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Abstract

We analyze a claims problem applied to the sharing water model proposed
by Ambec and Sprumont (2002, Journal of Economic Theory 107, 453-462).
Unlike the Ambec and Sprumont model, the present water model describes a
situation where a river flows through several states with water shortage that is
derived from endowments and minimal amounts of water to save people in each
state. In the water claims problem, each state has a claim to benefit derived
from its usage of waters. First, we show a unique downstream incremental
distribution, which is the solution in the Ambec and Sprumont model. Next,
we axiomatize the family of convex combinations of the proportional and equal
awards rules for water claims problems. Finally, under a situation where the
family of convex combinations of these rules is employed, we give a necessary
and sufficient condition under which the downstream incremental distribution
is emerged as the outcome chosen by the majority voting.
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1 Introduction

An international river is a transboundary watercourse that passes through at
least two states. More than 260 river basins are international river basins.
International rivers are managed by environmental law.! Under international
environmental law, international river management is done by international
commissions whose members are the watercourse states involved. As stated
in LeMarquand (1977), an international river is a common property resource
shared among the basin states, but the property rights over the waters through
each basin state are not well defined. There have been ongoing conflicts over
transboundary waters, e.g., the Jordan River (Israel vs. Lebanon), the Eu-
phrates River (Turkey vs. Syria), and the Indus River (India vs. Pakistan).
However, international tensions are currently decreasing, through management
by international commission. For instance, competition for the waters of the
Nile River between Egypt, Sudan, Ethiopia, and the Lake Victoria basin states
has been replaced by cooperation through the Nile River basin commission.
As shown in the stylized fact mentioned, an international commission aims
to adjust conflicts among watercourse states involved. There are two cases
where each watercourse state claims its rights over the waters of an interna-
tional river. In the first case, each watercourse state has a claim to quantity of
water to consume. In the second case, each watercourse state has a claim to
benefit derived from its usage of waters. One can consider each case by using
the framework of “claims problems”. Roughly speaking, claims problems deal
with a situation where rights of each claimant has to be allocated among all the
claimants, and there is not enough to honor the claims of all claimants (for in-
stance, see O’'Neill (1982), Aumann and Maschler (1985), Chun (1988), Thom-
son (2003), Moreno-Ternero (2006), and Ju, Miyagawa, and Sakai (2007)). The
problem is to determine how rights should be assigned to each claimant. In the
first case mentioned, Ansink and Weikard (2012) analyzed a claims problem of
an international river, and characterized the class of sequential sharing rules,
including the proportional rule, for claims problems for watercourse states. In
Ansink and Weikard (2012), each state has an estate as the total available
waters in its territory, and it has a claim to quantity of water to consume. On
the other hand, in the literature the second case has not been investigated by
using the framework of claims problems. This is the topic of the present study.
In the literature of economic analysis of international river management, how

!The following environmental law play a very significant role in the management of
international rivers: the Helsinki Rules on the uses of the waters of international rivers
(for short, the Helsinki Rules), and the United Nations Convention on the law of the non-
navigational uses of international watercourses (for short, the United Nations Convention).
The Helsinki Rules are adopted by the International Law Association in 1966, and the United
Nations Convention is formulated by the International Law Commission in 1997. For the
details, see Birnie, Boyle, and Redgwell (2009).



to reallocate benefits among the watercourse states has been the main issue
(for instance, see Ambec and Sprumont (2002), Ambec and Ehlers (2008), and
van den Brink, van der Laan and Moes (2012)). The purpose of the present
study is to investigate this issue by using an axiomatic approach in claims
problems.

For this end, we analyze a claims problem applied to the sharing water
model proposed by Ambec and Sprumont (2002). Ambec and Sprumont (2002)
is the seminal work for the economic analysis of water problems. The Ambec
and Sprumont model describes a situation where each state is located along an
international river and has a source of water as the endowment. Each state’s
benefit is derived from its water consumption. Since the benefit function is
strictly increasing, it has no satiation point. In this sense, all the watercourse
states face with water shortage. The water model in the present study fol-
lows from the Ambec and Sprumont model. Unlike the Ambec and Sprumont
model, however, the present model describes a situation where an interna-
tional river has water shortage from a different view. In the present model,
each state needs at minimal the amounts of water, referred to as the essential
water consumption, to save people. States that are downstream of the most
upstream state cannot attain their essential water consumptions if whenever
they cannot utilize the endowment of the most upstream state. Such a kind
of water shortage is known as a major reason for international conflicts over
transboundary waters, and the 21st century is said to be “the age of water
war” (see Postel (2006)).

A water claims problem is derived from the present water sharing model.
Unlike Ansink and Weikard (2012), the water claims problem is formalized in
the standard manner: The estate is the sum of benefits of all the states in a
unique efficient water allocation, and each state has a claim against the estate.
We assume that each state claims at least a “potential claim”. The potential
claim is related to a “downstream incremental distribution”, that is introduced
in the Ambec and Sprumont (2002). The downstream incremental distribution
is defined as the marginal contribution vector corresponding to the ordering of
the states along an international river. Ambec and Sprumont (2002) showed
that only the benefit allocation satisfying lower and upper bounds on interna-
tional law doctrine (i.e. absolute territorial sovereignty, and unlimited territo-
rial integrity) is the downstream incremental distribution. The potential claim
is the expected downstream incremental distribution in a situation where all
the orderings of states along the river occur with the same probability. For
the potential claim, we allow for anonymity on geographic position.

We consider an allocation rule that is a mapping that associates with each
water claims problem an allocation. We carry out an axiomatic analysis of
an allocation rule using the following properties. “Efficiency” requires that
the estate should be distributed among the watercourse states. “Reallocation-



proofness” requires that watercourse states should have no incentive to transfer
their claims among themselves. “Anonymity” requires that the outcome chosen
by a rule should depend only on the list of claims. These properties are well
known in the literature of claims problems. We introduce a monotonicity
property associated with the potential claim. “Monotonicity” requires that
under a situation where all the states except for any two states claim the
potential claim if the amount that one of the two states claims increases weakly,
then the state’s outcome chosen by a rule should increase weakly. Using all
the properties mentioned, we axiomatize the family of convex combinations
of the proportional and equal awards rules. This family is referred to as the
“a-egalitarian proportional rules.” Here, the share ratio « € [0, 1] is the weight
faced on the proportional rule, and the share ratio 1 — « is the weight faced on
the equal awards rule. The proportional and equal awards rules are the most
popular rules for claims problems in practice. For other characterizations of
this family of rules, for instance, see Moulin (1987) and Giménez-Gémez and
Peris (2014). These axiomatizations are different from our result, and they
are not associated with water sharing models. On the other hand, our result
is related to an axiomatization of the family of certain allocation rules shown
by Chun (1988). For the relation between the present study and Chun (1988),
see Section 4.

