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1 Introduction

The size and composition of many major central bank balance sheets have changed dramatically recently,
primarily as a result of unconventional monetary policy that was undertaken to combat the financial crisis.
In particular, maturity and currency mismatches between assets and liabilities have appeared in central
bank balance sheets. Many advanced economy central banks now hold large amounts of long-term domestic
currency assets or foreign currency assets while they have short-term domestic currency liabilities.! Such
mismatches, combined with large gross asset and liability positions, open up the possibility of non-trivial
fluctuations in the net interest income of the central bank. These fluctuations can arise due to interest rate
changes that affect returns on assets and liabilities of different maturities differentially, or due to exchange
rate changes that affect returns on assets and liabilities of different currency denominations differentially, or
simply due to interest rate expense on repurchases agreements. These movements then in turn can lead to
volatility in the central bank remittances to the government.

In this paper, I present simple closed and open economy models that feature a central bank with maturity
and currency mismatch between assets and liabilities on its balance sheet. In particular, motivated by the
discussion above and the stylized facts on various central bank balance sheets that I present in more detail
below, in the model, the central bank holds long-term domestic or short-term foreign currency assets while it
issues short-term domestic currency liabilities. Using the flow budget constraint of the central bank together
with just equilibrium asset pricing conditions allows me to undertake a present value analysis in the spirit of
Sargent and Wallace (1981). In particular, T show with such balance sheet arithmetic that the outstanding
net asset position of the central bank is equal, in equilibrium, to the difference between the present value
of its transfers to the Treasury and net interest income of the central bank.? One key result of the simple
model is that the net interest income is given by essentially the expected change in the short-term nominal
interest rate in the closed economy model and the expected change in the nominal exchange rate in the open
economy model.

I then consider a balance sheet constrained central bank, one which faces a constraint in the path of its
remittances to the Treasury. This is similar in spirit to the central bank under fiscal dominance in Sargent
and Wallace (1981). For simplicity, consider a case where remittances to the Treasury are fixed. Then, the
present value analysis implies that an increase (decrease) in interest income today must lead to a decrease
(increase) in future.® Critically, since the interest income depends on the change in the short-term nominal
interest rate or the nominal exchange rate, this means that interest rate policy or exchange rate policy get
constrained in this case. Thus, the central bank cannot freely choose the path of its policy instruments
in future as it is bound by balance sheet considerations. Precisely this constitutes unpleasant central bank
balance sheet arithmetic.

In contrast, a balance sheet unconstrained central bank does not face a constraint in the path of its
remittances to the Treasury. In particular, it can freely choose the path of its instrument, the short-term
nominal interest rate or the nominal exchange rate, as remittances to the Treasury adjust endogenously to
the state of its balance sheet. In such a case, the present value analysis implies that an increase (decrease)
in transfers to the Treasury today must lead to a decrease (increase) in future.

I embed the maturity mismatched central bank balance sheet in a fully specified, otherwise standard,

IMajor central banks now have interest bearing short-term liabilities, such as reserves.

2Net interest income is the one-period interest on the net asset position of the central bank.

3In Sargent and Wallace (1981), the income of the central bank consists of classical seigniorage revenues, while in my model,
it consists of net interest income from the portfolio composition of the central bank balance sheet. In Sargent and Wallace
(1981), under fiscal dominance, an increase (decrease) in seigniorage today must lead to a decrease (increase) in future.



non-linear closed economy equilibrium model with nominal rigidities. This allows me to assess the generality
of the results from the simple model, such as precisely how central bank behavior gets constrained, as well
as study the effects on endogenously determined inflation and output dynamics. The model features policy
rules for the determination of the short-term nominal interest rate and for transfers to the Treasury. The
two key analyses I consider are the effects of a transitory current innovation to the interest rate rule of the
central bank and a transitory future innovation to the interest rate rule of the central bank. The first is a
standard monetary policy shock while the second is a policy news or a forward guidance shock.

For the balance sheet unconstrained central bank, the dynamics following a current surprise monetary
policy shock are standard: nominal interest rate increases, inflation falls, and the two are negatively cor-
related. Given the transitory shock and no state variables, the dynamics, including the negative effect on
output, are completely transitory. In sharp contrast, the model with balance sheet constrained central bank
leads to very different dynamics of the short-term interest rate and its correlation with inflation. On impact,
the short-term nominal interest rate still rises. The net interest income falls on impact, as is to be expected
given a direct rise in interest paid on central bank liabilities. After the first period and dynamically however,
the short-term nominal interest rate falls. This is essential because of balance sheet considerations that
require the net interest income to rise in future. Thus, after falling in the second period, the short-rate tran-
sitions back to steady-state, rising along the transition. Inflation throughout is lower and slowly transitions
back to steady-state. This means that after the initial period of the shock, the short-term interest rate and
inflation are positively correlated, even though the model has sticky prices.

One key intuition for the dynamic correlation between inflation and short-term interest rate is that when
the central bank is balance sheet constrained, it has to forego following the Taylor principle. In its interest
rate rule, while the short-rate responds positively to inflation, it does so by less than one-for-one. This positive
response in the policy rule then leads to a positive correlation over time between inflation and the short-term
interest rate. In other words, along the transition, while the nominal interest rate is below steady-state and
increasing, the real interest rate is above steady-state and decreasing. These persistent dynamics arise, even
though the shock is transitory, as central bank balance sheet variables are now endogenous state variables
that affect the dynamics of interest rates and inflation. This also implies that when the central bank is
balance sheet constrained, output declines persistently following a one-time contractionary monetary policy
shock, with the real interest rate persistently higher. Thus monetary policy shock is more contractionary
than when the central bank is not balance sheet unconstrained and leads to a stronger and more persistent
effect on both inflation and output.

I next model effects of forward guidance policy by introducing a monetary policy news shock. In par-
ticular, in the current period, there is an anticipated negative shock to the interest rate rule in future. For
the balance sheet unconstrained central bank, the dynamics following such a monetary policy news shock
are standard: inflation and output increase on impact, and as a result given the feedback interest rate rule,
the short-term nominal interest rate does as well. When the news shock is actually realized, the interest
rate falls, and as the shock is transitory and the model completely forward looking, output, inflation, and
the short-term rate all go back to steady-state the period after. All throughout the transition, inflation and
output are both positively affected and do not go below steady-state.

In sharp contrast, forward guidance leads to a very different dynamics of inflation and output when the
central bank is balance sheet constrained. Inflation and output are still positively affected on impact, but
by a lower amount. More importantly, dynamically, both are affected negatively and there is in future both

deflation and a contraction in economic activity. After the monetary policy news shock is realized, these



variables do not go back to steady-state immediately next period but instead transition back slowly as central
bank balance sheet variables are now state variables in the model. Along this transition after the shock is
realized, nominal interest rate and inflation are both negative and, again, positively correlated. Moreover,
the nominal interest rate and the real interest rate are negatively correlated.

What drives this lower stimulative effect of forward guidance initially as well as deflation and contraction
in output in future? When the central bank is balance sheet constrained, the net interest income of the
central bank is constrained in its path. In particular, consider the period when the negative news shock is
realized. The short-term nominal interest rate cannot immediately go back to steady-state next period, but
instead transitions slowly back so that the net interest income is positive for several future periods. Only
this dynamics ensures a stationary equilibrium, as before the news shock is realized, net interest income is
negative with the short-term interest rate falling over time. In this regime however, a negative short-term
nominal interest rate leads to a negative effect on inflation as they are positively correlated as I described
above. Moreover, a negative nominal interest rate is associated with a positive real interest rate along the
transition. Nominal rigidities ensure that output falls after the news shock is realized as well. Finally, forward
looking inflation dynamics in fact lead to inflation, and because of that also the nominal interest-rate, falling
even many periods before the news shock is realized.

This paper is related to several strands of the literature. My analysis is clearly close to Sargent and
Wallace (1981), whose focus was on the dynamics of the classical seigniorage revenues of the central bank
and how the central bank might lose freedom in its path of inflation/seigniorage when its remittances to
Treasury are constrained. I focus here on the dynamics of the net interest income of the central bank that
arises from the portfolio composition of, and mismatch on, its balance sheet, a situation that has become
relevant recently for central banks of even advanced countries. Their case of unpleasant monetarist arithmetic
when a central bank is under fiscal dominance motivates my analysis of unpleasant central bank balance
sheet arithmetic when a central bank is balance sheet constrained.*

On emphasizing the connections between fiscal and monetary policy, and in highlighting that inflation
determination depends on the full general equilibrium of the model and requires a complete specification of
policy rules, my paper also shares the theme of the fiscal theory of the price level, for example, as developed
in Sims (1994) and Woodford (1994). I use policy rules in the general equilibrium model that are motivated
in their formulation by this literature. One difference regarding mechanisms is that the revaluation of
government liabilities through inflation does not play a role in my model. Rather, a key role is played by
adjustment in the short-term nominal interest rate, the policy instrument, in future.®

My paper is also clearly related to recent work that has assessed how central bank balance sheet dynamics
might affect monetary policy. Prior to the crisis and unconventional policy by central banks, Sims (2004),
Sims (2005), Zhu (2004), and Berriel and Bhattarai (2009) analyze various implications of imposing a central
bank budget constraint on the conduct of monetary policy. Recently, Hall and Reis (2013), Reis (2013),
Bassetto and Messer (2013), and Del Negro and Sims (2015) have provided several important insights related
to consequences of central banks issuing interest bearing liabilities, the reliability of stable money demand at
high inflation, and whether the central bank might lose control of inflation because of solvency concerns.® My

41 do set up a general model with cash, but eventually abstract from seigniorage considerations for sharp focus. Bhattarai,
Lee, and Park (2014) sets up the fiscal dominance regime in an equilibrium model with nominal rigidities and cash.

5Canzoneri, Cumby, and Diba (2011) is a recent survey of both the unpleasant monetarist arithmetic and the fiscal theory
of the price level literature. See also Sims (2013).

6See also Ennis and Wolman (2010) for a discussion of possible implications of a large amount of interest bearing excess
reserves. Carpenter et al (2013) empirically assess how income of the Federal Reserve and its transfers to the Treasury might
get affected in future, depending on increases in short-term interest rates.



relative focus is on explaining precisely how central bank behavior might get affected, in terms of dynamics
of net interest income that constrains interest rate and exchange rate policy, under maturity and currency
mismatches in its balance sheet. Additionally, I use a complete non-linear dynamic equilibrium sticky price
model to assess the differences in the real effects of a monetary policy shock, and the comovement of inflation
and (nominal and real) interest rates following such a shock, when a central bank is balance sheet constrained.
The distinction between, and co-movement (or lack thereof) of nominal and real interest rates for instance
is a key aspect of my analysis, which is possible because of nominal rigidities. Finally, I am able to study
the effects of forward guidance, in a model where inflation dynamics affect economic activity.”

I focus on issues of monetary policy transmission when central bank policy is constrained by balance sheet
considerations, while taking the mismatches in the balance sheet as given. It is however related to recent
normative work that breaks the neutrality of open market operations of Wallace (1981) when the central
bank cannot commit and cares about its balance sheet. In particular, in a specific zero lower bound situation,
the constraints that I highlight in terms of interest rate and exchange rate policy could in fact be beneficial
when the central bank cannot credibly commit to future interest rate policy. Bhattarai, Eggertsson, and
Gafarov (2016) show this in a closed economy model with optimal monetary policy when the central bank
balance sheet has a maturity mismatch while Jeanne and Svensson (2007) show this in an open economy
model when the central bank balance sheet has a currency mismatch.® My results here show that generally,
such balance sheet constraints can lead to a non standard transmission of monetary policy shock, both a
surprise shock and a news shock to interest rates.” Moreover, in such a case, innovations to the balance
sheet variables transmit to the rest of the macroeconomy by inducing responses from monetary policy.

My result on the transmission of a current shock to the interest rate rule when the central bank is balance
sheet constrained is related to some recent results in the fiscal theory of the price level and the Neo Fisherism
literature. Under the fiscal theory of the price level, in a sticky price model with one-period government
debt, Bhattarai, Lee, and Park (2014) show analytically that a positive inflation target shock leads to a
decrease in inflation while in a sticky price model with long-term government debt, Sims (2011) shows that
a positive interest rate shock increases inflation after a delay. These results arise because of the wealth effect
arising from government debt holdings that is inherent in the transmission mechanism of monetary policy
in this theory. Bhattarai, Lee, and Park (2014) moreover emphasize that in this case, the inflation target
and inflation are negatively correlated, in sharp contrast to the standard case where they are positively
correlated.!® Additionally, under Neo Fisherism, for instance as described in Williamson (2016), raising
interest rates raises inflation. In my model when the central bank is balance sheet constrained, in contrast
to the traditional text book case, nominal interest rates and inflation are indeed dynamically positively
correlated while nominal and real interest rates are negatively correlated. At the same time however, a
positive interest rate shock on impact, does lead to an increase in the short-term nominal and real interest
rate, and more importantly, a negative response of inflation and output throughout.

Finally, my paper is related to the recent literature on the effectiveness of forward guidance in the New
Keynesian model. Del Negro, Giannoni, and Patterson (2015) have established that news about future

expansionary monetary policy has quite large, and unrealistic, effects in a standard New Keynesian model.

7 Although not the focus of this paper, such a model also allows me to consider a situation where the zero lower bound on
the short-term nominal interest rate might bind and lead to deflation.

8See also Benigno and Nistico (2015) and Berriel and Mendes (2015).

91 discuss later some key differences that arise from taking a feedback rules based approach, as in this paper, compared to an
optimal policy approach, as in Bhattarai, Eggertsson, and Gafarov (2016), as these two imply a different equilibrium/solution
concept.

10Bhattarai, Lee, and Park (2016) show this result in an estimated model as well.



They have dubbed this the forward guidance puzzle and various resolutions to this puzzle have been proposed.
In particular, the literature has proposed reducing the forward looking behavior of either households or
firms in the model. For instance, Del Negro, Giannoni, and Patterson (2015) use a finite life-time model;
Carlstrom, Fuerst, and Paustian (2015) and Kiley (2016) use a sticky information friction instead of the usual
sticky price friction; and Mckay, Nakamura, and Steinsson (2016) use a model with borrowing constraints.
Forward guidance is also less effective in my model when the central bank is balance sheet constrained, but
households and firms are completely forward looking in an infinite horizon environment, as in the standard
New Keynesian model. In fact, I show that the entire dynamics of inflation and output when the central
bank is balance sheet constrained looks very similar to those in models that reduce forward looking behavior
of consumers due to incomplete risk-sharing. Central bank balance sheet considerations can thus be another

channel through which the effectiveness of forward guidance gets reduced.

