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A BINOMIAL ASSET PRICING MODEL
IN A CATEGORICAL SETTING

TAKANORI ADACHI, KATSUSHI NAKAJIMA AND YOSHIHIRO RYU

ABSTRACT. Adachi and Ryu introduced a category Prob of prob-
ability spaces whose objects are all probability spaces and whose
arrows correspond to measurable functions satisfying an absolutely
continuous requirement in [Adachi and Ryu, 2019]. In this paper,
we develop a binomial asset pricing model based on Prob. We
introduce generalized filtrations with which we can represent sit-
uations such as some agents forget information at some specific
time. We investigate the valuations of financial claims along this
type of non-standard filtrations.

1. INTRODUCTION

Adachi and Ryu introduced the category Prob as an adequate candi-
date of the category of probability spaces with good arrows. They show
the existence of the conditional expectation functor from Prob to Set,
which is a natural generalization of the classical notion of conditional
expectation (JAdachi and Ryu, 2019]).,

In this paper, we develop a binomial asset pricing model based on the
category Prob. Generalized filtrations defined in this setting change
not only o-algebras but also probability measures and even underlying
sets throughout time. We introduce a few types of generalized filtra-
tions. Each of them represents a subjective filtration of an agent. In
other words, each agent has not only her subjective probability mea-
sure but also her own subjective filtration. For example, some filtration
represents the situation in which she forgets the information generated
at a specific time. This paper investigate the valuations of financial
claims along these non-standard filtrations.

First, in Section 2| we review the concept of categorical probabil-
ity theory and introduce generalized filtrations and adapted processes
and martingales along them. In this setting, our probability spaces are
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changing as time goes on. For example, we may have a bigger underly-
ing set in future than that in past. This case allows us to have unknown
future elementary events. Section [3is the heart of this paper in which
we develop a concrete binomial asset pricing model and investigate a
few generalized filtrations and possibility of valuations along them.

2. GENERALIZED FILTRATIONS

In this section, we introduce some basic concepts of categorical prob-
ability theory which was mainly introduced in [Adachi and Ryu, 2019]
as a preparation for Section [3

Let X = (X, Zx,[Px), Y = (K Zy,[Py) and Z = (Z, Zz,[Pz) be
probability spaces throughout this paper.
Definition 2.1. [Null-preserving functions [Adachi and Ryu, 2019] | A
measurable function f : Y — X is called null-preserving if f~1(A)
Ny for every A € Ny, where Ny := P! (0) C ¥x and Ny := Py (0) C
Yy .
Definition 2.2. [Category Prob [Adachi and Ryu, 2019] | A category

Prob is the category whose objects are all probability spaces and the
set of arrows between them are defined by

Prob(X,)Y):={f" | f: Y — X is a null-preserving function.},

where f~ is a symbol corresponding uniquely to a function f.

We write Idx for an identity measurable function from X to X,
while writing ¢dx for an identity function from X to X. Therefore, the
identity arrow of a Prob-object X is Idy.

Definition 2.3. [Generalized Filtrations| Let T be a fixed small cate-
gory which we sometimes call the ttme domain. A T -filtration is
a functor F': 7 — Prob.

11010
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FIGURE 2.1. T-filtration

When we say filtrations in the classical setting, we keep using a same
underlying set €2 throughout time. This situation can be represented
by the following diagram.
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T to ty 12
Idg? Idg? Idg?
Fi Fi Fi,
Idg Idg Idg
Q Q Q

However, in our new setting, the filtration can change not only o-
fields but also probability measures and underlying sets as the following
diagram shows.

T to b t2
7|
— fo = T = f1
PI‘Ob Xt() th th
Xto fo th f1 th f2

One of the implications of this generalization is that we can think
possibly distorted filtrations by using adequate null-preserving function
f.

Actually, the biggest aim of this paper is to investigate this kind of
non-standard filtrations by using, as a first example, a simple binomial
asset pricing model.

Before going into our concrete example, we will define adapted pro-
cesses and martingales over this generalized filtrations.
Let F be a fixed T-filtration throughout this section.