Next, under a situation where the a-egalitarian proportional rules are em-
ployed, we investigate how the downstream incremental distribution is emerged.
This investigation enables us to connect between our result and the result ap-
pearing in Ambec and Sprumont (2002). Our approach is as follows: Suppose
that under a situation where the a-egalitarian proportional rules are employed
all the states are making decision about where to put a share ratio a on the
interval [0, 1] by the majority voting. That is, each state i votes for putting
a share ratio o; on the interval [0,1]; and then a share ratio o € {(a;)ien} is
determined by the majority voting among all the states in N. On the class
of water problems associated with international doctrine (i.e. absolute terri-
torial sovereignty and unlimited territorial integrity), we give a necessary and
sufficient condition under which the downstream incremental distribution is
emerged as the outcome chosen by the majority voting. More precisely, on
this class the majority voting always determines « such that the a-egalitarian
proportional rule is the downstream incremental distribution if whenever each
state claims constant scaled individual downstream incremental distribution.

It is worth comparing our study with other related papers. Since the sem-
inal paper by Ambec and Sprumont (2002), the axiomatic literature on water
problems has been growing. Under a model where each state’s benefit function
exhibits a satiation point, Ambec and Ehlers (2008) characterized a welfare dis-
tribution that coincides with the downstream incremental distribution. Using
the assumptions of benefit functions appearing in Ambec and Ehlers, van den



Brink, van der Laan and Moes (2012) characterized the set of certain welfare
distributions including the downstream incremental distribution in the case of
multiple watercourses. Under the assumptions of concavity and continuity of
benefit functions, van den Brink, Estévez-Fernandez, van der Laan, and Moes
(2014) characterized certain fair allocation rules by independent axioms im-
posed on water problems. These papers do not deal with axiomatizations of
the a-egalitarian proportional rules for water problems.

The rest of this paper is organized as follows. In Section 2, we introduce
a model of water problems. In Section 3, we show a unique downstream in-
cremental distribution. In Section 4, we introduce a water claims problem
derived from the sharing water model, and axiomatize the family of convex
combinations of the proportional and equal awards rules. In Section 5, under
a situation where the a-egalitarian proportional rules are employed we uncover
how the downstream incremental distribution is emerged as the outcome cho-
sen by majority voting. Finally, Section 6 contains some concluding remarks.
In the Appendix, we show the unique existence of downstream incremental
distribution, and logical independence of the axioms proposed.

2 A model of water problems

Let & C N be a universe of agents with at least two agents.> We denote by
N C U a finite non-empty subset of U, and n = |N|.

Imagine a line divided into n segments indexed by ¢+ = 1,2,--- ,n with
n > 2. Each segment ¢ corresponds to state i. A watercourse flows from state
1 (i.e. the most upstream state) to state n (i.e. the most downstream state).
We say that j is downstream of state ¢ if j > ¢. On the other hand, we say
that state j is upstream of state i if j < 7. The set of states is denoted by N.

Each state ¢« € N has a source of water as the endowment. We denote by
e; the quantity of water at state i’s endowment. For each i € N, let e; > 0.
The river picks up quantity of water along its course: The quantity of water is
increased by e; when the river flows through state i. Water is a private good.
Each state i € N consumes z; units of water. Each state i needs at minimal
amounts T; units of water to save people. The amount Z; is referred to as the
essential water consumption of state i.

We put the following assumption on endowments. This assumption, re-
ferred to as the endowment assumption, says that states that are down-
stream of state 1 suffer from water shortage if whenever they cannot utilize

2We use C for weak set inclusion, and C for strict set inclusion.



waters of e;: For each 7 € N,

7 7
E T < E €k,
k=1 k=1

and for each ', 7' € N\{1} with i < j'

]'/

j/
E er < E T
k=1’

k=i’

The endowment assumption implies the following water structure: the source
of water at state 1 is crucial for the essential water consumption of the states
that are downstream of state 1. This water structure is not appeared in the
Ambec and Sprumont model.

State ¢’s benefit is derived from its water consumption. Let state ¢’s benefit
function be given by 7; : R, — R. The benefit function is strictly increasing,
strictly concave, and differentiable at each x; > 0. Assume that its derivative
7i(x;) goes to infinity as x; tends to zero. Extraction cost of water per
unit, denoted ¢, is non-negative and constant. Notice that in the Ambec and
Sprumont model ¢ = 0. For each state ¢ € N, the marginal benefit with
respect to the essential water consumption is larger than the marginal cost:
7i(Z;) > €. This assumption is referred to as the marginal cost assumption.

For each pair {i,j} such that i,j € N and i > j, consider that state i
enjoys the essential water consumption z; and its upstream state j does any
water consumption z; such that x; > ;. Imagine that if the upstream state j
transfers small amount of water € such that 0 < € < x; — Z; to its downstream
states, then state i can enjoy additional amount of water € such that 0 < € <.
Then we assume that mj(z; + €') > 7(z; — €). This assumption, referred to
as the marginal benefit assumption of water shortage, is interpreted as
follows: Each state suffering from a water shortage wants more water than its
upstream states that do not suffer from a water shortage.

The marginal benefit assumption of water shortage and the marginal cost
assumption are not appeared in the Ambec and Sprumont model. These as-
sumptions play an important role for the results mentioned below (Proposition
1 and Theorem 1).

Money is available in unbounded quantity to perform side-payments. States
value money and water. State ¢’s utility, from consuming x; units of water
and receiving a net money transfer t;, is given by u; : R? — R such that

We refer tow = (N, e, Z,m,¢), wheree = (e1,ea -+ ,€,), T = (T1,Ta, -+ , Tp)
and m = (7,7, -+ ,m,), as a water problem on /. Let W be the set of all
the water problems on .



An allocation is a vector (z,t) = (x1, - , @, 1, -+ ,t,) € RT x R™ satis-
fying the feasibility constraints:

Zti <0, z; >z, foreachjec N,

iEN

J J

in§Zei forj=1,---,n
i=1 i=1

An allocation (z*,t*) is efficient if and only if it maximizes the sum of all
states’ benefits and wastes no money.

Proposition 1 For each water problem w € W, there is a unique efficient
water consumption.