2 Central Bank Balance Sheet Data

Before presenting the model, for more context and motivation, in Figures 1-4, T present descriptive data
on evolution of assets and liabilities as well as net income and transfers to the government of a few major
central banks. These data highlight the rapid expansion of central bank balance sheets, compared to the
pre-crisis levels, together with changes in composition that have led to maturity and /or currency mismatches
in the balance sheets. In another departure from the pre-crisis era, these central banks now also pay interest
on liabilities/reserves. As is obvious from Figures 1-4, all these central bank balance sheets have expanded
substantially, with several increasing three to four times their pre-2008 levels.

Panel (a) of Figure 1 shows that for the U.S., the maturity of assets purchased has increased substantially,
which was funded mostly by issuing interest bearing short-term reserves. The maturity mismatch on the
Federal Reserve balance sheet is quite substantial. Panel (b) of Figure 1 shows that until now, the Federal
Reserve has been making profits and remitting large amounts to the Treasury, in spite of interest expense
related to payment on reserves as well as those due to repurchases agreements. As short-term interest rates
rise, and interest expense on liabilities increase, this situation can change in future.

In fact, some other prominent central banks have already made losses and transfers to the government
have already gone close to or even exactly to zero at times. Panel (a) of Figure 2 shows that for Japan,
assets are predominantly domestic government bonds or foreign currency denominated assets. Moreover, the
government bonds held by Bank of Japan are primarily long-term, with average maturity of around 7 years.
These asset holdings are financed mostly by reserves and some by repurchase agreements. Thus, the Bank
of Japan’s balance sheet features both maturity and currency mismatch. Panel (b) of Figure 2 shows that
there have been major fluctuations in income of Bank of Japan, and in fact, there have been years with losses
due to exchange rate fluctuations. Similarly, panel (a) of Figure 3 shows that for Switzerland, the major
component of assets are foreign currency investments, which have been funded mostly by reserves. These
reserves are domestic currency denominated. This massive currency mismatch has led to rapid fluctuations
in the income of Swiss National Bank, with net losses made in several years recently, as shown in panel (b)
of Figure 3. For both the Bank of Japan and the Swiss National Bank, transfers to the government have in
turn varied, moving with net income, and in some years, declined close to or exactly to zero.

Finally, Figure 4 presents data on the European Central Bank, where I present the data for ECB and the
Eurosystem (ECB and all national central banks consolidated) separately, in panels (a) and (c) respectively.

Panel (c) shows that for the Eurosystem as a whole, assets are mostly securities purchased, those accruing



from different kinds of lending/refinancing programs, and claims denominated on foreign currency. The
securities purchased as a result of recent unconventional monetary policy actions are primarily long-term.
For instance, those purchased under the public sector purchase program and securities market program have
remaining maturity of around 8 and 4 years respectively. These asset holdings are financed, recently, by
non-currency liabilities denominated in Euro, in particular reserves. Thus, the Eurosystem balance sheet
features maturity, and to some extent also currency, mismatch.!! As shown in panel (b) of Figure 4, there
have also been non-trivial fluctuations in the net income of the ECB, with in fact losses accruing in several
years even in the pre-crisis period. In such years, the major sources of losses have been either write-downs
or valuation changes arising from exchange rate or interest rate changes. Following the fluctuations in net

income, transfers to the national central banks have in turn varied, with several years of zero transfers.!?

3 Simple Model

In this section, I keep the model deliberately simple with the goal of focusing simply on the central bank
balance sheet. I consider two important, and recently empirically relevant, mismatches between assets and
liabilities of the central bank: maturity mismatch and currency mismatch. I model maturity mismatch in
a closed economy and currency mismatch in an open economy separately to clarify the main results. The
dynamics of the central bank balance sheet, together with some standard asset pricing conditions only, allows
me to derive several insights on when and how monetary policy actions might get constrained by balance
sheet considerations. Moreover, the analysis here is also deliberately in the spirit of Sargent and Wallace

(1981)’s analysis of the implications of the present-value government budget constraint.

3.1 Maturity mismatch in a closed economy

I first consider a general, closed economy central bank balance sheet with nominal assets and liabilities. The
central bank issues non-interest bearing and interest bearing short-term liabilities while it holds long-term
assets. Without loss of generality, the short-term liabilities are one-period bonds while the long-term assets
are two-period bonds. The model is thus one of maturity mismatch.

3.1.1 Unpleasant central bank balance sheet arithmetic

The nominal flow budget constraint of the central bank is given by
QuBi—1— Li1 — My — BTy = Q2 By — QueLy — M,y

where M, is non-interest bearing liabilities (e.g. cash), L; is one-period liabilities (e.g. interest-bearing

reserves) with @1, its price, and B, is two-period assets with Qo its price. Moreover, P; is the nominal price

M7 also present the data on the ECB balance sheet separately for completeness. Several variables have similar dynamics in
panel (a) and (c), but there are some differences. For instance, intra-Euro System claims and liabilities appear in panel (a), but
not panel (c). Additionally, for currency in circulation, ECB has 8% of the Euro Area currency in circulation on its balance
sheet, the income from which is distributed to the national central banks.

12Concerns about the central bank making large losses and remitting nothing to the Treasury have previously been discussed
mostly for emerging markets and developing countries. See for instance, Sims (2004), Stella (2005), and Berriel and Bhattarai
(2009) for some empirical facts and pre-crisis policy discussions of how central banks are worried about the state of their
balance sheet for political economy/independence reasons. Moreover, see also the more recent contributions in Milton and
Sinclair (2015).



level and T is the central bank transfer to the Treasury.'® The flow budget constraint can be written in real

terms as
Quibia I — 1T — my (I = Ty = Qagby — Quely — mu (1)
where by = %‘, Iy = %:, my = %:, and II; = Pijl is gross inflation. Finally, under complete markets, the

two bond prices are determined by standard asset-pricing conditions

Q1 = By [Gar I ] Qo = By [Car1Quesa I (2)

where F; is the mathematical conditional expectation operator and (; (41 is the unique stochastic discount
factor.

To get insights on how the maturity mismatch between assets and liabilities can constrain the central
bank, it is useful to approximate the central bank budget constraint around a non-stochastic steady-state.
The analysis in this case will be very similar to the one in Sargent and Wallace (1981). Log-linearizing (1)
gives

1

byt = BbN,tfl + %St - %,ft +b [Qu — BE,Qui41 (3)

where by + = 51% — 1, is the (real) net asset position of the central bank in terms of difference in the stock of
interest bearing assets and liabilities, s; = m[rh; + m — 1i;_1] is revenue from issuing non-interest bearing
liabilities or seigniorage, and A is the discount factor.'®

There are several aspects of (3) that require some discussion. First, while deriving it, (2) log-linearized
has been imposed, which is a no-arbitrage condition that illustrates the expectation hypothesis

Qat = Qui + EiQui 41 4)

and links the two-period bond price with the current and expected future one-period bond prices. Second,
other than through the seigniorage term, inflation does not appear directly as both assets and liabilities are
nominal.'® Third, in this approximated budget constraint, only the net asset position, and not the separate
gross asset and liability positions, appears.'”

Fourth, and perhaps more important, the dynamics of net asset of the central bank get affected by the net

interest income on its position, Q1 —5EtQ1t+1. Why is this the flow net interest income of the central bank?

3 Through out the paper, T write flow budget constraints in terms of market values and define flow transfers to the Treasury
accordingly. The transfers here can be interpreted as net of some operations costs of the central bank. For discussion of use of
market prices compared to hold to maturity, see Bassetto and Messer (2013). Hall and Reis (2013) and Del Negro and Sims
(2015) discuss issues related to the accounting standards that are used in determining central bank transfers to the Treasury.
A detailed modeling of these conventions is not the focus of my paper. In terms of timing convention for stock variables, I use
Xt to represent the value of X in the beginning of period ¢ + 1.

14Ct,t+1 in a completely specified general equilibrium model, such as the one presented in the next section, will be given by

B% where S is the discount factor and U, is the marginal utility of the representative household.

151} terms of approximation, I log-linearize all variables, except for asset and liability positions and transfers to the Treasury,
which are expressed in terms of deviations from steady-state. The steady-state is a zero inflation steady-state where the net
position is zero. In terms of notation, an approximated variable is represented by a circumflex above the variable while the
variable in steady-state is represented without a time subscript.

161n addition, for this result, the steady-state values of assets and liabilities have to be equal, as is the assumption for
simplicity here.

17This is a feature of log-linearization and in the general non-linear model presented in the next section, gross positions will
need to be determined separately. Moreover, this is not a feature specific to my model and is a general property of any model
with different assets. For instance, it is feature of international finance models that have portfolio choice, such as Berriel and
Bhattarai (2013).



It is useful to go back to the original budget constraint (1). On its one-period liability, the central bank

pays the one-period interest rate & On its two-period asset, the effective one-period interest rate earned
is % With a first-order approximation, the difference between the two, after accounting for discounting

in the definition of the net asset position, is given by Q1; — BE:Q1s41.1% In particular, note that this is not
equal to the interest rate spread, the difference between the interest rate on the two-period and one-period
bonds. Finally, the effect of the net interest income on the dynamics of net asset position depends on the
steady-state gross position of the central bank balance sheet. In this sense, a large size of the balance sheet
can magnify the effects of fluctuations in interest rates.

To get implications similar to Sargent and Wallace (1981) while focusing on the maturity mismatch, I will
now simplify by assuming that seigniorage revenues are negligible. This will help make the new implications
of this paper distinct.!® Then, (3) is given by

1

1.
bn.t BbN,tfl - BTt +bRN .+ (5)

where Ry = Qu — ﬂEtQ1t+1 is the one-period net interest income of the central bank discussed above. The
flow budget constraint can then be expressed in a present value form after imposing a terminal condition on
net asset of the central bank as

bni1=» BT, —B> B'bRy, (6)
t=0 t=0

where I will take the initial net position by:—1 as given.?? Now, using (6), consider how any outstand-
ing/initial net position of the central bank needs to be financed. In particular, if by ;—1 < 0, then adjustment
must come, in a present value sense, either from lower central bank transfers to the Treasury (Tt) or from
higher net interest income of the central bank (Ry ;).

Even more importantly, consider a case similar to Fiscal dominance in Sargent and Wallace (1981)
where now the present value of central bank transfers to the Treasury is fixed (or exogenous generally).
This describes the closed economy balance sheet constrained central bank. Then it is clear that an increase
(decrease) in interest income today must lead to a decrease (increase) in future. In particular, since the
interest income depends on the one-period interest rate, the policy instrument of the central bank, this
means that the central bank’s interest rate policy gets constrained in this case. Thus for example, it cannot
freely choose the path of its policy instrument in future. This constitutes unpleasant central bank balance
sheet arithmetic in a closed economy with a maturity mismatch in the central bank balance sheet.??

Now consider again the case of by :—1 < 0 for the closed economy balance sheet constrained central bank.
In this case, as adjustment does not come from central bank transfers to the Treasury (for intuition, we can
think of there being no response of transfers at all), it must be the case that adjustment comes from higher
net interest income of the central bank. Additionally, this unpleasant balance sheet arithmetic implies that
if transfers to the Treasury increase (decrease) today with no future off-setting decreases (increases), then
net interest income must increase (decrease) in future, in order to satisfy (6). Again, in both these cases,

the policy instrument of the central bank must adjust and respond appropriately to support the required

18 Alternatively for intuition, note that under risk-neutrality, as Qor = Q1¢F+ [Q1¢+1], the difference between the two would
1 I

e E[Qret1] @ut”

19Se[e H;H] and Reis (2013), Reis (2013), and Del Negro and Sims (2015) for insights on the role played by seigniorage.

200ne can focus here on a perfect foresight environment without loss of generality.

21This is similar to the Sargent and Wallace (1981) analysis on how outstanding debt of the government needs to be financed.

22This is an analogue to the unpleasant monetarist arithmetic in Sargent and Wallace (1981) where with the present value of
tax revenues fixed, it implied that if seigniorage increased today, it must decrease in future.



adjustment in net interest income. How exactly does the policy instrument respond? In both cases, the
nominal short-term interest rate must fall, thereby ensuring a direct fall in interest paid on (short-term)
liabilities, which in turn in equilibrium leads to an increase in the net interest income.??

If the present value of central bank transfers to the Treasury is not fixed, and in particular, if it adjusts to
the state of the balance sheet to satisfy (6), then that describes the closed economy balance sheet unconstrained
central bank. For such a central bank, as the path of net interest income, and thereby its policy instrument,
is not constrained, it can freely pursue its objectives regarding the dynamics of the one-period interest rate.
On the flip side, this then implies that if transfers to the Treasury increase (decrease) today, they must

decrease (increase) in future, in order to satisfy (6).

3.1.2 Policy rules, transition dynamics, and responses to shocks

To get further insights and to make the mechanisms described above even more concrete, I now consider
explicit monetary and balance sheet /transfer policy rules that can be used to model the two types of central
banks. A complete equilibrium analysis of the transition dynamics associated with by;—; < 0 can now
be undertaken in a straightforward way. Moreover, I introduce exogenous shocks to the interest rate and
transfers to the Treasury in order to trace out the transmission of policy changes to model variables in a
standard impulse response function analysis. This framework also allows a clear illustration of the basic logic

discussed above regarding which term in (6) adjusts and which variable is set freely by the central bank.

Policy rules for the two central banks For the closed economy balance sheet unconstrained central
bank, as it is free to set the path of the short-term interest rate (i; = -Qu) and transfers to the Treasury can

respond appropriately to the state of its balance sheet, the rules are given by

Qu=¢i, Ty = Yoy -1 + & (7)

where ¢ > 1 — 3, which ensures that the central bank does not have to use its policy instrument to ensure
that it satisfies (6). That is, in this case, transfers to the Treasury will co-move sufficiently positively with
the net asset of the central bank. Additionally, ¢; in this simple model is simply an #id shock and just
illustrates that the central bank is free to set the path of the short-term interest rate while &; is an iid shock
in the transfer rule.?

For the closed economy balance sheet constrained central bank, the path of its transfers to the Treasury
is constrained (or fixed/exogenous) and as a result the net interest income will have to respond to the state
of its balance sheet. This implies that it cannot freely set the path of its policy instrument. The rules are
then given by

Ryt = ¢rbN -1 + &, Ty =& (8)

23] illustrate below using an equilibrium analysis the full dynamic path through which the policy instrument responds to
these two cases. There will be dynamics because of the state variable, the net asset position of the central bank, that matters
for the evolution of the nominal short interest rate.