Definition 2.4. [F-Adapted Processes| An F-adapted process is a
collection of natural transformations

(2.1) 7= {7 : T(s,—)=Lo F}seonjm

For a Prob-arrow ¢ : X — Y, there exists a measurable function
f:Y — X such that ¢ = f~ by its definition. We write ¢ for this f.
That is, (¢7)” = .
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Now Let 7 be an F-adapted process and ¢ : s — t be a T -arrow.
Then, we have the following commutative diagram.

[Els I Ts,s<[ds)
D @,
s T(s,s) === L(Fs)
Z[ T(s,i)[ [L(FZ)
‘ T(s,1) —= L(Ft)
¢ O
i o)) = L(Fi)(rss(Id,))

For s € Obj(T) pick a random variable v, satistying [v]~, == 75 s(1ds).
Then, we have

(2.2) Toa(i) = [0y 0 (Fi) ]y,

That is, 7,4(7) is (Fi)-measurable.

Proposition 2.5. Let AP(F) be the set of all F-adapted processes.
Then,

(2.3) AP(F)= ] L(Ft).
teObj(T)

Proof. By Yoneda Lemma, we have for t € Obj(T),
(2.4) v : Nat(T(t,—),Lo F) = (Lo F)t.

Then, HteObj(T) Yy 1s an isomorphism denoting (2.3]).

For x € AP(F'), we sometimes write

(2.5) Tr = {%}teom‘(’r)
where
(2.6) xy = x(t) € L(Ft).

Remark 2.6. For an arrow ¢ : s — t in 7, in general, F's and F't
are different probability spaces. So we cannot (for example) add two
random variables z, € L'(F's) and z; € L'(F't) whose domains are F's



A BINOMIAL ASSET PRICING MODEL IN A CATEGORICAL SETTING 5

and F't.

t

S

Fs 1" pt

~ )T ~

Fs L7 Fy
mst Tt uwso(Fi)+

R R

In order to import z, into L'(F't), we take z 0 (Fi)" as its proxy. This
fact allows us to treat L'(Ft) as a vector space containing all preceding
random variables z; € L'(F's) with s < t.

Next, we go into the definition of martingales. In order to make it
possible, we need a concept of conditional expectations in the category
Prob which was introduced in [Adachi and Ryu, 2019).

Theorem 2.7. [Conditional Expectation [Adachi and Ryu, 2019]] Let
f7: X =Y be a Prob-arrow. For allv € L}(Y) and A € Yx, there
exists u € LY(X) satisfying the following equation.

A f=1(A)

We call uw a conditional expectation along f~ and denote it by
BT (v).

Theorem 2.8. [Conditional Expectation Functor [Adachi and Ryu, 2019]]
There exists a functor £ : Prob” — Set as following:

X X—2-EeX = LN(X) > [EF ().

f- Téf
£

Y Y ———=&Y = LYY) > V], -

Px

f I

We call £ a conditional expectation functor.

Definition 2.9. [F-Martingales] Let F' : 7 — Prob be a functor.
An F-martingale is an F-adapted process x € AP(F) such that for
every T-arrow i : s — t,

(2.8) (€ o FYi(z(t)) = a(s).

3. A BINOMIAL ASSET PRICING MODEL

In this section, we introduce a binomial asset pricing model based
on the category Prob. First, we define a general scheme of our model
by introducing a filtration B.
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£ E(Fs) = LMFs) > z, = [EFi(v)]

ys(m) [5(&')

— L Ft—5 E(Ft) = LNFt) > 2= [v],,,.

R
®

FIGURE 2.2. F-martingale

Definition 3.1. [Filtration B] Let w be the category whose objects
are all integers starting with 0 and for each pair of integers m and n
with m < n there is a unique arrow *,,, : m — n. That is, w is the
category corresponding to the integer set N with the usual total order.
Let p := {pi}i=12,.. be an infinite sequence of real numbers p; € [0, 1].
We define an w-filtration B := BP : w — Prob in the following way.
For an object n of w, Bn is a probability space B, = (B,,%,, P,)

whose components are defined as follows:

(1) B, :={0,1}", the set of all binary numbers of ¢ digits,

(2) B, =28,

(3) for a := dydy...d, € B, where d; € {0,1} (i = 1,2,...n).