Proof. Consider the following problem (P):

(P) max (Z (mi(z;) — € ;) + ZE)

1EN 1EN

s.t. Zt < O$]ZmJ,sz<ZeZ forj=1,-

1EN
Let £ be the Lagrangian derived from Problem (P), namely
J
L== "m@)+e> ai+ > M-z +3)+ > %) (wn—ex).
JEN JEN JEN JEN k=1

By the Kuhn-Tucker condition, a pair (z*, t*) is an optimal solution for problem
(P) if and only if for each j € N,

A2 0,9;20, —al+1; <0, Z Pe) <0,
J
N (= +3;) = 0,9 (#i—er) =0, and —j(a}) +€— +ZW—O'
k=1

We consider three steps.
Step 1 There exists ¢ € N z* such that = > ;.

Suppose not, that is, for each ¢ € N zj = Z;. Notice that for each
je NI, (a:,g er) < 0. This is because 1f S _ (x5 —ex) = 0, then



i:j—&-l (x} — ex) = 0, which implies that Zi:jﬂ Ty = Zi:jﬂ ek, a contra-
diction to the endowment assumption. By this observation and the fact that for
each j € N v; 375 , (2 —ex) = 0,7; = 0. Since —m)(x}) +C— N+ > 57, =
—mi(zj) +€—A; = 0, 7i(z}) = € — A;. By the marginal cost assumption,
Aj < 0, a contradiction to A; > 0.

Step 2 For all i € N, z} > Z,.

Let 7 be the smallest + € N such that =7 > z,. By step 1, such an 7 exists.
Suppose that there exists a downstream state of 7, denoted j > 7, such that
x; = ;. By the marginal benefit assumption of water shortage, the value of
the objective function for (P) can increase by transferring a small positive e
such that 0 < e < z7 — 7; from state 7 to state j. Therefore, 27 > z;. By this
observation, for each j > 7, 7 > z;. Next, we show that 7 = 1. Suppose not. It
suffices to consider 7 = 2. Since v, 3 o_, (7} — ex) = 7o(71 —e1)+7a (23 —e2) =
0, e1 > Ty, and x5 > To > e, 7, = 0. For each i > 3, v, >, () —ep) =
Y1 —e1) + v Soh o (v — ex) = 0. Suppose 3 _ (% — ex) = 0. This implies
that x] = e;. Then states that are downstream of state 1 suffer from water
shortage even if they can utilize waters of ey, a contradiction to the endowment
assumption. By this observation together with the fact that e; > z;, for each
i > 3,7, =0. Then, ©h(z3) =€ — A2+ > 1 57, = € — A2. By the marginal
cost assumption, A\ < 0, a contradiction to Ay > 0.

Step 3 There is a unique efficient water consumption x*.

Since 7’;(0) — oo, for each j € N x} > 0. For each j € N, since z} > 7;
by Step 2, \; = 0 and 7’;(z}) = €+ > ,_; ;. For each j € N, let a; = 7)(27).
Since for each j € N 7; > 0, for each pair {i,i'} such that i,i" € N and
i <i a; > ap. Let iy = min{i € N : v, > 0}, 5o = min{i € N : i > iy,
v; >0}, -+, ig =min{i € N : i > ix_q, 7, > 0}, where ix = n. We have
the partition of N given by Ny = {1,--- i1}, No={iy +1,--- iz}, --- Ng =
{ik .1+ 1,---,ig}. Foreachi € Ny (k=1,--- ,K), let v, =, > 0. Since
for each i, such that i,j € N\{1} and i < j 37 _.ex < 327_ ], we have
that Ny = N, > ..y (@] —e;) =0, 7, > 0, and for each ¢ # n y; = 0. Since
for each i € N 7(z}) =€+, < 7i(Z;) and 7(Z;) > € by the marginal cost
assumption, there is a positive number +,, such that v, < min;ey 7(z;) — €.
Therefore, there is a unique solution for problem (P). m

3 Downstream incremental distribution

Ambec and Sprumont (2002) introduced a downstream incremental distri-
bution by using the notions of the core lower bounds and the aspiration
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upper bounds. The core lower bound is inspired from an international law
doctrine called “Absolute Territorial Sovereignty” (ATS for short). This
lower bound property requires that no coalition should get less than the wel-
fare attainable by the water the coalition controls. The aspiration upper bound,
on the other hand, is inspired from another international law doctrine called
“Unlimited Territorial Integrity” (UTI for short). This upper bound
property requires that no coalition should get a welfare higher than what it
can achieve in the absence of the remaining states.

Let U; be the set of upstream states of state i, namely U; = {j € N : j < i}
with Uy = (0. Let U? = U; U {i}. A coalition S C N is consecutive if k € S
whenever ¢,7 € S and i < k < j. Let Pg be the unique coarsest partition of
S into consecutive components.

For each coalition S C N, let 2*(S) € R be a consumption plan of waters
under absolute territorial sovereignty that maximizes ), g (m;(2;) — € - 2;) sub-
ject to the constraints: (a) for each T' € Pg and each j € T, ZieUJQmT(zi —e;) <

0; (b) for T' € Pg such that 1 € T and for each i € T', z; > ;, and for 7" € Pg
such that 1 ¢ 7" and for each i € T', z; > 0. Condition (a) is the water
consumption feasibility of coalition S under absolute territorial sovereignty.
Condition (b) says that under absolute territorial sovereignty the members
of the consecutive coalition T' € Pg including state 1 consume at least the
essential waters since they enjoy the source of water at state 1. This con-
dition also says that water consumptions of the members of coalition S are
non-negative. We can verify easily that for each water problem w € W and
each S C N, there is a unique consumption plan under absolute territorial
sovereignty z*(9) € Rf.3

For each coalition S C N, let z**(S) € RY be a consumption plan of
waters under unlimited territorial integrity that maximizes ), ¢(m;(2;) —€- 2;)
subject to the constraints: for each j € S, (c) ZieU]ng 2 < ZiGU]@ e;, and (d)

z; > Z;. Condition (c) is the water consumption feasibility of coalition S
under unlimited territorial integrity. Condition (d) says that under unlimited
territorial integrity the members of coalition S consume at least the essential
waters since they always enjoy the source of water at state 1. We can verify
easily that for each water problem w € VW and each S C N, there is a unique
consumption plan under unlimited territorial integrity z**(S) € RS.*

An n-dimensional vector b = (by, by, - - - , b,) satisfies the core lower bounds
if foreach S C N D", b > Y . o(mi(2(S)) —C-2;(S)). On the other hand, an
n-dimensional vector b = (by,bo, -+ ,b,) satisfies the aspiration upper bounds
if for each S C N >, o b <D, cq(mi(27(5)) — € - 27*(9)).