24Because the model here is very simple, I consider a somewhat unconventional interest rate rule to clarify the main point. In
the fully specified equilibrium model in the next section, I will consider a standard interest rate feedback rule that responds to
inflation. As I noted above, here, inflation does not appear in the approximated central bank budget constraint and specifying
a rule like this is useful both to keep the model very parsimonious, as well as, in clarifying the central mechanism of the paper.
Moreover, for now I use simple feedback rules for transfers to Treasury with two exogenous central bank models, as opposed to
some other alternatives, such as lower bound on transfers and endogenous switch of the two types of central banks, as that leads
to a very straight forward analysis and makes clear the mechanisms. I do consider later in this section a model with bounds
on transfers to Treasury and show that the main insights remain the same. See Hall and Reis (2013) and Del Negro and Sims
(2015) in addition for using bounds on transfers to the Treasury.

10



where ¢pr < b (1 — ﬂ_l), which ensures that (6) is satisfied in the face of exogenous transfers to the Treasury.
That is, in this case, net interest income of the central bank will co-move sufficiently negatively with the net
asset of the central bank.?® Here, & is an iid shock in the transfer rule, which just illustrates that the path

of transfers is exogenous.

Transition dynamics and responses to shocks How do variables respond to the two shocks, to the
interest rate/interest income and transfers to the Treasury? How does the transition dynamics associated
with by +—1 < 0 look like?

Closed economy balance sheet unconstrained central bank First, consider the closed economy
balance sheet unconstrained central bank. The model here simply consists of (5) and (7). In this case, the
solution of the model is similar to conventional text-book models, at least for interest rate shock and resulting
dynamics. When there is an iid shock to the interest rate rule, say a shock that increases the short-term
interest rate, then the short-term will increase on impact and then go back to steady-state next period.
The central bank thus has complete control of its policy instrument, as in conventional models. Because
of a temporary, one-period increase in the short-term interest rate, the net interest income of the central
bank decreases by the same amount on impact. This means that the net asset position of the central bank
and after a period, transfers to the Treasury, also decrease. The balance sheet variables (and not interest
rate and central bank net interest income) have endogenous dynamics as the variables evolve over time, as
given clearly in (5). The result for the interest rate shock for the closed economy balance sheet unconstrained
central bank is illustrated in panel (a) of Figure 5.26

Now I can analyze transition dynamics associated with by :—1 < 0. Here, all the adjustment comes from
transfers to the Treasury, which must decline. Given that we are looking at stationary dynamics, the net
asset position slowly reverts back to steady-state, as does transfers to the Treasury. The short-term nominal
interest rate or net interest income of the central bank is not affected at all. The results for the transfer
shock for the closed economy balance sheet unconstrained central bank is illustrated in panel (b) of Figure 5.

Finally, consider an iid shock to the transfer rule, say a shock that increases transfers to the Treasury.
Then the transfers will increase on impact. Following the present-value logic described above however, in
order to satisfy (6), transfers will decrease in future. The net asset position of the central bank will decrease
on impact, as transfers have increased, and then slowly transition back to steady-state. This shock does not
affect interest rates or the net interest income of the central bank. Thus, other than in terms of implications
for balance sheet variables, there is no effect of this shock on other variables in the model. The results for
the transfer shock for the closed economy balance sheet unconstrained central bank is illustrated in panel (c)

of Figure 5.

25Note again that the net interest income is given by Ry = Q1 — 5EtQ1t+1, which is a quasi first-difference of the short-
term interest rate. Here, it is instructive to directly specify a rule for net interest income as that is the main object of analysis.
Bhattarai, Lee, and Park (2014), to illustrate the original Sargent and Wallace (1981) mechanism, use directly a rule for
seigniorage for a central bank under fiscal dominance. In the unconstrained central bank case as well, I can use a rule for net
interest income without any loss of generality for the iid shock case. Because in that case, since as we will see later, interest
rates do not depend on central bank balance sheet variables, the response of the interest rate is completely transitory, thereby
implying a one-to-one negative correspondence between interest income and the short-term interest rate. Finally, the analytical
boundaries for the two types of central bank regimes are quite straightforward to derive, based on ruling out explosive dynamics
of net assets of the central bank. The policy rules (where shocks can be ignored) can simply be plugged into (5) and then the
derivation requires that the coefficient on lagged net asset position is less than 1. The signs of the policy rule coefficients are
particularly intuitive as they appropriately ensure that (6) is satisfied.

26There are very few parameters in the model. I use for illustration 8 = 0.99, b = 1, and 7 = 0.02.
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Closed economy balance sheet constrained central bank In sharp contrast, next, consider the
closed economy balance sheet constrained central bank. The model here simply consists of (5) and (8). In this
case, the solution of the model is quite different from the case above that was more in line with conventional
text-book models. When there is an 7id shock to the net interest income, say a shock that decreases it, then
on impact it will decrease. But, by the logic presented above, in this case, the net interest income in future
must adjust as transfers do not. In particular, net interest income must increase in future in order to satisfy
(6). Thus next period, it increases and then slowly transitions back to steady-state. What is the resulting
equilibrium dynamics of the short-term interest rate? The short-term interest rate does not move initially,
by construction, and then it falls, before rising back to steady-state, as the net interest income is essentially
the first-difference of the short-term interest rate. The result for the net interest income shock for the closed
economy balance sheet constrained central bank is illustrated in panel (a) of Figure 6.2 The dynamics of
policy rate in this case are thus clearly determined by central bank balance sheet considerations and are in
sharp contrast to those in panel (a) of Figure 5.

Next, I can analyze transition dynamics associated with by+—1 < 0. Here, again, all the adjustment
comes from net interest income of the central bank and none from central bank transfers to the Treasury.
Thus, net interest income must increase to satisfy (6). Given that we are looking at stationary dynamics,
the net asset position slowly reverts back to steady-state, as does net interest income of the central bank.
The short-term nominal interest rate is now clearly affected as it has to be consistent with the dynamics of
the net interest income. Specifically, the short-term nominal interest rate must fall initially, so that there is
a direct reduction in the interest paid on the (short-term) liabilities, and then it reverts back to steady-state,
increasing along the transition (as is consistent with the net interest income, which is essentially the slope of
this transition path, being positive). The results for the transition dynamics for the closed economy balance
sheet unconstrained central bank is illustrated in panel (b) of Figure 6 and they are in sharp contrast to
those in panel (b) of Figure 5.

Finally, consider an iid shock to the transfer rule, say a shock that increases transfers to the Treasury.
Then the transfers will increase on impact. Since this is a one-time shock, transfers go back to steady-
state next period. In contrast to the closed economy balance sheet unconstrained central bank, now interest
rate dynamics get affected as the net interest income of the central bank must respond in equilibrium. In
particular, here, the net interest income must increase in a present value sense. Initially however, because
of the rule in (8), as initial outstanding net asset position has not changed (making this different in this
respect from the transition dynamics experiment above), net interest income does not change either. In
future however, net asset decreases, and consistently, net interest income will increase. The equilibrium
short-term interest rate path implies that first it decreases, again, to ensure a direct fall in the interest paid
on (short-term) liabilities. It also decreases further next period, with an overshooting, before rising and
transitioning back to steady-state.?® Why does the short-term interest rate decrease further for one period?
The key reason is that the net interest income in the first-period does not change. For this to be consistent
with interest rate dynamics, it must be that the next period interest rate is slightly more negative as § < 1
(note that Ry, = Qu — BEthtH). The results for the transfer shock for the closed economy balance sheet
constrained central bank is illustrated in panel (c) of Figure 6. These results are in sharp contrast to those
in panel (c) of Figure 5, where the shock to the transfer rule for instance did not affect interest rate or the

net interest income of the central bank at all.

27There are very few parameters in the model. I use for illustration 8 = 0.99, b =1, and ¢r = —0.02.
28Note that the short-term interest rate cannot rise on impact. There will be no stationary dynamics in that case.
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3.1.3 Alternate model of central bank balance sheet constraints

I now consider a slightly different, but related, model of central bank balance sheet constraints. Instead of
modeling the two cases where the central bank is constrained or not separately in an exogenous way, I now
present results where this regime change occurs endogenously. Moreover, instead of analyzing an exogenous
central bank transfer rule, I consider a lower bound on central bank transfers. Thus, there are now two
regimes in the model, where the switch happens endogenously.

In particular, let the lower bound on central bank transfers be given by
T, > —x (9)

where x > 0. Then, if the central bank transfer lower bound is not reached, the policy rules are given by

Qe =1, Th = Yrbny—1 + &

where ¥ > 1 — 8. This is the case of a closed economy balance sheet unconstrained central bank. If the
central bank transfer lower bound is reached, then the policy rules are given by

By = ¢rbni—1 + &t Tt ==X

where ¢ < b (1 — ﬁ’l). This is now the case of a closed economy balance sheet constrained central bank.
Again, given a shock, whether and how long the bound on central bank transfers binds, and thus for how
long the central bank is balance sheet constrained, is determined endogenously in equilibrium.?? The central
bank budget constraint is still given by (5).

Figure 7 shows the results for the net interest income shock in this variant of the model. For ease of
comparison, two cases are shown at the same time in the Figure. First, there is a balance sheet unconstrained
central bank case, where there is no bound on the central bank transfers. This is essentially the same as the
results in panel (a) of Figure 5. Next, a lower bound on the central bank transfers is introduced (xy = 0.055),
so that it binds after the first period. Moreover, this lower bound is binding for 10 periods. In this case, it is
clear that the model dynamics are different from the unconstrained case. In fact, they are exactly the same
as in panel (a) of Figure 6. This makes it clear that this alternate model, where transfers from the central
bank do not permanently follow an exogenous process, but instead could be constrained by a lower bound
for a finite number of periods, has the same effects on endogenous model variables. The key component
again is that the behavior of interest rates and net interest income get determined by central bank balance
sheet considerations.

3.2 Currency mismatch in an open economy

I consider next a general, open economy central bank balance sheet with nominal assets and liabilities.
The central bank issues non-interest bearing and interest bearing domestic currency liabilities while it holds
foreign currency assets. To focus on the implications of the currency mismatch as opposed to the maturity

mismatch, I here consider only one-period assets and liabilities. The model is thus one of currency mismatch.

29A less constraining rule than this lower bound on the flow remittances of the central bank would be to consider a “deferred
asset” constraint, as explained in Hall and Reis (2013). Using such a rule, by providing an opportunity to smooth remittances
over time, would lessen the effects of the constraint on the endogenous variables. Qualitatively at least however, especially for
large shocks, it would lead to similar results as the ones in this paper.
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3.2.1 TUnpleasant central bank balance sheet arithmetic

The nominal flow budget constraint of the central bank is then given by
S¢B;f_1 — L1 — M1 — PT, = SiQp~tBf — QreLy — M,

where M; is non-interest bearing domestic currency liabilities, L; is one-period domestic currency liabilities
with Q¢ its price, and B} is one-period foreign currency assets with Q) p-; its price. Moreover, P; is the
home nominal price level, T; is the central bank transfer to the Treasury, and S; is the nominal exchange,
that is the price of the foreign currency in terms of home currency.®® The flow budget constraint can be

written in real terms as

* x—1 —1 —1 *
b I — LIl =y I = T = G Qpeiby — Qrele — my (10)
here by = 2t 1, = Lt = M and T, = £ is gross home inflation while IT} = -2 is gross foreign
w t = P t — ptamt_ P t — P, g w t = Pr g g

inflation. Moreover, distinctly in this open economy environment, ¢; is the real exchange rate, defined as
G = St%:, that is, the price of the foreign good in terms of the home good.
Under complete markets, the two bond prices are determined by standard open economy asset-pricing

conditions

Qrt = BE; [Ga L], QB = BE: [Grevrse1 1T | (11)

where E; is the mathematical conditional expectation operator and (;+41 is the unique stochastic discount
factor. Finally, while this is not necessary, for simplicity of exposition, I will assume that purchasing power

parity holds in the model, so that the real exchange rate is unity
G =S5t =1. (12)

To get insights on how the currency mismatch between assets and liabilities can constrain the central
bank, it is again useful to approximate the central bank budget constraint around a non-stochastic steady-
state. The analysis in this case will again be very similar to the one in Sargent and Wallace (1981). Then,
(10) log-linearized gives

1

1 1. . N
byt = BbN,t—l + Bst - BTt +b" |5 — BEtSt-&-l} (13)

where by = Ej — [t — b*S’t is the net asset position of the central bank in terms of difference in the stock
of assets and liabilities after appropriately accounting for currency differences, sy = m[m; + 7 — my_1] is
revenue from issuing non-interest bearing liabilities or seigniorage, and 3 is the discount factor.?!

There are several aspects of (13) that require some discussion. First, while deriving it, (11) log-linearized

has been imposed, which is a no-arbitrage condition that illustrates uncovered nominal interest rate parity

Qe+ — Qui=E [§t+1 - St] (14)

30 An increase in S; is therefore a depreciation of the home currency.

31In terms of approximation, 1 again log-linearize all variables, except for asset and liability positions and transfers to the
Treasury, which are expressed in terms of deviations from steady-state. The steady-state is a zero inflation, unit real exchange
rate steady-state where net position is zero.
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and links the home bond price with the foreign bond price and expected change in the nominal exchange
rate. Moreover, (12) log-linearized has also been imposed as m, — 7] = S’t — St,l. These manipulations
have the advantage of focusing attention directly on the nominal exchange rate, a key variable in an open
economy, and which in fact, is at the source of balance sheet mismatch. Second, other than through the
seigniorage term, home inflation does not appear directly, as purchasing power parity has been imposed.
Third, as in the closed-economy model, in this approximated budget constraint only the net asset position,
and not the separate gross asset and liability positions, appear.

Fourth, and perhaps more important, the dynamics of net asset of the central bank get affected by the net
interest income on its position, S, —BEtS'tH. Why is this the flow net interest income of the central bank? It

is useful to go back to the original budget constraint (10) and for simplicity, impose purchasing power parity.

1

I Qre

asset, the interest rate earned is ﬁ With a first-order approximation, the difference between the two,
t ¥ Bt

accounting for discounting in the definition of the net asset position, is given by S; — 8E;Sy+1. Finally, the

On its home-currency liability, the central bank pays the home interest rate . On its foreign currency

effect of the net interest income on the dynamics of net asset position depends on the steady-state gross
position of the central bank balance sheet. In this sense, a large size of the balance sheet can magnify the
effects of fluctuations in exchange rates.