P, : ¥, — [0,1] is the probability measure defined by

(3.1) Pn({a}) := pri(l —pi)' T

For integers m and n with m < n, we define

(3.2) B(*m,n) = S = (fmo frmgr 00 fno1)”

where f, := (B(%,.4+1))" is a predefined null-preserving function from
Bn+1 to Bn

Note that any function from B, is measurable since ¥, is a powerset
of B,,.

w 0—0 g n, I, n+12
BJ’ fo 1 I v .
Prob By l-p o Itp fop Tl

As we introduced, the functor B is a generalized filtration, represent-
ing a filtration over the classical binomial model, for example developed
in [Shreve, 2005].

The classical version requires the terminal time horizon T for de-
termining the underlying set 2 := {0,1}7 while our version does not
require it since the time variant probability spaces can evolve without
any limit. That is, our version allows unknown future elementary
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events, which, we believe, shows a big philosophical difference from the
Kolmogorov world.

In order to see a variety of filtrations, we introduce two candidates
of f,.

Definition 3.2. [Candidates of f,,]

(1) fo
full
BnJrl - Bn
Y Y
full
dl...dndn+1 )n—>d1dn
(2) firer
drop
Bria - B,
w w
drop
dl e dnfl, dndn+1 )n—> dl SN dn,1 O

The function f9"°P can be interpreted to forget what happens at time
n.

Note that the function f/* is always null-preserving while f4°p is
null-preserving if and only if p,, = 0.

Example 3.3. [Filtrations] As we mentioned in Definition B, all we
need to determine the filtration is to specify f, : B,4+1 — B,. We have
three examples of filtration B. For j =1,2,...,n,

(1) Classical filtration:
fn — ffull.

[ fdror if p = k,
) f i £ k.

(3) Elderly person: For fixed numbers ko, k1 € N,

f'_QWWﬁmgngT—h
PO 0<n <kjorT —k <n<T.

(2) Drop-k:

Proposition 3.4. For a Prob-arrow f; : B, — Buy1, v € LY (Bpy1)
and a € By,

(3.3) E (0)(@)Pu({a}) = ) v(O)Pur({D}).

befn ' (a)
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Especially, with the classical filtration, we have
(3.4) fo'(a) = (f1"") 7 (a) = {a0, al}.
Hence

E (v)(a) = v(a0) Poia({a0}) v(al) Prii({al})

P.({a}) Pn({a})
(3.5) = v(a0)(1 = pp+1) + v(al)pnta.

Definition 3.5. [B-Adapted Process ,] For n = 1,2,... define a B-
adapted process &, by

én

n

w w

Proposition 3.6. For a € B, with P,(a) # 0,
- P,+1(e P,+1(e
Ef (€411)(a) = Z L() _ Z L()

Pr(a) Pr(a)
ecly(1,a) e€ln(0,a)
= #(fa ' (@))pns1 — #1,(0,a)

where
L(j.a) == {e € f;'(a) | (e)ns1 = j}
for 7 =0,1, and #A denotes the cardinality of the set A.

Now we define two instruments tradable in our market.

Definition 3.7. [Stock and Bond Processes| Let u, o, r be three posi-
tive constants satisfying

(3.6) luw—r| <o.
(1) A stock process S, : B, — R over B is defined by
(37) So(()) ‘= So, Sn-i—l = (Sn o fn)(l +u+ 0€n+1)

where () € By is the empty sequence.
(2) A bond process b, : B, — R over B is defined by

(3.8) bo(()) :=1, bpyq:= (bpo fu)(1+7).
Proposition 3.8. For any a € B,
(1) B (Sns1) = Su((1+ w) B (1p,,,) + 0B (§041)).
(2) B (1p,.,)(a) = Py (h.
(3) by(a) = (1+7)"
Let us consider about the discounted stock process
(3.9) Sl =b'5,.