3For T € Ps such that 1 € T there exists a unique (2] (S));er since the proof is the same
as that of Proposition 1. For T' € Pg such that 1 ¢ T’, there exists a unique (2}(5))ier
since the proof is the same as that appearing in Ambec and Sprumont (2002, pp.456-457).
4The proof is the same as that of Proposition 1.



Definition 1 (Downstream incremental distribution, Ambec and Spru-
mont 2002) For each water problem w € W, a downstream incremental dis-
tribution is an n-dimensional vector satisfying the core lower bounds and the
aspiration upper bounds.

The following theorem shows a unique downstream incremental distribu-
tion.

Theorem 1 For each water problem w € W, there exists a unique downstream
incremental distribution b* € R : For each w € W and each i € N,

b = > (mi(z(UN) == 5 (U7)) = 3 (mi(z (V) =&+ 2 (Uy) > 0

jeu? JeU;

or, equivalently

b= 3 (a5 (U) =& 5 (01) = 3 (5 (U) & 5" (0) > 0

jeu? Jj€eU;
Proof. See Appendix A. =

A unique downstream incremental distribution is shown in the Ambec and
Sprumont model. It is useful to point out that the present model and the
Ambec and Sprumont model are different in the sense of the water structure.
This is because in the Ambec and Sprumont model the essential water con-
sumption of each state i € N is assumed to be Z; = 0, and this assumption
and the endowment assumption in the present model are incompatible. This
is because for each i,j € N\{1} with ¢ < j > 7 _.ex > 0 = > 7_. Ty, which
is a contradiction to the endowment assumption that Zi:Z e < Zi::z Tk.
Therefore, Theorem 1 and Proposition 1 in the present study are not de-
rived directly from the results in Ambec and Sprumont (2002). Also, unlike
the Ambec and Sprumont model, “superadditivity” of the coalitional function
v(8S) =Y ics (mi(27(S)) — € - 27(S)) is not trivial.” As shown in the proof (see
Appendix A), the marginal benefit assumption of water shortage is employed
to show superadditivity.

4 Claims problems among watercourse states

Next, we apply the sharing water model to a claims problem (O’Neill 1982;
Aumann and Maschler 1985)°. This claims problem is referred to as a water

For the definition of superadditivity, see Appendix A.
6Claims problems deal with the situation where the liquidation value of a bankrupt firm
has to be allocated among its creditors, but there is not enough to honor the claims of all
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claims problem. In water claims problems, each state’s claim is its benefit,
not its water consumption.

Let E be the sum of benefits of all the states in a unique efficient allocation
x* for each water problem w € W (as shown in Proposition 1), that is,

EEZ(T[‘Z(ZE:)—EI:)

Fix an arbitrary water problem w € W. Let E be the estate derived
from the water problem w. Let ¢; be state i’s claim (or right) against the
estate F, that is, each state ¢ € N claims the amount ¢;. For S C N, let
cs = EieS ¢;. As shown in Theorem 1, there exists a unique downstream
incremental distribution b* for the water problem w. Let m = %Z nb;. We
call m a potential claim for the water problem w. We assume that each state
claims at least the potential claim m, namely for each i € N ¢; > m. There is
not enough to honor the claims of all states, namely cy > F.

A justification of the lower bond is that we allow for anonymity on ge-
ographic position 4 la veil of ignorance.” For an illustration, imagine
three states 1, 2, and 3 are the watercourse states of an international river. Let
N ={1,2,3}. Consider that U is the upstream position, M is the midstream
position, and D is the downstream position. Assume that at each geographic
position, the endowment, the essential water consumption, and the benefit
function are given. Assume that each state is located at each geographic posi-
tion with an equal probability. Since all the possibilities of the tuple of states
at U, M, and D, respectively, are (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), and
(3,2,1), it is natural to consider that each state ¢ € N potentially claims

2 2 2 1
0o+ Sbh + bp = g;bj.

Notice that b, b},, and b}, are the downstream incremental distribution at each
geographic position. By the same argument, each state i € N = {1,2,--- ,n}
potentially claims £ " b}, namely m.

For each w € W, a water claims problem is a pair (¢, E) € R7"'. Let P
be the set of water claims problems on W. For each water problem w € W, let
X (w) be the set of allocations: X (w) = {z € RY : ¥, yz; < E}. For each
water problem w € W, an allocation rule (simply, a rule) is a mapping,
denoted ¢, that associates with each water claims problem (¢, £) € P an
allocation = € X (w).

creditors. The problem is to determine how the creditors should share the liquidation value.
"The notion of “veil of ignorance” was introduced in Rawls (1971).
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For management of an international river, the environmental law recom-
mends management by a commission that consists of the watercourse states
of an international river. Imagine that the commission designs an allocation
rule ¢ that satisfies several desirable properties. The list of properties are as
follows.

Efficiency requires that for each water claims problem the whole value of
the estate should be distributed among the states.

Efficiency (Eff): For each w € W, and each (¢, E) € P, Y ..y ¢i(c, E) = E.

The following property requires that the outcome chosen by a rule should
depend only on the list of claims, not on who holds them.

Anonymity (AN): For each w € W, each (¢, E) € P, each permutation
0:N — N andeachie N, g,(c,E) = gpg(i)(ca, E), where ¢, = (Co(s))ien-

There is the stylized fact that the environmental law recommends equitable
management of an international river.® From this reason, it may be natural for
the commission to design an allocation rule satisfying that its members never
benefit from transferring their claims among themselves. In the literature on
claims problems, this property is well known as reallocation-proofness (see
Thomson 2003; Ju, Miyagawa, and Sakai 2007).

Reallocation-proofness (RAP): For each w € W, each (c,E) € P, and
T c N with T # 0,

Z Qpi(ca E Z 901 1€T> Cl)zeN\Ta E),

€T €T
where ((¢})ier, (¢i)ien\r, E) € P such that cp = .

We introduce a monotonicity property associated with the potential claim.
Monotonicity requires that under a situation where all the states except
for any two states claim the potential claim if the amount that one of the
two states claims increases weakly, then the state’s outcome chosen by a rule
should increase weakly.