Like before, to get implications similar to Sargent and Wallace (1981) while focusing on the currency
mismatch, I will now simplify by assuming that seigniorage revenues are negligible. Then, (13) is given by

1 1.
byt = BbN,t—l - BTt +b" Ry (15)

)

where Ry = S, — ﬁEt§t+1 is the one-period net interest income of the central bank described above. The
flow budget constraint can then again be expressed in a present value form after imposing a terminal condition

on net asset of the central bank as

) oo
bvi1 =Y BT, —B> B Ry, (16)
t=0 t=0
where I will take the initial net position by ;—1 as given. Now, using (16), consider how the any outstand-
ing/initial net position of the central bank needs to be financed. In particular, if by ;—1 < 0, then adjustment
must come, in a present value sense, either from lower central bank transfers to the Treasury (Tt) or from
higher net interest income of the central bank (Ry ).

Even more importantly, consider a case similar to Fiscal dominance in Sargent and Wallace (1981)
where now the present value of central bank transfers to the Treasury is fixed (or exogenous generally).
This describes the open economy balance sheet constrained central bank. Then it is clear that an increase
(decrease) in interest income today must lead to a decrease (increase) in future. In particular, since the
interest income depends on the nominal exchange rate, here directly considered as the policy instrument
of the central bank, this means that the central bank’s exchange rate policy gets constrained in this case.
Thus for example, it cannot freely choose the path of the nominal exchange rate in future. This constitutes
unpleasant central bank balance sheet arithmetic in an open economy with a currency mismatch in the central
bank balance sheet.

Now consider again the case of by ;—1 < 0 for the open economy balance sheet constrained central bank.
In this case, as adjustment does not come from central bank transfers to the Treasury (for intuition, can

think of there being no response of transfers at all), it must be the case that adjustment comes from higher
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net interest incomes of the central bank. Additionally, this balance sheet arithmetic implies that if transfers
to the Treasury increase (decrease) today with no future off-setting decreases (increases), then net interest
income must increase (decrease) in future, in order to satisfy (16). Again, in both these cases, the nominal
exchange rate, the effective policy instrument here, must adjust and respond appropriately to support the
required adjustment in net interest income. How exactly does the policy instrument respond? In both
cases, the nominal exchange rate must depreciate, thereby ensuring a direct fall in the return on (domestic
currency) liabilities, which in turn in equilibrium leads to an increase in the net interest income.??

If the present value of central bank transfers to the Treasury is not fixed, and in particular, if it adjusts to
the state of the balance sheet to satisfy (16), then that describes the open economy balance sheet unconstrained
central bank. For such a central bank, as the path of net interest income, and thereby its policy instrument,
is not constrained, it can freely pursue its objectives regarding the dynamics of the nominal exchange rate.
On the flip side, this then implies that if transfers to the Treasury increase (decrease) today, they must
decrease (increase) in future, in order to satisfy (16).

Thus, the insights of the closed economy model extend in a natural way also to an open economy.
Moreover, given the similarly of the models, all the results on impulse responses to policy shocks as well as
transition dynamics are also isomorphic. To conserve space, I present them in the Appendix. I now move to

a familiar general equilibrium model where prices and output are endogenously determined.

4 Non-linear General Equilibrium Model

I now present a fully specified non-linear general equilibrium closed economy model to illustrate the results
highlighted above using the simple model, as well as show additional results on forward guidance effects and
explore thoroughly the monetary policy transmission mechanisms.?® In this set-up I use standard interest
rate policy rule specifications and will evaluate inflation and output dynamics in equilibrium. Moreover, I
specify clearly both the central bank and Treasury balance sheet policies and budget constraints. Relatedly,
as the model is non-linear, the central bank balance sheet rules that I specify will need to make clear how

gross, and not just net, positions are determined.?*

4.1 Private sector

I first describe the environment and the maximization problems faced by households and firms.
4.1.1 Households

A representative household maximizes expected discounted utility over the infinite horizon

Eo Y B'U (e, o) (17)

t=0

327 illustrate in the Appendix using an equilibrium analysis the full dynamic path through which the nominal exchange rate
responds to these two cases. There will be dynamics because of the state variable, the net asset position of the central bank,
that matters for the evolution of the nominal exchange rate.

33In the interest of space, I do not separately present an open economy model. The insights from the simple open economy
model however will go through in a fully specified general equilibrium model. The small open economy non-linear monetary
model in Bhattarai and Egorov (2016) for instance can be used to show those results.

34The non-linear model also helps make the point that the results in the previous section are not specific to a first-order
approximated model, and in particular, one where the central bank budget constrained is linearized and the asset pricing
conditions imply the expectation hypothesis. The baseline results I present are based on a fully non-linear deterministic
solution method. I also present results in an extension based on a stochastic, third-order approximation solution method.
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where 0 < 8 < 1 is the discount factor, ¢; is household consumption of the composite good, and h; is hours
supplied by the household. Ej is the mathematical expectation operator conditional on period-0 information
and U (¢, he), the period utility, is increasing in ¢; and decreasing in h;. The composite consumption good
¢; is an aggregate of a continuum of differentiated varieties indexed by ¢ € [0, 1]. The consumption good is

v

defined as ¢; = [ fol Ct(i)%ldl} " where v > 1 is the elasticity of substitution among the varieties.
Before presenting the flow budget constraint, it is useful to discuss the static expenditure minimization
problem faced by households. Let P; be the nominal price of the aggregate consumption good and P () the

nominal price of the varieties. Then, formally, the household chooses {c;(7)}{2, to minimize

/0 1 co(i) Py(i)di

subject to

[/01 ct(i)”uldi] - > ¢ (18)

while taking as exogenously given {P:(7)}$2,. Then, the shadow price on (18) is equal to P;, the nominal
price of the home consumption good.?® The demand function for the variety of goods takes the standard
downward-sloping form and is obtained from the optimality condition of the problem above.

The household’s flow budget constraint (in real terms) is then given by

l£1H;1 - Qltb£1n;1 = Qltlfl - QthfI + ¢t — wihy — ot + 7 (19)

H H
where b = % with B} the nominal two-period debt of the household and I = % with LZ the nominal
one-period asset held by the household. Here, II; = PI‘D:I is gross inflation, @1, is the price of the one-period

asset, and Qo is the price of the two-period debt. Moreover, w; is real wages, ¢; is profits from firms, and
T; is net lump-sum taxes from the Treasury.>®

Given the first-stage, static expenditure minimization problem discussed above, the problem of the home
household then is to choose {c;, h¢, I, b }22,, to maximize (17) subject to a sequence of budget constraints

(19), while taking as exogenously given initial wealth and {IL;, pr, wi, Q1t, Qaty Tt }i20-

4.1.2 Firms

There is a continuum of monopolistically competitive firms that produce differentiated varieties. The firms
are of measure 1 and indexed by ¢ € [0,1]. Firm 4 produces output y; using labor as input

yi (i) = F(hi(i)) (20)

where the production function F'(h:(7)) is increasing in h; (). Firms hire labor in a common, perfectly
competitive factor market.

Firm 4 sets prices P;() for its good. I introduce nominal rigidities following Rotemberg (1982). Thus,
firms face a cost of adjusting prices given by d (P;(¢)/P;—1(i)) where d(.) is a convex function. Moreover,

35 P, is thus the minimum-expenditure price index.

36Note that the flow budget constraint is written in terms of real values, where the deflator is the common price level of the
aggregate consumption good. Also, while I make this clear later, I use debt and asset holdings of the household in terms of
terminology to pre-empt the market clearing conditions on the two-types of assets and the assumptions on monetary and fiscal
policy. The household is subject to a no-Ponzi game condition.
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the demand function for variety i is derived from the cost-minimization problem of the household over

differentiated varieties discussed above and given by

y;(ti) _ (P;D(ti)>y (21)

where y; is aggregate demand that is taken as given by the firms.

Firms maximize expected discounted profits over the infinite horizon

Eo Z Co,ep¢ (1) (22)
=0

t Uc(ce,he)

where they use the stochastic discount factor of the household (o = ° o)

to discount future profits

and where (real) flow profits ¢,(i) are given by

Py (4)
P,_1(7)

The problem of firm 4 is then to choose {h:(i), P:(i)}{2, to maximize (22) subject to a sequence of

i) = Plhali)) - d( ) -

production functions (20) and demand functions (21), while taking as exogenously given {P;, y;, (o, Wi }i20-
As is standard, I will focus on a symmetric equilibrium where all firms choose the same price and produce

the same amount of output.

4.2 Government

I now describe how monetary and fiscal policy is determined and the balance sheet structure of the central
bank and the Treasury. This is a key aspect of the analysis. Similar to the simple model in the previous

section, I also define under what policy rule configurations the central bank is balance sheet constrained.

4.2.1 Monetary policy

The central bank faces the flow budget constraint written in real terms as

Quiby AT — 1 T =Ty + K = Qosby — Quely (23)

where b, = %t with B; the nominal two-period asset of the central bank and [, = % with L; the nominal

one-period liability of the central bank. Moreover, T; is the central bank transfer to the Treasury and K

its any other revenue net of operations cost (constant for simplicity). The budget constraint takes the same

form as in the simple model of the previous section.?7

Central bank’s short-term interest rate policy is determined according to a simple feedback rule

. I, Lol
Qi = (31)  explen) (24)
where ¢,> 0 is the feedback parameter, II is the steady-state value of gross inflation, and €;; is an interest

rate shock that follow a stationary process.?®

37Tn this model since T directly abstract from cash, T interpret this revenue as coming from seigniorage, which net of operations
cost, [ assume to be constant.
38 As T explain below, T consider both a current/surprise and future/news monetary policy shock.
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Next, I have to specify the central bank’s policy that determines the evolution of its balance sheet. Unlike
in the simple linearized model, it is not enough to posit a rule that only determines how total transfers to
the Treasury evolves as a function of the net asset position of the central bank. Here, I will need to model
separate transfer policy rules for both asset and liability positions (that is, equivalently, we also need to
determine the gross positions and not just net positions, in order to complete the model).3 I assume that
the central bank uses the following rules for determining transfers to the Treasury

T T
T =5 =B b =b), T = 5 = —tr (i — 1) (25)
where ¥p7> 0, Y¥;7> 0 are the feedback parameters, b is the steady-state value of central-bank assets, [ is
the steady-state value of central-bank liabilities, and T is the steady-state value of transfers.*® Here, the two

transfers 7 and T} add up to the total transfers to the Treasury as
T, =T, + T}

and so in terms of total transfers to the Treasury, these rules can be written as

Ty — T = prB (be—1 — b) — i (lim1 — 1)

Then, for determination of gross positions, I assume that they will then always be in steady-state, or
equivalently, TP=T} .41

Finally, notice that generally, I need not restrict the feedback parameters to be the same. But in that
specific case, when ¥yr=1;7=1r, there is a natural interpretation in terms of the response of the total
central bank transfers to the Treasury as being determined by the net asset position

Ty —T =47 [B (b1 —b) = (li—1 — )]

exactly as in the simple linearized model of the previous section.*? I therefore, consider this to be the baseline

case in the analysis later.

4.2.2 Fiscal policy

I keep fiscal policy deliberately very simple to focus the analysis on monetary policy. In particular, I
assume that the Treasury follows essentially a balanced budget policy. For simplicity, there is no government
spending, and the Treasury turns over all remittances from the central bank to the household. Moreover,

for simplicity, it pursues a zero holdings policy of the two nominal bonds. Thus, formally

Tt = Tt (26)

39Thus even if I were to assume a deterministic framework, as I do for the baseline analysis, the non-linearity matters.

40Like in the simple model, T thus use a feedback rule for transfers to the Treasury and study the two central bank models
separately. This baseline approach leads to a more straightforward analysis. But like in the simple model, I consider later in
this section a model with a lower bound for transfers, which could bind endogenously, for a finite number of periods.

41 Another alternative to determine gross positions is to specify a rule for central bank asset holdings separately, as in Del
Negro and Sims (2015) and Benigno and Nistico (2015). For instance, Del Negro and Sims (2015) posit that assets are fixed
over time. Here, I choose the rules in terms of remittances of the central bank depending on assets and liabilities separately,
as these rules can be interpreted more easily and directly with models (such as the linearized case) where only the net asset
position of the central bank matters and remittances are a function of the net asset position.

42For conciseness, in this general equilibrium model, 1 only study the implications of an interest rate shock. It is however,
straightforward to also introduce shocks in the central bank balance sheet, as in the simple model, here as well.
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and
LI'=0, B =0 (27)

where LI is the Treasury holding of central bank issued one-period nominal liabilities and B is the Trea-
sury’s supply of two-period nominal bonds. Note that the assumption of zero holdings from the Treasury is

for simplification and generally, it can be any fixed amount.*?

4.2.3 Central bank balance sheet constraints

Given the description of the balance sheet and policy rules of the central banks and Treasury, I now define,
in a manner similar to the simple model, a balance sheet unconstrained and a balance sheet constrained
central bank. Generally, a balance sheet unconstrained central bank is free to adjust interest rates to focus
on inflation stabilization without being constrained by balance sheet considerations and in particular, the
path of transfers to the Treasury. A stable dynamics of its assets and liability positions is thus assured
through appropriate changes in the path of its transfers to the Treasury.

A balance sheet constrained central bank has to adjust its interest rate path, in equilibrium, as the path
of its transfers to the Treasury is constrained. Only doing so will ensure that the dynamics of its asset and
liability positions are stable/stationary. Again, a balance sheet constrained central bank in my model is
similar in spirit to the central bank under fiscal dominance in the Sargent and Wallace (1981) model as its
path of remittances to the Treasury is constrained. One can thus interpret the constraint on the central
bank, in terms of its remittances to the Treasury, as coming from fiscal dominance.**

Specifically, here, with the policy rules I use, a balance sheet unconstrained central bank will follow the
Taylor principle in setting interest rate policy (¢, >1) and whose path of transfers to the Treasury respond
strongly enough to asset and liability positions (high enough ¥, and ;1) such that a stable path of asset and
liability dynamics is assured. With the policy rules I use, a balance sheet constrained central bank in contrast
will not follow the Taylor principle in setting interest rate policy (¢, <1). Moreover, its path of transfers
to the Treasury do not respond strongly enough to asset and liability positions (low iy and ;1) such
that a non-explosive path of asset and liability dynamics is not assured through adjustment in the transfers
automatically. These are the two policy parameter configurations that will lead to a unique stationary /stable

equilibrium in the model.4®

431 avoid more completely endogenizing the spending and debt policies of the Treasury in order to keep the focus of the paper
sharply on the balance sheet considerations of the central bank in this general equilibrium model. My goal here is to keep the
model relatively simple to bring out the new results as transparently as possible. Allowing for a detailed specification of rules
by the Treasury, including possibly “active” fiscal policy, would add another layer to the analysis. See Benigno and Nistico
(2015) for an analysis that features this additional specification of fiscal policy rules.