We want to find an w-filtration with which S, becomes a martingale.
Here is the shape of the filtration whose detail we will determine.
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Definition 3.9. [Filtration C] Let n be an object of the category w.
(1) Qu : Xy — [0,1] is a probability measure of (B, %,),
(2) Cn = (Bna Zna Qn)a

We define an w-filtration C by for n € Obj(w),
(3.10) C(n):=Ch, Cl¥nni1) =g,
w 0—s1—" "+ 128
‘| , -
PI‘Ob C(] % Cl I Int Cn o Cn+1 —>9n+1

Ficure 3.1. Filtration C

Theorem 3.10. A process S!, is a C-martingale , that is, for n € N,
E9n (8] 1) = S if and only if for alln € N and a € B,,

(3.11) Qn({a}) = 1 Quia(In(1, @) 4 co Quia (1(0, a))
where for j = 0,1

(3.12) I(j,a) == {e € f, ' (a) | (€)ns1 = j}
and
I+pu+o l+p—o
1 = =
(3.13) “ 1+r o 1+7r

Proof. For a € B,
Sn()Qu({a}) = B (S,,41)(a)Qu({a})
- Z Sp1(€)Qni1({e})

e€fnt(a)

= Z b1 (€)(Sn o fu)(e)(1 + p+ 0&nya(e))Quir({e})
ecfil(a)

= > (147 "8 (a)(1+ p+ 0&uii(€)Quar({e})
e€fnt(a)
, 1+ pu+ o0&

i) ele( ) Ml +r o Qnsr({ed).

if and only if

aah = ¥ o+ Y e

ecly(1,a) e€l,(0,a) 1+

=1 Qui1(In(1,a)) + o Qui1(1,(0, a)).
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In order to determine more detail of C, we need the following condi-
tion for Q,.

Proposition 3.11. The following conditions for Q, are equivalent.
(1) for alln € N, a € B,

(3.14) Qui1({a0,al}) = Qu({a})
(2) for alln € N, I is measure-preserving w.r.t. Q,, that is,
(3.15) Qn = Quyr o (f")71

(3) there exists a sequence of functions {q; : By — [0,1]}r=12
such that for alln =1,2,... and d; = 0,1,

geos

(3.16) Qu({dids. . dp}) = [ [ au(crda. . . di)

such that for every a € B,_1, ¢,(a0) + g,(al) = 1.

In the following discussion, we assume the following assumption
which is the condition (2) of Proposition B.11]

Assumption 3.12. For all n € N, f/“! is measure-preserving w.r.t.

Qy-
By Assumption and (3) of Proposition B.11], we have

Quii({dida .. dpdpia}) = Qu({dids . . . dn})gni1(dida . . . dpya).

In the rest of this subsection, we will investigate the shape of Q,
under the assumption that S/ is C-martingale.

3.1. Classical Filtration. First, we prepare a lemma for for the proof
of the following propositions.

Lemma 3.13. If 1 = cjz + ¢o(1 — x), then

1 r—p 1 r—p
1 = - d 1—o2=--— ,
(3.17) z=3 + 5, an z=g 5
Proposition 3.14. For a fired n € N, assume that f, = f{*". Then
for a € B, with Q,({a}) # 0, we have
1 r—p
2 + 20’
Loy
2 20

Note that the resulting probability depends neither on a nor on n.

Qn+1(&1) =

qn—l—l(ao) =
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Proof. By observing the following diagram
al

/

a

\

a0
full
Bn Bn+1
W full w
fa
a <——ad, 1

we have
(f7") " (a) = {a0,al}

I,(1,a) = {al},

I,,(0,a) = {a0}
By B3.11)

Qu({a}) = c1Qni1(Ln(1, ) + coQu11(1n(0, @)
= a1Qu1({al}) + coQus1({a0})

Now since

Quir({adnia}) = Qu({a})gni1(adnia)
and Q,({a}) # 0, we have
1 = cignr1(al) + cogni1(a0).
Hence by Lemma .13 we have
1 r—p

1 r—up
Qn+1(a1>:§+ 2% QnJrl(aO):é_ 2%

0

Corollary 3.15. If B is the classical filtration, then for anyn € N and
a € B,, we have

1 r—= n(l,a 1 r— n(0.a
(3.18) Qu(a) = (5 4 20',“) e8 )(5 B QO'M) (0,0)
where
(3.19) n(j.a) == #{k | ()i = j}.