Monotonicity (Mon): For any fixed pair {i,j} such that i,5 € N, each
w € W, and each (¢, E), (¢, E) € P such that

c = (m,---,m,¢;,m,--- ,m,c;,m--- ,m) and
/
d = (m,---,m,c,m,--- ,m,c;,m--- ,m),

8See the Helsinki Rules, Article IV and the United Nations Convention, Article 5.
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where ¢y = ey and m = 237 b, if ¢ > ¢;, then

gpi(c',E) > p;(c, E)

The proportional rule is the commonly used rule for claims problems in
practice. For each w € W, each (¢, ) € P, and each i € N, it is defined by

PRi(c,E) = —E.

CN

The equal awards rule is one of the most important rules for claims
problems in the literature. For each w € W, each (¢, E') € P, and each i € N,
it is defined by

EAi(C, E) =

S|

We consider the family of convex combinations of the proportional and
equal awards rules. We refer it to as the a-egalitarian proportional rule.
Let a € [0,1]. For each w € W, and each (¢, E) € P, the a-egalitarian
proportional rule, denoted ¢, is defined by

©*(c, E) = aPR(c, E)+ (1 — a)EA(c, E).

We characterize the a-egalitarian proportional rules for water claims prob-
lems as follows:

Theorem 2 For each w € W such that n > 3, and each (¢, E) € P, a rule
satisfies efficiency, anonymity, monotonicity, and reallocation-proofness if and
only if there is a € [0,1] such that the rule is the a-egalitarian proportional
rule.

Proof. If there is a € [0, 1] such that a rule is the a-egalitarian proportional
rule %, then it is clear that ¢* satisfies the four properties. We show that
if a rule satisfies efficiency, anonymity, continuity, and reallocation-proofness
then there is o € [0, 1] such that the rule is the a-egalitarian proportional
rule. Let N = {1,2,--- ;n} with n > 3 and ¢ = (¢1, ¢, -+ ,¢,) be given. Let
m= Ly b

Claim 1 For each 1 € N, ¢;(c, E) = 2FE — %(ncZ —cn)g(en, E), where
g(CNaE) = wl(maCN - (n_ 1)m7ma"' >maE

13



Let ¢ be a rule satisfying the four axioms. Now let ¢ = (¢; + ¢ —

m,m,cs,Cq," - ,Cp). Note that ¢; + co —m > m. We have
RAP
©1(c, B) + @9, E) "= ¢1(c, E) + py(c, E). (1)
Let " = (c1,enmvuy — (n — 2)m,m, -+ ,m), where for each N' C N cy\y =

ZjeN\N’ Gy, and CN = ZjEN Cj. Note that CN\{1} — (n — 2)m > (n — 1)m _
(n—2)m =m. Let N' = N\{1}. We have

S 0ie, B)TEY S (¢ B) (2)

S iEN’

By this observation,

pi(c, B) = @i(d" B). (3)
Similarly, for each : € N
(3),AN
(pi(C7E) = ()01<Ci7CN\{i}_(n_Z)mama"' 7m7E)7 (4)
QOl(C,, E) (:) @l(cl +c—m, CN\{1,2} — (’I’L - 3)m7m7 e, Mm, E)a and
902(017 E) (3)éN @l(ma CN — (n - 1)ma m,---,m, E)

Notice that cy\(1,2y — (n — 3)m > m and cy — (n — 1)m > m.
We have that

901(C1,CN\{1} - (Tl - 2)m7m7 U >m7E>

‘I‘SOl(CQa CN\{2} — (n - 2)m7m7 U E) (5)
1),(4

(124) pi(c1+ca—m,epmpoy — (n—=3)m,m,--- ,m, E)

+o,(myey — (n—1)m,m,--- ,m, E).
Let N'C N,and f:R?® — R and g : R? — R be defined by

f(cN’aCN7E) = 901(CN’ - (|N/| - 1)mvCN\N’ - (|N\N/| - l)mamv" - ,m, E)
—@1(7’”,0]\[ - (n_ 1)m7m7 T, My E) (6)

and
glen, E) = p(myeny — (n— D)m,m, -+ ,m, E). (7)

We have that for all ¢y, co, and F,

5),(6
fler, ey B) + f(easen, B) P2 f(er + 2, cn, B).

Since n > 3, f is additive with respect to its first argument for each cy and E.

14



By Mon together with the fact that f is additive, there exists a continuous
function® h : R? — R such that

f(ci7CNaE) :Cih(CN,E). (8)
By substituting (8) to (6),

Cih(CNvE) = wl(ciaCN\{i}_(n_Q)m7ma"'7maE)_g(CN7E)

4)
= (101'(67 E) - g<CN>E)7

which implies

(¢, E) = cih(en, E) + g(en, E). (9)
Since cyh(cn, E) + ng(en, E) g,
FE— FE
h(ew, B) = 219t B) (10
CN
For each i € N,

i 1
pile, B) "LV S B - — (ne; — ex) glew, B). (11)

CN CN

Claim 2 There is a € [0, 1] such that g(cy, E) = (1 — )

3 |

By Mon, we claim that for each ¢ # 2,
302(?7?,, CN_(n_l)mvm7 e, M, E) > @z(ma CN_<n_1)m7m7 T, My E) (12)

Notice that cy — (n — 1)m > nm — (n — 1)m = m.
By AN, for each pair {i’,j'} such that ¢, ;' € N with ¢/, j’ # 2,

ou(m,eny — (n—1)m,m,--- ,m,E) = @u(m,cy —(n—1)m,m,--- ,m,E)
= r (13)

By Eff together with (12) and (13),

or equivalently, £ > nr. Since ¢(-) > 0, r € [0, %], which implies that there is
a € [0,1] such that

S| &=

7
or(m, ey — (n— Dmym, - m, B) = (1 —a)= 2 g(cw, B).

9For the details, see Aczél (1966, p 85).
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Claim 3 There is a € [0, 1] such that ¢(c, E) = aPR(c, E)+ (1 —a)EA(c, E).

By Claims 1 and 2, for each i € N, there is a € [0, 1] such that

C; 1 FE
(Pz(ca ) e N (TLC CN) ( Oé) n
C; C; FE
- Yp S aE+(1-a)>
CN CN n
2 E
- 2Ry (1—a)—,
CN n

which completes the proof. m

For logical independence of the four axioms, see Appendix B. We remark
on the number of basin states, and the relation between Theorem 2 in the
present study and Theorem 1 in Chun (1988).

First, in the real world, many international rivers flow through at least three
states. For instance, Human Development Report (2006) by United Nations
Development Programme says that 14 states share the Danube, 11 the Nile
and the Niger, and 9 the Amazon. Therefore, the assumption that n > 3
appearing in Theorem 1 is appropriate for this stylized fact.