441n fact, given the simple model of fiscal policy I use, where there are no other sources of taxes and the Treasury has zero
debt/asset holdings, if one consolidates the Treasury and central bank budget constraints into one, the interpretation will be
exactly the same as in Sargent and Wallace (1981).

45Del Negro and Sims (2015) study the possibility of self-fulfilling multiple equilibria due to central bank solvency concerns.
I abstract from solutions that feature explosive inflation. Moreover, these policy parameter configurations are based on the
convention and insights from models that feature the fiscal theory of the price level such as Sims (1994). I note however that an
exogenous process, such as a peg, for the nominal interest rate will not lead to a determinate equilibrium in my model, unlike
the fiscal theory of the price level.
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4.3 Market clearing and exogenous processes

The goods, factor, and bonds markets clear in equilibrium.%® In particular, the social resource constraint,

ye(i) = c(i) +d (P?i%))

where I incorporate the resource cost of adjusting prices. Given the assumptions on Treasury’s debt policy,

at the variety level, is given by

the bond market clearing conditions are then given by
by =0 =0 =0, 1 -1, =1 =0. (28)

Finally, T assume that the interest rate shock ey; follows an AR(1) process for the current, surprise shock

experiment

€t = peri—1 + exp(o)e (29)

where the innovation e ~ N(0,1), p € [0,1), and exp (¢) > 0. Then for the news shock experiment, which
models forward guidance policy, I assume that the interest rate shock 74 follows an AR(1) process

ert = pert—1 + exp(o)€er—k (30)

where the innovation ¢, ~ N(0,1), p € [0,1), exp (¢) > 0, and k¥ > 0 governs the number of time-periods
in advance of which the shock is anticipated. Note, especially for the news shock experiment, that I model
policy in terms of the nominal interest rate, which is the true monetary policy instrument in the model.
While it is also common to specify forward guidance policy directly in terms of the real interest rate, I
cannot take that approach here as the distinction and correlation between the nominal and real interest rate

is a critical aspect of my analysis of the two types of central banks.

4.4 Equilibrium

I now define the equilibrium of the model and discuss the policy rules and aggregate optimality and feasibility

conditions that characterize it.

4.4.1 Definition

An equilibrium is a collection of allocations (of goods varieties and aggregates) for the household, {c;(¢), ¢z,
he, 1 b2 allocations and goods prices for the firms {h(i), pu..(i)}$2,, a sequence of aggregate prices
{ILs, Qat, wy, po,t}ico and output {y;}72,, and monetary and fiscal policy instruments {Q4 be, I, Ty, 1,
1T, bT}22, such that

(i) Given prices and monetary and fiscal policy, the allocations are such that they satisfy the maximization
problems of the household,

(ii) Given aggregate prices, aggregate output, and monetary and fiscal policy, the goods prices and
allocations are such that they satisfy the maximization problem of the firms,

(iii) The allocations and goods prices across firms are symmetric,

(iv) The nominal interest rate is determined by the interest rate policy rule and central bank assets and

liabilities by the central bank balance sheet policy rule,

46The notation on hours/labor already imposes that factor markets clear in equilibrium.
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(v) Household taxes are determined by the Treasury tax rule and Treasury debt and asset holdings by
the Treasury debt policy rule, and

(vi) Goods, factor, and bonds markets clear,
given the initial household and central bank balance sheet positions and an exogenous process for {e7:}52,.
As I discussed above while defining a balance sheet constrained and unconstrained central bank, I will focus

on two types of stationary equilibria, depending on the configurations of the central bank policy parameters.

4.4.2 Equilibrium conditions

The aggregate non-linear equilibrium conditions of the model are fairly standard. To simplify even further,

I assume log-linear specifications for preferences and technology
U (ct,he) =1og Cy — Ahy, ye = F(hy) = hy
and a standard quadratic price-adjustment cost function

d(IL,) = = (I, — 1)

K
2

Given these specifications, the aggregate private sector equilibrium conditions are given by

Cy C _
Qlt = 5Et |:th4»11} ) ta = ﬁEt |:tQ1t+1Ht+11:| (31)
C(t-‘,—l Ct+1
v—1 Ct
|:< ) - ACt:| I/K + K (Ht — ].) Ht = 5Et |:/€ (Ht+1 - ].) Ht+1:| (32)
v Cii1
Cot o (I - 1)* =, (33)

2

where (31) are the two asset pricing conditions, (32) is the Phillips curve, and (33) is the resource constraint.*”
Then, the policy block is given by the central bank budget constraints and the rules for setting monetary
policy and balance sheet variables

Qubtflﬂtfl - ltfln;l — T+ K = Qasby — Quely

foxs
sait = () ewlern
Ty =T =2y (bi—1 —b), Ty =T = =24y (ly—1 = 1)..

Note that the above eight equations determine the dynamics of the eight endogenous variables {Q1 ¢, Q2.,
Cy, Yy, Iy, Ty, by, 1:} given initial conditions, exogenous processes, and appropriate restrictions on the policy
parameters that ensure stationary dynamics of the endogenous variables above.*®

In addition to these variables, for comparison with the simple linear model presented in the last section,

I will define the net interest income Ry ; and net asset position by ; of the central bank in a similar manner

4TNote that the specific functional forms for preferences and technology are useful to reduce the number of parameters in
the model, but the private sector equilibrium conditions can be reduced to such three conditions generally, even without the
assumptions. The derivations of all the optimality conditions in the model are very standard and are omitted for brevity.

48Note that we do not need to keep track of either the household budget constraint (due to Walras law) or the Treasury
policy rules separately as well (as they have essentially already been imposed above in terms of market clearing conditions).
Moreover, here, I also impose the rule determining gross positions.
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in this non-linear model as well

_ Qu 1
T Qu Qu

bni—1 = [B (b—1 — b) — (le—1 = )]

While in this non-linear model, these variables are not necessarily always sufficient statistics to ascertain the
behavior of the balance sheet constrained central bank, I will show in the next section that they continue to

be very helpful in interpreting the results.*?

4.5 Results

I solve the model non-linearly for two kinds of monetary policy shock. The first one is a standard monetary
policy shock experiment, where in period 0, an unexpected shock to the interest rate rule hits the economy,
and then the economy evolves deterministically thereafter. The second one is a standard forward guidance
shock experiment, where there is an anticipated shock to the interest rate rule, which realizes at a certain
period in future. This is a fully deterministic experiment. In the initial period, the economy is assumed to
be in the non stochastic steady-state.’® Then, I solve for a stationary equilibrium such that in the long-

51 All results are shown in terms

run, variables transition back to the same non-stochastic steady-state.
of deviations from this steady-state. As I noted above, I will consider two different types of central bank

regimes under which such stationary equilibria exist.

4.5.1 Parameterization

As the main objective of the model simulation results is to show qualitative properties, I use parameter
values that are common in the literature and similar to the simple model. The parameter values used in the
numerical analysis are presented in Table 1. The assumption on preferences and technology described above
already imposes several parameter values. Like the simple model, I then use 8 = 0.99 and b = 1. For the
steady-state central bank transfers to the Treasury, I use a value of 0.1. For the price stickiness parameter s
I use a value of 150 and a standard value of 7 for the elasticity of substitution across varieties of goods.>?
In terms of the policy parameters, for the baseline results here, I impose the same values on the two balance
sheet feedback policy parameters and an iid process for the interest rate policy shocks. The transitory nature
of the shocks is very useful to illustrate clearly when central bank balance sheet variables are endogenous
state variables for inflation and output. For the two types of central banks, I consider feedback parameters
that are useful to illustrate the differences between the two cases. For the balance sheet unconstrained central

49These variables will be sufficient as long as a linear approximation is a good enough approximation, which is the case here
with small shocks. Again, note that even with a deterministic analysis, to close the model a determination of gross balance sheet
variables is essential as the model is non-linear. In a deterministic framework, the asset pricing conditions give Q2t = Q1tQ1t+1,
which can be used in the central bank budget constraint to yield

(Quebt—1 — L) T =T+ K = Qe (Quet1be — Lt).

This simplifies but does not reduce the budget constraint to one state variable like by ;1.

50The non-stochastic steady-state is a standard one where I assume zero net inflation and equal asset and liability positions
of the central bank (such that Transfers to the Treasury are equal to the revenue net of operations cost of the central bank).
Moreover, I normalize steady-state output to be 1 by picking a value for A appropriately.

517 use a non-linear solver to compute this perfect foresight solution. In particular, T use the solver csolve written by Chris
Sims. In an extension, I consider a stochastic solution based on a third-order approximation.

52The value for price stickiness is higher than sometimes used in the literature, such as 50 in Treland (2000). The implied
slope of the Phillips curve however will not be very different from other calibrations as I use log-linear preference and a linear
production technology.
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bank, I use a value for the interest rate feedback parameter that is slightly higher than the one implied by
the Taylor principle (¢,=1.05) combined with a sufficiently large value for the transfer feedback parameter
(¢r = 0.012) while for the balance sheet unconstrained central bank, I use a value for the interest rate
feedback parameter that is lower than 1 (¢,=0.95) combined with a just low enough value for the transfer
feedback parameter (7 = 0.009).%*

4.5.2 Surprise Current Monetary Policy Shock

I start by considering dynamics following an unexpected monetary policy shock. I discuss the balance sheet

unconstrained central bank first and then contrast it with the balance sheet constrained central bank.

Balance sheet unconstrained central bank Equilibrium responses of variables to a current positive
interest rate shock (of 1%) for the balance sheet unconstrained central bank are shown in Figure 8.5 The
responses of the short-term interest rate, inflation, and output are standard and follow textbook analysis.
With a rise in the short-term interest rate, and with the interest rate rule satisfying the Taylor principle,
inflation decreases. Moreover, in this model with nominal rigidities, the fall in inflation leads to a fall in
output as well. Since the shock is transitory and the private sector equilibrium conditions are all purely
forward looking, all three of these variables go back to steady state next period. The balance sheet variables
do not affect the dynamics of these standard macro variables at all, as in the simple model.>®

For the balance sheet variables, a transitory increase in the short-term nominal interest rate leads to a
decline in the net interest income by essentially the same amount. As a result, net asset position falls next
period. Since this is the balance sheet unconstrained model, transfers to the Treasury adjust by enough
to ensure that in the long-run, balance sheet variables revert back to steady-state. Here, as in the simple

model, transfers to the Treasury decline as net asset position of the central bank deteriorates.

Balance sheet constrained central bank Equilibrium responses of variables to a current positive inter-
est rate shock (of 1%) for the balance sheet constrained central bank are shown in Figure 9. The responses
of the short-term interest rate, inflation, and output are now very different from the standard case and are
determined by balance sheet considerations of the central bank.%® First, note that on impact, the short-term
interest rate increases. Moreover, like for the unconstrained central bank case, net interest income of the
central bank decreases on impact, as is to be expected given an increase on interest paid on liabilities. This
however now has important consequences for the determination of future short-term interest rate. Because
the central bank here is balance sheet constrained, while transfers to Treasury do decrease as the net asset
position of the central bank falls, they do not decrease by enough to ensure stationary dynamics.?” Thus,
net interest income will have to increase in future. This is exactly what we see in Figure 9 and in fact the
dynamics is qualitatively the same as in the simple model. Thus, the intuition can be obtained again from

a present value analysis of the central bank budget constraint.

53The boundary for the balance sheet constrained model, in the linearized case, would be exactly 1-3= 0.01. Note that the
precise value of ¥ used for the balance sheet unconstrained model is irrelevant for inflation, output, and interest rate dynamics
and just affects the dynamics of the balance sheet variables.

54The responses are shown in terms of deviations from the non-stochastic steady-state.

55That is, the model is block-recursive, and balance sheet variables are not state variables for inflation, interest rate, and
output.

56Thus, the model is no longer block recursive and the central bank balance sheet variables are state variables for inflation,
interest rate, and output.

570One way to make this even starker would have been, like in the simple model, to make transfers to Treasury completely
unresponsive to the state of the central bank balance sheet. I take a more reasonable modeling of the central bank policy here.
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What are the implications of this equilibrium dynamics of net interest income for the short-term interest
rate? For interest rate dynamics to be consistent with the net interest income behavior, it must be that
in future, the short-term interest rate falls, and then it transitions back to steady-state, rising along the
transition.”® Now I can also assess the implications for inflation and output as they are both endogenously
determined in this model and depend on monetary policy in a non-trivial way. Because of the positive
relationship between the short-term interest rate and inflation implied by the monetary policy rule (24),
inflation then follows the same path as the short-term interest rate.’® Moreover, on impact as well, inflation
must fall, because of forward looking dynamics implied by the Phillips curve in the model. Finally, given
nominal rigidities, output also falls along the entire path, basically following the path of inflation. These
persistent dynamics of interest rates, inflation, and output arise, in spite of a transitory shock, as now central
bank balance sheet variables are endogenous state variables in the model.®°

There are thus critical differences between the balance sheet unconstrained and constrained central bank
in terms of the central bank’s control of the monetary policy instrument. Unlike the balance sheet uncon-
strained central bank, the constrained one cannot freely set the path of its policy instrument. In fact, here,
while a positive interest rate shock today increases the short-term interest rate on impact, starting with next
period, the short-term interest rate falls, and then slowly rises back to steady-state. This path is the only
one consistent with the required equilibrium path of net interest income of the central bank. This is thus
the clearest illustration of unpleasant central bank balance sheet arithmetic in this fully specified general
equilibrium model.

Finally, in this case, dynamically, the short-term interest rate and inflation are positively correlated along
the transition. This is in sharp contrast to the standard case, where they are negatively correlated. Thus, in
this respect, the model has so called Neo Fisherian properties. At the same time however, a positive interest
rate shock still leads to an increase in the short-term interest rate on impact, and more importantly, to a
consistent decline in inflation. Thus, it does not follow from this model that a positive short-term interest
rate shock actually leads to higher inflation. At the same time, however, there is an important difference

between the two cases in terms of real interest rate dynamics, which I discuss next.

Real interest rate comparison Equilibrium responses of the real interest rate to a current positive
nominal interest rate shock (of 1%) for the balance sheet constrained and unconstrained central banks are
shown together in Figure 10. This comparison illustrates a key difference between the two cases as the real
interest rate is a key variable underlying the monetary transmission in the sticky price model.