3.2. Drop-k Filtration.

Proposition 3.16. For a fived n(= 1,2,...), assume that f, = farop.
Then for a € By,—1 with Q,—1({a}) # 0, we have

gn(al) =0,
qn(a0) =1,
1 r—p
n 1) = 5
Gn+1(a01) 2+ %
1 r—p
n 0)=-— .
q+1(a0) 5 9%
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Proof. By observing the following diagram

all
al <
/ al0
a
a01
\ aO /
I—
flut drop
By B, Bu
w ffu” w grop W
a a0 ! adndnJrl
we have
(f ") (al) =0
I,(1,al) = I,(0,al) =0
(fdrer)=1(a0) = {a00, a01,al0,all}
I,(1,a0) = {a01,all}
1,,(0,a0) = {a00,al0}
By B.11)

Qn({al}) = c1Quir(In(1; al)) + coQny1 (1n(0,al)) = 0.
Now since Q,({ad,}) = Q,-1({a})gn(ad,) and Q,—1({a}) # 0, we have
qn(al) =0, qn(a()) =1- qn(al) =1.
Next, again by (B.1T)
Qn({a0}) = c1Qui1(1n(1, a0)) + coQn11(1n(0, a0))
=G (QnJrl({aOl}) =+ QnJrl({all}))
+ ¢o(Qu+1({a00}) + Quy1({al0}))
By dividing both hands by Q,,—1({a}) # 0,
Gn(a0) = ¢1(qn(a0)gn11(a01) + gn(al)gni1(all))
+ Co (qn(aO)Qn-l—l(aOO) + Qn(al)Qn+1(a10))
Then, since ¢,(al) = 0 and ¢,(a0) =1,
1 = c1¢n+41(a01) + cogpt1(a00).
Hence, by Lemma B.I3] we have

1 —
Gn+1(a0l) = s

1
S+ ana(a00) = 5 -
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We have to check that both f/u! and f¥° are null-preserving w.r.t.

Qu.-

Bn B d1 e dn—ldn

B dropn

firer v v

B, > dy...d, 10

If Qu(dy...d,_11) # 0, then drop, is null-preserving, and so is f4°p
since f/* is measure-preserving.

all

al —

\
al0

a

a0l

\ a0 <
a00

full drop

anl - Bn : BnJrl

FIGURE 3.2. fdrop

Remark 3.17. We have the following remarks for Figure

(1) Since the agent evaluates stock and bond along the function
fdror she can recognise only the nodes a0, a01 and @00 and can
not recognise the nodes al, all and al0. We interpret these
nodes al, all and al0 as invisible.

(2) The values g,41(all) € [0,1] can be arbitrarily selected, and
dn+1(al0) is computed by 1—g,.1(al0). That is, the probability
measure @, is not determined uniquely, so is not the risk-
neutral filtration C.

(3) The probability measure Q,, is not equivalent to the original
measure P,,. Therefore, it is not an EMM.

Remark 3.18. Let C : w — Prob be a risk-neutral filtration, and
Y : By — R be a payoff at time T'.

Then, for the agent who has a drop-k filtration as her subjective
filtration, the price of Y at time n with a unique arrow ¢ : n — T is
given by

Y, = E€(b;'Y).
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alll
a1l =
//////// all0
\\\\\\\ al01
alo—
T 4100
a011
a0l —
///////' 4010
a001
\ 200 <
a000
ffull ffull :rop
By B4 By, Byt

F1GURE 3.3. drop-k filtration

ni— s C,—5-E(C,) = LYNC,) 3 Y, = EC(b:'Y)

Ci[ TE(CZ‘) Ts(cz')

T ¢ éTl £ S(CT) = LI(CT) Bl b;ly

You can see in Figure B.4] that at time n — 1 the value of Y, (al) is

discarded and use only the value of Y,,(a0) for computing Y,,_1(a).

Yn+1(a11)

Ya(al) —

_— T Ve
T~ e

Y, (a0)
Y, 11(a00)

ffull drop
n—1 n

By,

Bn+1

FIGURE 3.4. Valuation along f,fmp
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4. CONCLUDING REMARKS

We formulated an infinitely growing sequence of binomial probabil-
ity spaces in the category Prob. We gave some concrete (possibly
distorted) filtrations. We determined the shape of the risk-neutral fil-
trations to the above examples. We showed the valuations of claims
given at time T through the distorted filtrations.
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