Next, Theorem 1 in Chun (1988) shows that on the domain of all claims
problems where the number of claimants is at least three all solutions satisfying
efficiency, anonymity, continuity, and reallocation-proofness is characterized
by ¢;(c, E) = 2B — % (nc; —en) glen, E) for each i € N, where g(cn, E) =
©,(0,¢n,0,+-+,0,E).1% This family is the same as in Claim 1 in the proof of
Theorem 2 in the present model when m = 0. However, the present model does
not allow for m = 0 since the potential claim m is positive. More importantly,
we replace continuity by monotonicity associated with the potential claim.
Furthermore, we show that the family of rules appearing in Claim 1 is the
family of a-egalitarian proportional rules. This point is not shown in the proof
of Theorem 1 in Chun (1988).

5 Majority voting and downstream incremen-
tal distribution

In this section, under a situation where the a-egalitarian proportional rules
are employed, we give a necessary and sufficient condition under which the

10“Continuity” requires that a small change in the claims should not lead to a large change
in the outcome chosen by a rule.
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downstream incremental distribution is emerged as the outcome chosen by the
majority voting.

Let the number of states be given by n = 2n' 41, where n’ € N with n’ > 1.
For each w € W, each (¢, E) € P, and each i € N, the outcome chosen by the
a-egalitarian proportional rules is given by

Ci

o(c, B) =a—FE + (1 —a)m,
CN

where m = £,
n
Suppose that under a situation where the a-egalitarian proportional rules
are employed all the states are making decision about where to put a share
ratio a on the interval [0, 1] by the majority voting. The process is as follows.

Step 1: Each state i € N votes for putting a share ratio «; € [0, 1].

Step 2: A share ratio o € {(a;);en} is determined by the majority voting
among all the states.

Let w* be a water problem in which for each state ¢ € N either (i) or (ii)

holds:

(i) For a unique optimal solution z}({i}) under ATS, m;(z;{{:}) —¢-2;({i}) >
m7
ii) For a unique optimal solution z;*({i}) under UTI, 7;(2/*{{i})—¢C-2;*({i}) <
m.

Let W* be a non-empty class of the water problems w* in which each
state ¢ who satisfies that for a unique optimal solution z}({:}) under ATS
mi(2f({i}) — €-zF({i}) > m consists of a majority. Let P* be the set of claims
problems derived from W*.

Proposition 2 On the class of W*, for each (¢, E) € P*, suppose that by
using the magjority voting all the states are making decision about where to put
a share ratio a € {(ay)ien} involved in the a-egalitarian proportional rules.
The magority voting always determines « such that p*(c, E) = b* if and only
if for each i € N ¢; = kb;, where k > bﬂ

Proof. We consider three steps.

Step 1: For each state i € N either b > m or b < m.

17



First, we consider one case where for a unique z;({i}), m; (2 {{i})—¢-z ({¢}) >
m. Let v(S) = )¢ [mi(2/(S)) — € - 2/(5)]. By Claim 2 in the proof of Theorem
1, v(S) is superadditive. Then,

b = o(U)) - () =2 v({i})
= mi(z({i}) —¢- 7 ({i}) > m.

Next, we consider the other case where for a unique z*({i}) with i >
2, milz (i) — = ({i}) < m. Let w(S) = g milz7(S)) — €+ ()]
By Claim 4 in the proof of Theorem 1, for S C T' C N and ¢ > maxT),
w(SU{i}) —w(S) > w(TU{i}) —w(T). Let S=0,and T = {1,2,--- ,i—1}.
Then,

m > w{i}) —0>w{1,2,-,i}) —w{1,2,,i—1})
_ )

Notice that on the class of W* w({1}) = m;i(z;*({1})) —¢- z*({1}) = v({1}) >
m.

By the two cases, on the class of W* for each state ¢ € N either b > m or
b; < m holds.

Step 2: If for each @ € N ¢; = kb], where k£ > ZZ, then the majority voting

always determines « such that ¢*(c, E) = b*.

If for each ¢+ € N ¢; = kb}, where k > 2’,5, then CC E = l LE = b;. Since
each state i who satisfies that for a unique optimal solution 2} ({z}) under ATS
(27 ({i}) —T-zf({i}) > m consists of a majority, each state ¢ whose bliss point
is af = 1 consists of the majority. Since each state 7 who satisfies that for
a unique optimal solution 23*({j}) under UTI 7;(2;*({j}) — €25 ({j}) < m
consists of the minority, each state j whose bliss point is aj = 0 consists
of a minority. By these observations together with Step 1, on the class W*
preferences of the states who claim ¢ = kb* are single-peaked. Thanks to the
Median Voter Theorem!!, a share ratio a € {(a});en} is determined as the
median, namely, a = 1, which implies (¢, E) = b*

Step 3: If the majority voting always determines « such that ¢®(c, E) = b*,
then for each ¢ € N ¢; = kb}, where k > o

Since on the class YW* the majority voting always determines « such that
©*(c, E') = b*, it must hold that for each i € N <+ B = b}, which implies that

UFor the details of the Median Voter Theorem, for instance, see Austen-Smith and Banks
(2000).
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o= :— Therefore, for any constant number [ € R, such that [ > l;—it’m,
N N i

b* . .
¢; = I3 = kb}, where k = a desired claim. m
N

1
b,

6 Concluding remarks

We showed in the Ambec and Sprumont sharing water model with water short-
age that is derived from endowments and essential water consumption there
exists a unique downstream incremental distribution. We also axiomatized
the a-egalitarian proportional rules for the water claims problem by efficiency,
anonymity, reallocation-proofness, and monotonicity associated with the po-
tential claim. Under a situation where the a-egalitarian proportional rules
are employed we give a necessary and sufficient condition under which the
downstream incremental distribution is emerged as the outcome chosen by the
majority voting on where to put a share ratio .

Finally, we remark on open questions. In Hougaard, Moreno-Ternero, and
Osterdal (2013), claims problems in which claimants have baselines are intro-
duced. An individual baseline can be interpreted as an objective entitlement,
or a right that receives the highest priority. In the present water sharing model,
the potential claim is regarded as a baseline of watercourse states. Whether or
not we can generalize the results of the present study to water problems in the
presence of various baselines may deserve investigation, which we leave to the
future research. On the other hand, in van den Brink, He, and Huang (2017)
a cost sharing problem of a polluted river in which there are multiple water-
courses is investigated. Since the present study deals with only the case of a
single watercourse, whether or not we can generalize the results of the present
study to water problems with multiple watercourses may deserve investigation,
which we also leave to the future research. For this future research, as used in
van den Brink, He, and Huang (2017), an extension of our model by means of
a permission structure, which is a game theoretic notion, may be useful.
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Appendix A: Proof of Theorem 1
For the proof, we have six claims.

