4.1 (i). Then applying Markov’s inequality leads to

sup Sup §§:5tj,t(c)(7rg:ta o 7T(t+1):T)‘ = Op (”_T/Q) ; (B.17)

T(e+1):TEN g1 1).7 7675 Esit

which proves equation (B.14).

Now let us consider §§;f( a2) (Mot 7, Ts1)r). Note that

~Qs:t a b
sup , oup Ss:t,(A2) (Toits et T(a41):7)
T(e+1):TEN e 1 1), 764751 Esit

49



1
pa iAe_k (Hi e, ar) 1_[4 ceo(Hig, ap)
L{A = a}
€t (Hz,taat)

2
s (1) 12” H 1
-\ iz ZiAe_k(Z( i05 Q) Hz see(Hig, ap)

1 - A1), — k(1 T(t41): 2
% \/_Z sup ( t(+1)<T ()(Hi,hat) . t(+1)4T (Hi,t,at)) ’

N Ty €l gy

< sup — Z

T+1):r€ g1y 1052

ja 7,—k(i .
% ‘Q:’(t«H)T () (Hi,h at) . Q:'(tﬂ) T (Hi,h at)

.‘k

where the last inequality follows from Assumption 2.3 (overlap condition) and Cauchy-

Schwartz inequality. Then, by applying the same argument to derive (B.17), we obtain

sup sup -/ ?).
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Combining this result with (B.15) leads to:
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This result proves equation (B.12).
Consequently, combining equations (B.11)—(B.14), we obtain the result (B.9).

We next consider the case that ¢ = T'. In this case, §§%T(7TQT, 7l is decomposed as
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The same arguments to derive the results (B.12)—(B.14) also show that
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which leads to the result (B.10). O

We finally presents the proof of Lemma A.3.

Proof of Lemma A.3. From equation (B.8), it suffices to show that

sup sup ‘Sat(ﬂ-t77rt,ﬂ'(t+1 )| = Op (n ’min{l/Q’T/z}) : (B.18)

ared, T+1):TEl @y 78 wbell,

Applying the result (B.9) in Lemma B.5 sequentially to the left-hand side of the above

equation leads to
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The result (B.10) in Lemma B.5 shows that

sup |§ftTT (ﬂ-f:T7 ﬂ-f:T)‘ = OP (ni min{1/2;r/2}) .
T o mep€ller

Combining these results leads to the result (B.18), which ultimately proves the result in
Lemma A.3. ]

C Proof of Theorem 5.1

This section presents the proof of Theorem 5.1.
Proof of Theorem 5.1. We begin by noting that the objective function WAIPW(W) can be
expressed as WAIPW(W) = (1/n)>", ‘ZJ(W), where ‘Afll() is defined in Appendix A. A

standard argument from statistical learning theory (e.g., Lugosi, 2002) leads to
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where the first inequality follows because #4/"W maximizes (1/n)> )", \A/m(ﬂ) over II;
hence, A, (Hort, ATPWY < Q.

Regarding supa poery |A1 (7% 7°) — Ay (7% 7?)|, under Assumptions 2.2, 2.3, and the
result in Lemma 4.2, we can apply Lemma B.3 to obtain the following result: For any

d € (0,1), with probability at least 1 — 24,

sup |A;(x% %) — Ay (7% 7| < (54.4\/5&(H) +435.2 + A [2log %) v
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O .
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Regarding sup a ey |AL (79 7)) — Ay (7% 7b)|, we have

Ay (7% 1) — Ay (n b)) = Z S (w2, 7).

ar€Ap

Applying the result (B.10) in Lemma B.5 to S%.(x®, ) for each a; gives

sup Ay (7% 7%) — Ay (2% 7%)| = O, (nmintl/27/2}) (C.3)
wa mwoell
Combining the results (C.1)-(C.3) leads to the result (5). O
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