When the central bank is not balance sheet constrained and thus, the interest rate rule satisfies the Taylor

principle, the real interest rate increases on impact. Next period, as the shock is iid, the real interest rate

58Because the short-term interest rate needs to follow this path as a function of the state variables, in my model, unlike in
the fiscal theory of the price level, a purely exogenous path for the interest rate does not lead to a determinate equilibrium.
This is quite straightforward to prove in the simple linear model.

590f course, the coefficient on the policy rule is positive even for the balance sheet unconstrained central bank. In that
case however, the coefficient is greater than 1. Price level determination then happens through the Taylor Principle channel,
which leads to inflation falling and interest rates rising when a positive interest rate shock hits the economy. Thus along the
transition back to steady-state, the two are negatively correlated for the balance sheet unconstrained central bank (as I discuss
later below, the Taylor Principle channel also implies a positive correlation between the nominal and real interest rates along
the transition, while for the balance sheet constrained central bank, the correlation is negative). This will also be generally
the case if the monetary policy shock is not iid and has persistence so that there are transition dynamics beyond the impact
period. In the balance sheet constrained case, the transition dynamics, even with an iid monetary policy shock, are induced by
the balance sheet variables which are state variables in the model.

600ne way to put this is that the one-time transitory surprise positive interest rate shock has bigger and much more persistent
negative effects on inflation and output when the central bank is balance sheet constrained. Perversely, by inducing a response
of interest rate in future, as well as a positive relationship between interest rates and inflation, it actually increases monetary
non-neutrality. This is different in the monetary policy news shock (or forward guidance) case that I discuss below.
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goes back to steady-state. Thus nominal and real rates are positively correlated. When the central bank
is balance sheet constrained, while the real interest rate still increases on impact, it continues to be above
steady-state throughout the transition back to steady-state. Thus, while the nominal interest rate is below
steady-state along the transition, as shown in Figure 9 and discussed above, the real interest rate is above
steady-state. Nominal and real interest rates are then negatively correlated. Thus, in this respect, the model

has so called Neo Fisherian properties.

4.5.3 Anticipated Future Monetary Policy Shock

I now model effects of forward guidance by considering dynamics following an anticipated monetary policy
shock. In particular, in the current period, there is an anticipated negative shock to the interest rate rule
in future. I discuss the balance sheet unconstrained central bank first and then contrast the results with
the balance sheet constrained central bank. I consider a negative shock to the interest rate rule that is

announced today and will realize 20 quarters later.5!

Balance sheet unconstrained central bank Equilibrium responses of variables to an anticipated nega-
tive interest rate shock (of 0.5%) that will be realized 20 quarters later, for the balance sheet unconstrained
central bank, are shown in Figure 11. The dynamics following such a monetary policy news shock are
standard. Given news of an expansionary monetary policy shock in future and forward-looking behavior,
inflation and output increase on impact, and given the feedback interest rate rule, the short-term nominal
interest rate does as well. When the news shock is actually realized at 20 quarters, as to be expected,
the interest rate falls. Then, as the shock is transitory and the model completely forward looking, output,
inflation, and the short-term rate all go back to steady-state the period after the realization of the shock.
Also importantly, all throughout the transition, both inflation and output are positively affected and do not
go below steady-state. This effectiveness of forward guidance policy in the standard New Keynesian model,
even one that occurs very far out in the future, has been dubbed the forward guidance puzzle by Del Negro,
Giannoni, and Patterson (2015).

The central bank balance sheet variables do not affect the dynamics of output, inflation, and interest rate.
In particular, the dynamics of net interest income is essentially given by first-difference of the short-term
interest rate, with it declining until the period before the realization of the news shock and where in the
period following the realization of the news shock, it going back to steady-state. Net asset position of the
central bank and transfers to the Treasury decline initially and then later increase along the transition back
to steady-state. Here, transfers to the Treasury adjust by enough to lead to stable dynamics of the net asset

position.

Balance sheet constrained central bank Equilibrium responses of variables to an anticipated negative
interest rate shock (of 0.5%) that will be realized 20 quarters later, for the balance sheet constrained central
bank, are shown in Figure 12. The results are in sharp contrast to those in Figure 11 as forward guidance
leads to a very different dynamics of inflation and output when the central bank is balance sheet constrained.
Inflation and output are still positively affected on impact, but by a lower amount. The same applies to the
nominal short-term interest rate. Even more importantly, dynamically, both are affected negatively and there
is in future both deflation and a contraction in economic activity. After the monetary policy news shock is

617 use this particular horizon simply for direct comparison with some results in the literature. My results, which pertain to
the comparison of the balance sheet unconstrained and constrained central banks, are robust to the horizon that I consider. I
later also present some results on initial impact given different forward guidance horizons.
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realized, these variables do not go back to steady-state immediately next period but instead transition back
slowly as central bank balance sheet variables are now state variables in the model. Along this transition,
nominal interest rate and inflation are again positively correlated, which is a key feature of the model when
the central bank is balance sheet constrained.

What drives this lower stimulative effect of forward guidance initially as well as deflation and contraction
in output in future? Again, when the central bank is balance sheet constrained, it is critically important
to understand the dynamics of the net interest income of the central bank, as it is constrained in its path.
While transfers to Treasury do adjust negatively as the net asset position is declining, it does not adjust by
enough and thus the net interest income has to adjust at least partially. In particular, consider the period
when the negative news shock is realized. The short-term nominal interest rate cannot immediately go
back to steady-state next period, unlike when the central bank is balance sheet unconstrained, but instead
transitions slowly back. This ensures that the net interest income is positive for several future periods.®?
Only this dynamics ensures a stationary equilibrium, as before the news shock is realized, net interest income
is negative with the short-term interest rate falling over time. In this model however, a negative short-term
interest rate leads to a negative effect on inflation as they are positively correlated.

Nominal rigidities ensure that output falls after the news shock is realized as well. That is, unlike the
balance sheet unconstrained case, where the real interest rate goes back to steady-state after the news shock is
realized, here, the real interest rate is in fact positive in future.®® Finally, forward looking inflation dynamics
lead to inflation falling even many periods before the news shock is realized. Moreover, with inflation falling
and given the monetary policy reaction function, the nominal interest-rate also falls.

There are thus critical differences between the balance sheet unconstrained and constrained central bank
in terms of the effectiveness of the central bank’s forward guidance policy. Again, the main driving force of
the differences is that the central bank has an imperfect control over the path of its policy instrument when

it is balance sheet constrained.

Net interest income, inflation, output, and real interest rate comparison I now plot directly the
dynamics of net interest income, inflation, output, and real rate responses in the central bank balance sheet
unconstrained and constrained models. These will help highlight even more directly the critical differences
between the two regimes. Moreover, it will also help place the dynamics in the context of the previous
literature on forward guidance, which I discuss next.

First, Figure 13 shows clearly that the main difference between the two cases occurs in net interest income
dynamics after the realization of the news shock. It is precisely this need to keep net interest income high
for additional periods that in turn leads to the short-term nominal interest rate staying below steady-state
for several periods when the central bank is balances sheet constrained. Figures 14-15 show the dynamics
of inflation and output for the two cases. It is clear that the response of output and inflation is lower when
central bank balance sheet considerations are at work and that in fact both inflation and output fall in
future.

Finally, as an alternative interpretation for the results and to highlight even more starkly the difference
between the two models, Figure 16 shows the dynamics of the real interest rate. The key difference between
the two cases is in dynamics of the real interest rate after the news shock is realized: in the central bank

balance sheet unconstrained model, it goes back to steady-state next period while in the balance sheet

62S0me of the dynamics might be hard to see because of scale issues, but T show them in detail next.
631 show in more detail real interest rate dynamics next.
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constrained model it is above steady-state persistently. Moreover, this positive response of the real interest
rate in the central bank balance sheet constrained model goes along with the negative response of the nominal
interest rate that is shown in Figure 12. Thus, again, the nominal and real interest rate, after the shock is

realized, are negatively correlated.

Comparison to the literature I next compare the results above in terms of previous findings in the
literature. One approach to reducing the effects of forward guidance in the standard sticky price model
has been to introduce incomplete markets such that the forward looking nature of the Euler equation,
which constitutes the monetary policy transmission mechanism in such a model, gets diminished. This was
illustrated in Mckay, Nakamura, and Steinsson (2016). In terms of the comparison with this approach,
Figures 14-15 above, in fact look very similar to the comparison of the complete markets model (which is
the same essentially as my balance sheet unconstrained central bank) with the incomplete markets model
in Figures 3 and 4 of Mckay, Nakamura, and Steinsson (2016).%* The similarities extend both to the overall
shape of the dynamic responses, as well as the fact that both inflation and output go negative in future.
This highlights that even in a fully forward looking model, central bank balance sheet considerations by
themselves can decrease the power of forward guidance.%®

Finally, the results above on the real interest rate dynamics when the central bank has maturity mismatch
and cares about transfers to the Treasury also help connect to the findings in Bhattarai, Eggertsson, and
Gafarov (2016). In Bhattarai, Eggertsson, and Gafarov (2016), when the central bank has maturity mismatch
and cares about transfers to the Treasury, it also provides an incentive to the central to keep nominal interest
rates low. In that way, quantitative easing acts as a commitment device to keep nominal interest rates low
when the central bank cannot directly commit to time-inconsistent future policy. The model in Bhattarai,
Eggertsson, and Gafarov (2016) is based on an optimal policy framework while here I use feedback rules
with policy shocks. Regardless, the key reason the results are different is that in Bhattarai, Eggertsson, and
Gafarov (2016), lower nominal interest rates along the transition also lead to lower real interest rates under
optimal discretionary policy. This highlights how results can depend on the way policy is formulated and

the equilibrium /solution concept used in the analysis.5

Different forward guidance horizons I now consider different forward guidance horizons, both to show
that the results are robust in terms of differences across the two central bank regimes, as well as to connect
further to the effectiveness of the forward guidance policy in standard models.

In the literature, the large effects on output of forward guidance policies, even those very far out in the

64The forward guidance horizon is 20 quarters in both cases. One small difference is that Mckay, Nakamura, and Steinsson
(2016) consider forward guidance in terms of the real interest rate directly, which makes the output response flat in the complete
markets model, as the real interest rate is constant before the forward guidance shock. In my model, as I emphasized before,
forward guidance is in terms of the nominal interest rate and there is an interest rate feedback rule. Therefore, before the news
shock, both nominal and real interest rate have dynamics, even in the balance sheet unconstrained central bank case. Moreover,
the endogenous determination of the real interest rate in the two different cases is critical to my analysis, as I have shown above.

65As T discuss in the introduction, another approach suggested in the literature is to reduce the forward looking nature of
firms by adopting sticky information instead of sticky prices. I undertake a comparison with this approach in the next section
as the comparison is much less direct for reasons I discuss there.

66Bhattarai, Eggertsson, and Gafarov (2016) use a Markov-perfect equilibrium concept in a model of optimal policy without
commitment, while here 1 model policy using feedback rules with commitment to those rules and policy shocks. Thus, in
Bhattarai, Eggertsson, and Gafarov (2016), central bank concerns about its balance sheet lead to change in nominal interest
rate behavior (but through an optimal “targeting rule”), without changing fundamentally the equilibrium dynamics of inflation
and real interest rates. Here, central bank concerns about its balance sheet necessitates an interest rate policy that does not
satisfy the Taylor Principle, thereby changing drastically the equilibrium. Such a change fundamentally affects the dynamic
correlation of the nominal rate with inflation and the real rate. These differences are similar to those that might arise in any
model based on optimal policy versus feedback policy rules when modeling monetary and fiscal policy interactions.
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future, has been dubbed the forward guidance puzzle. From this perspective, I find that the forward guidance
puzzle is also mitigated in the central bank balance sheet constrained model. To show this clearly, I present
in Figure 17 a standard analysis in this context, which is the initial response of output (scaled by the response
to a current, surprise shock) at different forward guidance horizons for the balance sheet unconstrained and
constrained central banks. For the balance sheet unconstrained central bank, which constitutes the standard
model that is used implicitly in the literature, indeed forward guidance is quite effective, even when the
expansionary news shock is realized 20 quarters in the future.” For the balance sheet constrained central
bank, the initial effects are more diminished, with a rapid decline in the response of output just for a one
period forward guidance horizon.%®

Finally, I show that the comparison between the balance sheet constrained and unconstrained central
bank for the anticipated policy shock case is robust to the horizon. In Figure 18 I plot the results when
the forward guidance horizon is 4 periods. It is clear that the results are robust. This horizon also helps
compare the results with those of the different policy rule and regimes exercise next, where I focus on a 4

period horizon.

4.6 Alternate model of central bank balance sheet constraints

I now consider, like in the simple model, an alternate model of central bank balance sheet constraints and
policy rules. Thus, instead of modeling the two cases where the central bank is constrained or not separately
in an exogenous way, I now present results where this regime change occurs endogenously as a result of a
lower bound on central bank transfers. The private sector part of the model as well as the calibration of all
common parameters remain the same as before.

In particular, let the bound on central bank transfers be given by
i —T>—x (34)

where x > 0. Then, if the central bank transfer lower bound is not reached, the policy rules are given by

o
60t = (Te) " expler. T =T = v [ (b =) — (1 =)

where the interest rate rule satisfies the Taylor Principle (¢,>1) and central bank transfers adjust to net
asset position strongly. If the central bank transfer lower bound is reached, then the policy rules are given
by

1 I, P
BQ: = I exp(er), Ty =T = —x

where the interest rate rule does not satisfy the Taylor Principle (¢,<1). Given a shock, whether and how

long the bound on central bank transfers binds and thus for how long the central bank is balance sheet

67Note here that the response of output is decreasing with horizon even in the standard balance sheet unconstrained case. If
one simulates the model with the zero lower bound binding while the forward guidance is in effect, then output could positive be
increasing in horizon as inflation increases with forward guidance horizon at positive interest rates. Sometimes such an analysis,
while imposing the zero lower bound, is presented in the literature (Carlstrom, Fuerst, and Paustian (2015), Kiley (2016)).

%8This comparison again yields similar results to the comparison between complete and incomplete markets model in Mckay,
Nakamura, and Steinsson (2016). In Mckay, Nakamura, and Steinsson (2016), since forward guidance is in terms of the real
interest rate, at positive interest rates, the level of output response is flat in forward guidance horizon for the standard complete
markets model. Also, I show the initial responses normalized by the initial response to a surprise shock. As I describe above,
in fact the surprise shock has a bigger effect on output in the model where the central bank is balance sheet constrained. Even
if I look at the level of initial output response starting with horizon one however, the response is still lower in the model where
the central bank is balance sheet constrained.
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constrained is determined endogenously in equilibrium.