Claim 1 If (b, -+ ,b,) € R" satisfies the core lower bounds and the aspiration
upper bounds, then for each i € N b; = b;.

Let v(S5) = > icq (mi(2(5)) —€- 27(5)), and w(S) = 3,5 (mi(27(5)) — €
First, v({1}) = w({1}) = b}. Therefore, by = bj. Next, fix j such that j <

n. Suppose that for each ¢ < j b; = bf. Since U(U(]H)) = (U(JH)
ZieU(OjH) biy biy1 = v(Uy) — ZiGU]Q b;. By the supposition, ZieUJQ by =

ZiGUJQ b; = v(Uj+1)). Therefore, b1 = v(Uf, ;) — v(Ugsn)) = bjyy.
Claim 2 v is “superadditive”, that is, for each S,7 C N with SNT = 0,

S (m(=(SUT)) e~z (SUT))

e SUT
> Y (mi(z(9) =€ (9) + ) (mlz(T)) —¢- 2(T)).
€S €T

Since D, cqur 2 (SUT) =3 s 25 () + D icr 25(T) = > ,cqur € We show

that
> S UT) 2 Yo m((8) + Yo m (= (T

1€SUT €S i€l

If SUT is not consecutive, Y .o 7 i (25 (SUT)) = >0 mi(27 (9)) 42 e il 2 (T)).

If SUT is consecutive and 1 ¢ SUT, by the the definition of 2*, >, ¢ 7 mi(%] (SU
T)) > > iesmi(27(S)) + > ier mi(2 (T)). Without loss of generality, let1e€S.
It suffices to consider the case where S, T, and S UT are consecutive. There
is a pair of the lists of positive numbers {(€;)ics, (€})ier} such that for each
i €Sz (S)—€¢>Tyand Y g€ = > . p(Ti + € — 27 (T)). This fact follows
from the followmgs Since for each i € T' z; > zf(T), it suffices to show that
Y oies(2(S)=x;) > Y. cp(Zi— 27 (T)). Suppose not, that is, for some S, T such
that (i) S,7T, and SUT are consecutive, and (ii) 1 € S, Y, (27(S) — z;) <
Y ier(Zi—2z; (T')), which implies that ) . o(e;—Z;) < Y .. (Zi—e;). By this fact
together with the assumption that >, ¢ % < > icoir€ir D iesur(€ — Ti) =
0. If so, we have that ), ¢ 2 (SUT) = >, r Ti» a contradiction to that
Y icsur 24 (SUT) > 3.« r Z; (by the same argument as in the proof of Propo-
sition 1). Thus there is a pair of the lists of positive numbers {(61)265, (€)ier}

such that >, (27 (S) = @) > > (@i — 25 (1)) + D ser € = D €+ For such
a pair {(€;)es, (€ )ZET}
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Zm(zf(S)) + ZW’L(Z:(T))

i€S ieT

< > mE(S) =)+ ) mil(@+ €)
ieS i€T

< Z mi(2;(SUT)) (by the definition of z*),
ieSuT

which is a desired claim. Notice that the first inequality is derived from the
marginal benefit assumption of water shortage.

Claim 3 b* satisfies the core lower bounds.

Since v is superadditive by Claim 2, it suffices to show that the core lower
bounds hold for consecutive coalitions. Let min S and max S be the smallest
member of S and the largest member of S, respectively. For any consecutive
S such that 1 ¢ S, {S, Unins} is a partition of U2, . By the definitions of b*
and v, >, g bf = V(U .xs) — V(Unins). Since v is superadditive, v(US, ) —
V(Umins) > v(S), which implies that b* satisfies the core lower bounds.

Claim 4 For S C T C N and i > maxT, w(S U {i}) — w(S) > w(T U {i}) —
w(T).

The proof of Claim 4 consists of two steps:
Step 1 If ) #S C T C N, then 2**(S) > (2*(T))kes-

It suffices to show that 2**(S) > (2:*(T))kes whenever () # S # N and
t € N\S. Write 2*(S) = = and (2*(S U {t}))res = y. We claim » _, _o(yx —
rp) < 0. Suppose >, o(yr — xx) > 0. By the definition of w, >, ¢z =
EkGUﬂlaxs er, which implies >, _cvyr > ZkeUgaxs ek, a contradiction to the
constraint ), -« yp < ZkeUgaxse’“' Let &y < --- < k;, be those k& € S such
that 25 # yi (if none exists, there is nothing to prove). We claim yx, —z, < 0.
Suppose, by contradiction, v, — zx, > 0 and x, # yx,. Let j* be the largest
member in Uy, such that y;» —x;+ < 0. (Notice that if j* = kz, yx, — %, <O,
there is nothing to prove by using contradiction. If j* # ki, j* necessarily
exists since Y, oy — 2x) < 0 and yr, — z, > 0.) Let y* € RY such
that y;, =y, — €, Y5« = yj» + € and yg = yx, for k # kg, j*. Since y;« <z,
T, < Yk, and 7. (z-) = 7, (2, ) (by the argument in the proof of Proposition
1), 7 (yse) > 7 (wj+) = mp (h,) > 7, (Yx, ). Using this observation and the
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strict concavity of benefit functions, we can choose € > 0 small enough so that

Z[(Wk(ylf:) —C-y) — (mr(yr) — T ur)]

keS

= [mje(Y5e) — Ty — (50 (Ye) =€ yj)] + [Th, (i) — € Wiy — (Thp (Ury) — T Yy
[ (52 ) — 7 (Y] + [Tk (W) — oer (Yien )] — € (W — 95¢) — €+ (Yo, — Yy)

= [ (Y5e) — i (Y5 )] + [7h, (Yiy) — oy, (Un, )]

0,

V

while y© meets the same constraints as y. Notice that the inequality is derived
from y5. > yj-, Y, < Uy, Ti<(Y5+) > 7, (Y, ), and strict concavity of benefit
functions. Thus, we have a contradiction to the optimal solution y. Because
Yk, — T, <0, it follows that yx, — 2y, < 0 successively for{l =L —1,---,1.

Step 2 For S C T'C N andi > max T, w(SU{i})—w(S) > w(TU{i})—w(T).

Let SCT C N,and ¢ > maxT. Let 2/ € Riu{i} such as z] = (T U {i}),

and for each j € S zj = 27" (T U {i}) + 2;*(S) — 2;*(T). By Step 1, for each
jes z (T u{i}) < z*(T) < z7*(S). Therefore, for each j € S0 < z7*(T'U
{i}) < 25 < 277(S). Since for each j € S z; < 27%(95), state j’s consumption
plan 2} for S'U {i} satisfies the same constraints as z;*(5). By the definition
of 2**, for each j € S 2;*(5) satisfies the same constraints as 2;*(S U {i}).
Again by the definition of z**, z*(S) U {i} satisfies the same constraints as
2*(T'U{i}). Therefore, the consumption plan 2’ for SU {i} satisfies the same
constraints as z**(S U {i}), namely, for each [ € S U {i} ZkeUloﬁ(SU{i}) 2, <
ZkeUlo ex. By this observation together with the definition of w, w(SU{i}) >

!/

ngsU{i} (77']‘(2]) —C- z;), which implies that

w(S U{i}) —w(S) = Y (m(z) —€-2) = ) (m(7(5)) — € z7(5))

1eSU{i} jes

=mi(z) —e- 2+ Y [(m(2) = milz*(9))) —e- (2 — 27(9))] .

jes
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On the other hand,

w(T U{i}) —w(T)

= Y (mETU{iy) - (Tu{ih)) + Y (mE (T U{i}) —c- 5" (Tu{i})

les0{i) leTs
- jEZS (m(25"(T)) =& 2°(T)) — Z;\S (mi(z"(T)) —¢- (1))

= mi(2) — € z+2€; (2" (T U{i}) = m(25"(T))) — - (" (T U {i}) -
+ IZT:S m(2(T LJJ {i}) = m(z"(1))) — - (™ (T U {i}) — z"(T))]
<7€r,\ )=+ Y [(mi(z (T U di}) = m(27 (1)) —e- (7 (Tu{i}) —

jeSs

where the inequality follows from the fact that for each [ € T\ S,

(m(z"(T)) = m(z"(TU{i}))) —e- (7(T) = (T U{i})) =0,

since z*(T U {i}) < z*(T) (by Step 1) and 7j(2*(T)) > € (by the same
argument as in the proof of Proposition 1), and benefit function m; is strictly
concave. Since for each j € S benefit function 7; is strictly concave, 25*(T U
{i}) < z; < 27°(9), 2 — 257(S) = 2;*(T' U {i}) — z;*(T) (by the definition of
'), and 7 (2;*(T'U {i})) > 7(2}) > € (by the fact that 7’ (2;*(S)) > €, and
continuity and strict concavity of ),

(ﬂ_j(z‘;) — W,(Z;*(S))) —c- (z z;*(S))
> (my (2 (T U {i}) - m57(T) — & (57 (T U {3)) - 27(7))
Therefore,

(SU{Z'}) w(S)
> )—¢C- 2z —l—z mi(%;) — mi(z (S))) —C- (Z; —Z;*(S))]

JjES

> —C-z + Z (mi (2 (T U{i})) — m(2*(T))) — - (2 (T U {i}) —

jes

> w(T'U{i}) —w(T),
which completes the proof of the claim.

Claim 5 b* satisfies the aspiration upper bounds.
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By the definition of b* and Claim 4, for each S C N,
D b= [wU) —w)] <> [wUNS) - wlinS)] =w(S),
ieS ieS ieS

where the inequality is derived from the fact that for each i € S (U; N S) C S
together with Claim 4, and the last equality is derived from the fact that for
eachi € SU;NS = U(OmaX(UmS)) NS, so that all terms except for w(U(OmaLX 5N5S)

and w(Umin 5)NS) cancel out, and w(Uf,,, 5)NS) = w(S) and w(Uimin5)NS) =
w(() = 0. Therefore, z* satisfies the aspiration upper bounds.

Claim 6 For each ¢ € N, b > 0.

By the definition of b7, b} > 0. Again, by the definition of b} and the
superadditivity of v, for each ¢ € N\{1},

bi = v(U}) —v(Ui) > v({i}) > 0,

where the last inequality is derived from the fact that z*({i}) > 0. R

Appendix B: Logical independence

For logical independence of the four axioms, we consider the following four
rules.

e For each w € W such that n > 3, each (¢, E) € P, and each i € N,
let ) (c, E) = The mapping ¢! satisfies all the axioms except for

efficiency.

_E
n+1"

e For each w € W such that n > 3, and each (¢, E) € P, let ¢*(c,E) =
b*, where b* is a (unique) downstream incremental distribution. The
mapping ¢? satisfies all the axioms except for anonymity.

e For each w € W such that n > 3, each (¢, F) € P, and any pair
{i,7} such that i, € N, let ¢*(c, E) = EA(c,E) if ¢; = 2m + «,
c; = 2m — €, where 0 < € < m, and ¢; = m for all & # 1, j; otherwise
¢©3(c, E) = PR(c, E). The mapping ¢® satisfies all the axioms except
for monotonicity. In fact, for (¢, E) € P such that ¢; = ¢; = 2m, and
ce =mforall k £14,5, (¢, E) = PRi(c, E) = 712—f2 On the other hand,
for (¢, E) € P such that ¢; = 2m +¢, ¢; = 2m — ¢, where 0 < € < m, and

= m for all k 7é i,j 3, E) = EAy(d, E) = £. Notice that cy = dy.

Smce n>3 2L _EB_ 98 0, which 1mphes that if ¢, > ¢;, then

) n+2 n  n(n+2)
Spi(CaE) < QOZ(C,E).
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e For each w € W such that n > 3, and each (¢, E) € P, let p*(c, E) be
given by the Talmud rule (Aumann and Maschler 1985), denoted T,
that is, for each i € N (1) if ) (¢;/2) > E, then T;(c, E) = min{¢;/2, A},
where A is chosen so that )y min{c¢;/2, \} = E; (2) if ) (¢;/2) < E, then
Ti(c, E) = ¢;—min{c; /2, A}, where X is chosen so that ) _ \; [¢; — min{c¢;/2, A}]
= E. The mapping ¢* satisfies all the axioms except for reallocation-
proofness. In fact, for (¢, F) € P such that ¢ = (100,200,300) and
E =200, T(c, E) = (50,75,75). On the other hand, for (¢, F) € P such
that ¢ = (150,150,300) and E = 200, T(¢, E) = (200/3,200/3,200/3).
Therefore, 3,y 0y T(¢, E) # 3 ic10y T(C L E).
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