I start with results from the surprise monetary policy shock, which are shown in Figure 19. For ease of
comparison, two cases are shown at the same time in the Figure. First, there is a balance sheet unconstrained
central bank case, where there is no bound on the central bank transfers. This leads to essentially the same
results as in Figure 8. Next, a lower bound on the central bank transfers is introduced (x = 0.012), so that
it binds after the first period. Moreover, this lower bound is binding for 34 periods, which is determined
endogenously. In this case, it is clear that the model dynamics are different from the unconstrained case. In
particular, the dynamics are essentially the same as those described in Figure 9, with the nominal interest
rate going below steady-state after the period of the shock and with persistent negative effects on inflation
and output. Thus even when central bank transfers are fixed only for a finite number of periods, and are
not permanently non-responsive to the state of the balance sheet, it suffices to produce macroeconomics
implications similar to the exogenous, permanently balance sheet constrained central bank.

I next present results from the anticipated monetary policy shock, which are shown in Figure 20. For this
forward guidance example, I present results based on a 4 quarter horizon and a 1% shock.®® Again for ease
of comparison, two cases are shown at the same time in the Figure. First, the case where there are no bound
on the central bank transfers and second, where a lower bound on the central bank transfers is introduced
(x = 0.012). This constraint binds for 31 periods, starting with the period where the news shock is realized.
When the lower bound on central bank transfers does not bind, the results are standard as described above
while explaining the results in Figure 11. When the lower bound on central bank transfers does bind for
some time, the results instead are as described above while explaining the results in Figure 12 for the always
constrained central bank. Most importantly, the nominal interest rate stays low for an extended period after
the shock is realized, which here is associated with a negative effect on inflation and output. Thus, again,
the stimulative effects of forward guidance are reduced in the model when the central bank is balance sheet

constrained, even for a finite number of periods.

4.7 Sensitivity Analysis and Extensions

While the purpose of the numerical results above is to highlight the qualitative aspects of the model, it is
nevertheless important to assess the robustness of the results to various parameter values and assumptions. I
also present results on when a zero lower bound on the short-term interest rate binds. Finally, I also provide
a comparison with the sticky information based model to connect further to the literature on effectiveness
of forward guidance policies. All the results of this section are in the Appendix.

4.7.1 Price stickiness comparative statics

I first consider a comparative static experiment to further highlight the differences between the balance
sheet unconstrained and constrained central bank cases in this general equilibrium model. Additionally, this
exercise also serves to highlight the robustness of the results described above for various parameter values,
especially for the balance sheet constrained central bank. In particular, I consider different degrees of price
stickiness, that is various values for the price adjustment cost parameter.

For the unconstrained central bank, as shown in Figure 23, and as is to be expected given the Taylor rule
used by the central bank, higher price stickiness (that is, a greater value of k) leads to a smaller equilibrium

response of inflation when an interest rate shock hits the economy. This also implies a larger response of the

691 do this instead of a 20 period horizon, purely to not make the number of periods very long in the graphs. The main points
behind the results do not depend on the horizon.
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short-term interest rate in equilibrium. For a positive interest rate shock, inflation drops by less when prices
are more sticky.

In sharp contrast, for the constrained central bank, as shown in Figure 24, higher price stickiness leads
to a larger equilibrium response of inflation when an interest rate shock hits the economy. What drives this
result? When prices are more sticky, in response to the interest rate policy shock, the short-term interest
rate rises by more on impact, as is the case for the unconstrained central bank case. Thus, just on impact,
inflation drops less for more sticky prices. But following the impact period, the short-term interest rate
falls more, throughout the rest of the transition back to steady-state. Since short-term interest rate and
inflation are positively correlated along the transition in this model, inflation also responds more strongly
with greater degree of price stickiness. This stronger response of the inflation when prices are more sticky
is a unique feature of my model, one that is driven by the restriction imposed on future interest rate policy
due to central bank balance sheet considerations. For instance, in the fiscal theory of the price level model,
when prices are more sticky, inflation responds by less (note that a positive interest rate shock in that model

raises inflation).”

4.7.2 Policy parameter comparative statics

I consider now several values for the policy feedback parameters, both in the interest rate rule and transfer to
Treasury rule. Since the balance sheet unconstrained central bank model is well understood, for concreteness,
I focus on the balance sheet constrained case. Moreover, I focus on the standard monetary policy shock
experiment. Figures 25 and 26 show the results for various values of the two policy feedback parameters for
the balance sheet constrained central bank, where I include the baseline parameterization for straightforward
comparison. It is clear that the shape of the responses, including critically, the dynamics of the net interest

income of the central bank, are robust.

4.7.3 Extensions

I next consider two extensions to the baseline analysis where I focus again on showing results for the balance
sheet constrained central bank. First, I allow the two balance sheet feedback rule parameters to be different.
Thus, I now use ¥y =0.009 and v;7=0.005, whereas in the baseline they were both equal to 0.009. The
equilibrium responses of variables to a positive interest rate shock for the balance sheet constrained central
bank for this different model and calibration are shown in Figure 27. It is clear that the results are robust
to this extension.

Second, I use a different non-linear solution method, in particular, a stochastic third-order perturbation
solution method. Compared to the baseline non-linear deterministic solution method, this method in prin-
ciple incorporates stochastic aspects such as a term premium. The equilibrium responses of variables to a
positive interest rate shock for the balance sheet constrained central bank for this different solution method

are shown in Figure 28. It is again clear that the results are robust to this alternate solution method.

70 Additionally, here output responds more negatively when prices are more sticky for both cases. The model and mechanism
is thus completely different from the standard sticky price model in Bhattarai, Eggertsson, and Schoenle (2014), where output
and inflation both can respond less negatively when prices are more sticky, even with the Taylor principle holding. This happens
in the standard sticky price model if the weight on output in the Taylor rule is high enough to satisfy the Taylor principle,
while the weight on inflation is less than the persistence of the monetary policy shock, and thus necessarily less than one.
Bhattarai, Eggertsson, and Schoenle (2014) show that in such a case, the aggregate demand curve becomes upward sloping,
thereby leading to a smaller response of both output and inflation for a monetary policy shock when the aggregate supply
curve becomes steeper. Here, in the Taylor rule, there is only a response to inflation in both the balance sheet constrained and
unconstrained cases and the Taylor principle does not hold in the balance sheet constrained central bank case.
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4.7.4 Zero lower bound

I present now an analysis where the zero lower bound might bind in the model. The motivation for this
analysis is to assess if the extent to which the zero lower bound is a constraint on monetary policy depends
on whether the central bank is balance sheet constrained or not. Even though the balance sheet constrained
central bank in the model does not satisfy the Taylor principle in its interest rate rule and the propagation
of a demand shock is very different as I show below, which makes the issue of negative effects typically
associated with a binding zero lower bound hard to directly compare, it is perhaps still be of some interest
to compare the two central bank models.”! As is standard in the literature, I will consider the possibility of
a liquidity trap situation due to a negative demand/preference shock. Thus, I change preferences to allow
for a discount factor shock that follows an AR(1) process.™

In order to help interpret the results at the zero lower bound, as well as to illustrate the very different
propagation mechanisms, in Figure 29 I first show the equilibrium response of the variables to a persistent
negative demand shock (with persistence parameter 0.8 and a size of 1%) for the balance sheet unconstrained
and constrained central banks. The dynamics for the balance sheet unconstrained central bank are standard:
the central bank decreases the nominal interest rate to counter the negative demand shock, while both
inflation and output fall. For the balance sheet constrained central bank however, while the nominal interest
rate still falls for a few period, later it rises persistently. This reversal in the path of the nominal interest
rate can be traced to balance sheet considerations, that is, the dynamics of the net interest income of the
central bank, as it is constrained in its path. Because the net interest income of the central bank has to
adjust in future, it necessitates that the short-term interest rate go above steady-state in future and then
slowly transition back.”™ In this model though, as I have emphasized several times above, nominal interest
rates and inflation are positively correlated along the transition back to steady-state. Thus, here, we see a
positive effect on inflation and a boom in output along the transition.

These results at positive interest rates for a demand shock already provide hints that the zero lower
bound is likely to be a much less severe concern for the balance sheet constrained central bank and that a
comparison with the balance sheet unconstrained central bank is not straightforward. First, the nominal
interest rate drops by less, which will require a much larger shock to make the zero lower bound bind in the
initial period. Moreover, given the large and persistent positive response in future, if one does not insist on
a binding zero lower bound initially, then in future, it can bind for a positive demand shock.”™ Second, since
the transition dynamics are such that the nominal interest rate goes above steady-state before transitioning
back, which lead to a positive effect on inflation, it suggests that the drop in inflation and output are likely
to be less. This is indeed what I show in Figure 30 where a large enough persistent negative demand shock
(with persistence parameter 0.8 and a size of 50%) makes the zero lower bound bind in both models initially.
For by now well understood reasons, for the balance sheet unconstrained central bank, there is a large drop
in inflation and output. For the balance sheet constrained central bank, while inflation and output does drop
while at the zero lower bound, it drops by less than for the balance sheet unconstrained central bank, and

moreover, inflation later increases above steady-state.

711t is for this reason that I do not consider the zero lower bound in most the analysis and instead focus on the monetary
policy transmission mechanism only.

72Period utility is now given by U (ct, ht) = & (logCy — Aht) where & is a preference shock. The optimality conditions
change due to this shock, but in very obvious ways, by essentially just changing the stochastic discount factor in the model. I
thus omit a detailed derivation of the optimality conditions.

731t is exactly this kind of reversal in the path of the nominal interest rate that T highlighted for the surprise monetary policy
shock in Figure 9. For a transitory preference shock, the response of the nominal interest rate would show a reversal of exactly
the same kind: it drops initially, but then rises above steady-state immediately in the next period.

74This feature, in particular, makes the two models very different while studying a zero lower bound situation.
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4.7.5 Comparison with the sticky information model

Carlstrom, Fuerst, and Paustian (2015) and Kiley (2016) use a sticky information friction, as introduced to
the literature in Mankiw and Reis (2002) instead of the usual sticky price friction and propose that such a
model can reduce the effectiveness of forward guidance. I provide the details of this model, which differs
only on the firm side and leads to a different Phillips curve than the model here, in the appendix. For
parameterization I use the same parameter values for the parameters that are common between the models
and for the sticky information parameter, I calibrate it such that the slope of the Phillips curve is the same
across the two models. In Figures 31-32 I show the equilibrium response of the variables to an anticipated
negative interest rate shock (of 0.5%) that will be realized 20 quarters later, where I compare the sticky
information model with the balance sheet constrained and unconstrained models respectively.

Unlike the comparison with the incomplete markets sticky price model, the comparison with the sticky
information model is not as direct and clear. First, Figure 31 shows that when compared to the balance
sheet constrained model, there are important differences in that there is no contraction in economic activity
in future and while inflation response is muted overall in the sticky information model, it falls below steady-
state only after the monetary policy news shock is realized.”> Even when compared to the balance sheet
unconstrained model in Figure 32, which is essentially just a comparison between the sticky information and
sticky price model, the sticky information model does clearly mute the effects on inflation, especially after
the shock is realized, but again, the key difference is that after the shock is realized, there is no contraction in
output. In fact here, the effect on output on impact are higher under the sticky information model compared
to the sticky price model regardless of whether the central bank is balance sheet constrained or not. In
contrast, the effect on inflation on impact are lower under the sticky information model compared to the
sticky price model regardless of whether the central bank is balance sheet constrained or not.”®

Why is the behavior of output different, with additional expansionary effect, once the news shock is
realized? In the sticky information model, as is well known, there are dynamics in the model and Phillips
curve due to dependence of current inflation on past expectations of inflation/output. Thus, once the news
shock is realized, the nominal interest rate reverts slowly back to steady-state. Since the Taylor principle
holds here, nominal interest rate below steady-state is accompanied by the real interest rate being below
steady-state. This in-turn then implies that output is in fact above steady-state, as the Euler equation
applies in this model. Moreover, this dynamics after the shock is realized also leads to output being above
steady-state throughout the transition. For the balance sheet unconstrained model, which is essentially just
the standard sticky price model that is completely forward looking, the nominal and real interest rate revert
back to steady-state immediately after the monetary policy news shock is realized. Thus, there is no positive

effect on output due to real interest rate being below steady-state.

5 Conclusion

As a result of unconventional monetary policy, maturity and /or currency mismatches have appeared in many
central bank balance sheets. I analyze the implications of such developments in the central bank balance

sheet in an equilibrium model. In the model, the central bank holds long-term domestic or short-term foreign

75 As some details of this comparison, especially on level effects, can depend on precisely how one calibrates the model, I focus
here mostly on the most general differences, which have to do with the dynamics of output, especially once the news shock is
realized.

76But again, note that inflation goes below steady-state in the sticky information model only after the new shock is realized,
unlike the balance sheet constrained model.
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currency assets while it issues short-term domestic currency liabilities. Following Sargent and Wallace (1981),
I consider a balance sheet constrained central bank, one which faces a constraint in the path of its remittances
to the Treasury.

Overall, my results suggest that whether a central bank is affected by balance sheet constraints or
not can drastically affect the monetary policy transmission mechanisms and the equilibrium dynamics and
comovement of interest rates (exchange rates) and inflation. I show using simple balance sheet arithmetic
that a balance sheet constrained central bank central bank loses freedom in its policy actions. In particular,
interest rate policy ( or exchange rate policy) get constrained by balance sheet considerations. If the expected
future change of the short-term nominal interest rate (or the nominal exchange rate) increases today, it has
to decrease in future. This constitutes unpleasant central bank balance sheet arithmetic.

I embed such a central bank in a non-linear dynamic general equilibrium model to study monetary policy
transmission. For a standard surprise monetary policy shock, the model with balance sheet constrained
central bank leads to a very different dynamics of the short-term interest rate and its correlation with
inflation. Central bank balance sheet considerations make forward guidance less effective. Following news of
a negative short-term nominal interest rate shock, while inflation and output do increase initially, they do
so by a smaller amount than in the standard case, and are in fact followed by deflation and contraction in
economic activity in future. The key reason is that in the model, real interest rate remains persistently high
even though the nominal interest rate is (promised to be) low.

In future work, it will be interesting to fully assess the quantitative significance of these results, including
when the zero lower bound can be a concern. Moreover, since the equilibrium dynamics of inflation, interest
rates, and exchange rates can be very different when the central bank is balance sheet constrained compared
to when it is not, it might be worthwhile to empirically assess whether some historically puzzling behavior
of these variables, either for advanced or emerging market countries, can be explained in terms of the model

presented in this paper.
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6 Tables and figures

Table 1: Parameterization of the model

Parameter Value Parameter Value
b 1 Or 1.05; 0.95
K 150 P 0.012; 0.009
T 0.1 v 7
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Figure 1: Assets, Liabilities, and Income of the Federal Reserve

Notes: Source of data is Federal Reserve Board. For assets, other than Treasuries, the rest of holdings are primarily Agency
debt securities and MBSs, which are also long-term.
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Figure 2: Assets, Liabilities, and Income of the Bank of Japan

Notes: Source of data is Bank of Japan. For assets, the other two important categories are Treasury discount bills and loans.
The total net income measure is the sum of net operational and special income.
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Figure 3: Assets, Liabilities, and Income of the Swiss National Bank

Notes: Source of data is Swiss National Bank. The transfers to government for SNB is fixed over the medium term using
projections with an aim of smoothing the flow. SNB has a distribution reserve which is shown in the figure as well.
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and equals total net income.
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Figure 19: Non-linear impulse responses in the closed economy general equilibrium model (different transfer
rule and policy regime for the balance sheet constrained central bank)
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7 Appendix

I describe here the details of the model with a currency mismatched central bank balance sheet as well as

additional results mentioned in the main text on the general equilibrium model.

7.1 Dynamic responses in the currency mismatch model

I present detailed results of the open economy model where the central bank balance sheet features currency
mismatch. I start with describing policy rules, like in the closed economy model, and then present results

on impulse responses to shocks and transition dynamics.

7.1.1 Policy rules and dynamic responses

To get further insights and to make the mechanisms described above even more concrete, like in the previous
section, I now consider explicit monetary and balance sheet policy rules that can be used to model the
two types of central banks. A complete equilibrium analysis of the transition dynamics associated with
byit—1 < 0 can be undertaken in a straightforward way. Moreover, I introduce exogenous shocks to the
nominal exchange rate and transfers to the Treasury in order to trace out the transmission of policy changes
to model variables in a standard impulse response function analysis. This framework also allows a clear
illustration of the basic logic discussed above regarding which term in (16) adjusts and which variable is set

freely by the central bank.

Policy rules for the two central banks For the open economy economy balance sheet unconstrained
central bank, as it is free to set the path of the nominal exchange rate and transfers to the Treasury can

respond appropriately to the state of its balance sheet, the rules are given by

Sy =es, Ty = Prbyi—1 + & (35)

where ¥p > 1 — 3, which ensures that the central bank does not have to vary the nominal exchange rate to
ensure that it satisfies (16). That is, in this case, transfers to the Treasury will co-move sufficiently positively
with the net asset of the central bank. Additionally, €; in this simple model is simply an iid shock and just
illustrates that the central bank is free to set the path of the nominal exchange rate, while & is an iid shock
in the transfer rule.

For the open economy balance sheet constrained central bank, the path of its transfers to the Treasury is
constrained (or fixed/exogenous) and as a result the net interest income will have to respond to the state of
its balance sheet. This implies that it cannot freely set the path of the nominal exchange rate. The rules
are then given by

Ryt = ¢rbON -1 + &4, T, =& (36)

where ¢p < b* (1 — 5_1), which ensures that (16) is satisfied in the face of exogenous transfers to the
Treasury. That is, in this case, net interest income of the central bank will co-move sufficiently negatively
with the net asset of the central bank.”” Here, & is an iid shock in the transfer rule, which just illustrates

that the path of transfers is exogenous.”

7" Note again that the net interest income is given by Ry ; = Sy — ﬂEt§t+1, which is a quasi first-difference of the nominal
exchange rate.

78These analytical boundaries for the two types of central bank regimes are again quite straightforward to derive, based on
ruling out explosive dynamics of net assets of the central bank, as in the closed economy model.
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Transition dynamics and responses to shocks How do variables respond to the two shocks, to the
nominal exchange rate/interest income and transfers to the Treasury? How does the transition dynamics

associated with by ;1 < 0 look like?

Open economy balance sheet unconstrained central bank First, consider the open economy
balance sheet unconstrained central bank. The model here simply consists of (15) and (35). In this case,
the solution of the model is similar to conventional text-book models, at least for the nominal exchange
rate shock and resulting dynamics. When there is an iid shock to the exchange rate rule, say a shock that
appreciates the nominal exchange rate, then S, will decrease on impact and then go back to steady-state
next period. The central bank thus has complete control of the nominal exchange rate, as in conventional
open economy models. Because of a temporary, one-period appreciation of the nominal exchange rate, the
net interest income of the central bank decreases by the same amount on impact. This means that the net
asset position of the central bank and after a period, transfers to the Treasury, also decrease. The balance
sheet variables (and not exchange rate and net interest income) have endogenous dynamics as the variables
evolve over time, as given clearly in (15). The result for the exchange rate shock for the open economy
balance sheet unconstrained central bank is illustrated in panel (a) of Figure 21.7

Now I can analyze transition dynamics associated with by +—1 < 0. Here, all the adjustment comes from
transfers to the Treasury, which must decline. Given that we are looking at stationary dynamics, the net
asset position slowly reverts back to steady-state, as does transfers to the Treasury. The nominal exchange
rate or net interest income of the central bank is not affected at all. The results for the transfer shock for
the open economy balance sheet unconstrained central bank is illustrated in panel (b) of Figure 21.

Finally, consider an iid shock to the transfer rule, say a shock that increases transfers to the Treasury.
Then the transfers will increase on impact. Following the present-value logic described above however, in
order to satisfy (16), transfers will decrease in future. The net asset position of the central bank will decrease
on impact, as transfers have increased, and then slowly transition back to steady-state. This shock does not
affect nominal exchange rate or the net interest income of the central bank. Thus, other than in terms of
implications for balance sheet variables, there is no effect of this shock on other variables in the model. The
results for the transfer shock for the open economy balance sheet unconstrained central bank is illustrated in

panel (c) of Figure 21.

Open economy balance sheet constrained central bank In contrast, next, consider the open
economy balance sheet constrained central bank. The model here simply consists of (15) and (36). In this
case, the solution of the model is quite different from the case above that was more in line with conventional
open economy text-book models. When there is an iid shock to the net interest income, say a shock that
decreases it, then on impact it will decrease. But, by the logic presented above, in this case, the net interest
income in future must adjust as transfers to the Treasury do not. In particular, net interest income must
increase in future in order to satisfy (16). Thus next period, it increases and then slowly transitions back
to steady-state. What is the resulting equilibrium dynamics of the nominal exchange rate? The nominal
exchange rate does not move initially, by construction, and then it depreciates, before transitioning back to
steady-state with an appreciation. This is the equilibrium dynamics as the net interest income is essentially
the first-difference of the nominal exchange rate. The result for the net interest income shock for the open

economy balance sheet constrained central bank is illustrated in panel (a) of Figure 22.5° The dynamics of the

"9 There are very few parameters in the model. 1 use for illustration 8 = 0.99, b* = 1, and ¥y = 0.02.
80There are very few parameters in the model. I use for illustration 8 = 0.99, b* =1, and ¢ = —0.02.

98



nominal exchange rate in this case are thus clearly determined by central bank balance sheet considerations
and are in sharp contrast to those in panel (a) of Figure 21.

Now, I can analyze transition dynamics associated with by:—1 < 0. Here, again, all the adjustment
comes from net interest income of the central bank and none from central bank transfers to the Treasury.
Thus, net interest income must increase to satisfy (16). Given that we are looking at stationary dynamics,
the net asset position slowly reverts back to steady-state, as does net interest income of the central bank.
The nominal exchange rate rate is now clearly affected as it has to be consistent with the dynamics of the
net interest income. Specifically, the nominal exchange rate must depreciate initially, so that there is a
direct reduction in the return on (domestic currency) liabilities, and then it reverts back to steady-state,
appreciating along the transition (as is consistent with the net interest income, which is essentially the slope
of this transition path, being positive). The results for the transition dynamics for the open economy balance
sheet constrained central bank is illustrated in panel (b) of Figure 22 and they are in sharp contrast to those
in panel (b) of Figure 21.

Finally, consider an iid shock to the transfer rule, say a shock that increases transfers to the Treasury.
Then the transfers will increase on impact. Since this is a one-time shock, transfers go back to steady-state
next period. In sharp contrast to the open economy balance sheet unconstrained central bank, now exchange
rate dynamics get affected as the net interest income of the central bank must respond in equilibrium. In
particular, here, the net interest income must increase in a present value sense. Initially however, because
of the rule in (36), as initial outstanding net asset position has not changed (making this different in this
respect from the transition dynamics experiment above), net interest income does not change either. In
future however, net asset decreases, and consistently, net interest income will increase. The equilibrium
nominal exchange rate path implies that first it depreciates, again, to ensure a direct fall in the interest
paid on (domestic currency) liabilities. It also depreciates further next period, with an overshooting, before

appreciating and transitioning back to steady-state.®!

Why does the nominal exchange rate depreciate
further for one period? The key reason is that the net interest income in the first-period does not change.
For this to be consistent with nominal exchange rate dynamics, it must be that the next period exchange
rate is slightly more negative as § < 1 (note that Ry, = S‘t - 5Et3t+1)- The results for the transfer shock
for the open economy balance sheet constrained central bank is illustrated in panel (c) of Figure 22. These
results are in sharp contrast to those in panel (c) of Figure 21, where the shock to the transfer rule for

instance did not affect the nominal exchange rate or the net interest income of the central bank at all.

7.2 Robustness and Extensions in the GE model

I briefly discuss the various sensitivity analyses and extensions of the general equilibrium model. Figures
23 and 24 show results for the price stickiness comparative statics for the balance sheet unconstrained
and constrained central bank models respectively. Next, I consider several values for the policy feedback
parameters, both in the interest rate rule and transfer to Treasury rule. Since the balance sheet unconstrained
central bank model is well understood, for concreteness, I focus on the balance sheet constrained case and
also, on the standard monetary policy shock experiment. Figures 25 and 26 show the results for various
values of the two policy feedback parameters for the balance sheet constrained central bank.

I next allow the two balance sheet feedback rule parameters to be different. Thus, I now use ¥, =0.009
and ¢;7=0.005, whereas in the baseline they were both equal to 0.009. The equilibrium responses of variables

to a positive interest rate shock for the balance sheet constrained central bank for this different model and

81 Note that the nominal exchange rate cannot appreciate on impact. There will be no stationary dynamics in that case.
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calibration are shown in Figure 27. Finally, I use a different non-linear solution method, in particular, a
stochastic third-order perturbation solution method. The equilibrium responses of variables to a positive
interest rate shock for the balance sheet constrained central bank for this different solution method are shown

in Figure 28.

7.3 Zero lower bound

I now present results for negative demand shocks, first at positive interest rates (Figure 29, where the shock
has a persistence parameter of 0.8 and is of size 1%) and then when they are big enough to make the zero
lower bound bind initially (Figure 30, where the shock has a persistence parameter of 0.8 and is of size 50%)

for both models of central bank .

7.4 Comparison with the sticky information model

In the sticky information model, the model on the consumer side and monetary policy is exactly the same
as the balance sheet unconstrained central bank model with sticky prices. The calibration of these common
parameters is therefore exactly the same. The only new component then is the (linearized) sticky information
Phillips curve of Mankiw and Reis (2002) given by

l1-a >
T = ( o ) Yt + (1 — Oé) kz_oakEt,I,k (7Tt + Ayt)

where I calibrate the frequency of updating information, 1 — a= 0.0385, to match the slope of the Phillips
curve in the sticky price model used in the rest of the paper. In Figures 31-32 I show the equilibrium response
of the variables to an anticipated negative interest rate shock (of 0.5%) that will be realized 20 quarters later,
where I compare the sticky information model with the balance sheet constrained and unconstrained models

respectively.
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Figure 21: Impulse responses and transition dynamics in the open economy balance sheet unconstrained
central bank model

61



Nominal Exchange Rate  Net Asset Position Net Interest Income Transfers to Treasury

(bnt, % point) (Rny, % point) (T}, % point)

o 17 — 0 I

= ‘ ‘ ‘
238 )] SRR H S
x £ : ‘ ‘
Q
SBosf o O o5f 0
5 5 0.5
< | 0 | oet /Lo
- 0.5 o

o

0 -1 -1
5 10 15 20 0 5 10 15 20 0 5 10 15 20

w0
]
= o6 0.02 1
=T 1\ | 0T 0015 TN 05
e || 0.4
SN | /S 0.0L [ romebomneeens 0
@ —
R Rl [ A N T A 0.005 |- C0.5 e
== 0 0 -1
= 25 50 0 25 50 0 25 50

> 0.02 1

% LE NG ~0.85 fooeiee et
28 0.015
B0o5 N 0.9 il S
%E 0.01 05 ff i
=8 09l NG 095 A L
3% 09 0.005 [

085k A AR 0

0O 5 10 15 20 0O 5 10 15 20 0O 5 10 15 20 0O 5 10 15 20
Quarters Quarters Quarters Quarters

Figure 22: Impulse responses and transition dynamics in the open economy balance sheet constrained central
bank model
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Figure 23: Non-linear impulse responses in the closed economy general equilibrium balance sheet uncon-
strained central bank model (different degrees of price stickiness)
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Figure 24: Non-linear impulse responses in the closed economy general equilibrium balance sheet constrained
central bank model (different degrees of price stickiness)
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Figure 25: Non-linear impulse responses in the closed economy general equilibrium balance sheet constrained
central bank model (different interest rate rule parameter)
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Figure 26: Non-linear impulse responses in the closed economy general equilibrium balance sheet constrained
central bank model (different transfer rule parameter)
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Figure 27: Non-linear impulse responses in the closed economy general equilibrium balance sheet constrained
central bank model (alternative policy rule)
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Figure 28: Non-linear impulse responses in the closed economy general equilibrium balance sheet constrained
central bank model (third order stochastic solution)
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Figure 29: Impulse responses to a negative demand shock in the closed economy general equilibrium model
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Figure 30: Impulse responses to a negative demand shock in the closed economy general equilibrium model

when the zero lower bound binds
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Figure 31: Impulse responses in the balance sheet constrained central bank model and the sticky information

model (forward guidance)
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Figure 32: Impulse responses in the balance sheet unconstrained central bank model and the sticky infor-
mation model (forward guidance)
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