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ABSTRACT. Since Manski’s (1975) seminal work, the maximum score method for discrete choice
models has been applied to various econometric problems. Kim and Pollard (1990) established the
cube root asymptotics for the maximum score estimator. Since then, however, econometricians posed
several open questions and conjectures in the course of generalizing the maximum score approach,
such as (a) asymptotic distribution of the conditional maximum score estimator for a panel data
dynamic discrete choice model (Honoré and Kyriazidou, 2000), (b) convergence rate of the modified
maximum score estimator for an identified set of parameters of a binary choice model with an
interval regressor (Manski and Tamer, 2002), and (c) asymptotic distribution of the conventional
maximum score estimator under dependent observations. To address these questions, this article
extends the cube root asymptotics into four directions to allow (i) criterions drifting with the sample
size typically due to a bandwidth sequence, (ii) partially identified parameters of interest, (iii) weakly
dependent observations, and/or (iv) nuisance parameters with possibly increasing dimension. For
dependent empirical processes that characterize criterions inducing cube root phenomena, maximal
inequalities are established to derive the convergence rates and limit laws of the M-estimators. This
limit theory is applied not only to address the open questions listed above but also to develop a
new econometric method, the random coefficient maximum score. Furthermore, our limit theory is
applied to address other open questions in econometrics and statistics, such as (d) convergence rate
of the minimum volume predictive region (Polonik and Yao, 2000), (e) asymptotic distribution of
the least median of squares estimator under dependent observations, (f) asymptotic distribution of
the nonparametric monotone density estimator under dependent observations, and (g) asymptotic
distribution of the mode regression and related estimators containing bandwidths. Finally, our limit

theory validates the use of subsampling for inference of parameters in such models.

1. INTRODUCTION

In a seminal paper, Manski (1975) introduced the maximum score method to estimate parameters
in discrete choice models without imposing parametric assumptions on the error terms. Indeed the
maximum score estimator is the first semiparametric estimator for limited dependent variable models
and has been drawing considerable attention in various contexts of econometrics. One distinguishing
feature of the maximum score estimator is that it obeys the cube root asymptotics instead of the
conventional squared root (Kim and Pollard, 1990). This feature has also inspired several research
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agenda in econometrics, such as the smoothed maximum score method (Horowitz, 1992) and failure
of bootstrap (Abrevaya and Huang, 2005).

A key of the maximum score method is to explore median or quantile restrictions in disturbances
of latent variable models to construct a population criterion that identifies structural parameters
of interest. Since Manski (1975), this idea has been generalized to various contexts to cope with
different data environments, and these generalizations succeed in producing consistent estimators
for the parameters of interest. However, their theoretical properties beyond consistency are often
unknown perhaps because the limit theory of Kim and Pollard (1990) is not applicable. There are
at least three important examples. First, Honoré and Kyriazidou (2000) considered estimation of
a dynamic panel data discrete choice model with unknown error distribution and developed the
conditional maximum score estimator. Although they showed consistency of the estimator, its
convergence rate and limiting distribution are unknown. The theory of Kim and Pollard (1990)
cannot be applied directly due to a bandwidth sequence in the criterion to deal with the unknown
error distribution. Second, Manski and Tamer (2002) studied the problem of partial identification
for regression models with interval data. For a binary choice model with an interval regressor,
Manski and Tamer (2002) proposed the modified maximum score estimator for the identified set
of structural parameters. Although they showed consistency of the set estimator, its convergence
rate is unknown. The theory of Kim and Pollard (1990) cannot be applied directly due to partial
identification of the parameter of interest. In addition, Manski and Tamer’s (2002) set estimator
contains estimated nuisance parameters for a nonparametric component, which are not allowed in
Kim and Pollard (1990). Third, the original maximum score estimator by Manski (1975) calls
for extensions to more general data environments. For example, de Jong and Woutersen (2011)
studied the asymptotic property of the smoothed maximum score estimator (Horowitz, 1992) under
dependent observations. Moon (2004) derived consistency of the maximum score estimator under
nonstationary observations. To best of our knowledge, however, the convergence rate and limiting
distribution of the original maximum score estimator under dependent observations is still an open
question. The limit theory of Kim and Pollard (1990) is not applicable because it is confined to
independent observations.

It should be emphasized that addressing these open questions has considerable impacts on the
econometrics literature. In the first example, we investigate whether there is a nonparametric
counterpart of the cube root asymptotics (i.e., (nhn)l/ 3_rate with a bandwidth h,,). To best of our
knowledge, there is no paper that establishes such a non-standard rate and limiting distribution.
Development of such limit theory would be useful for inference and bandwidth selection. In the
second example, we complement the set estimation theory of Chernozhukov, Hong and Tamer (2007)
by investigating the maximum score-type criterions that involve discontinuities. It is crucial for set
estimation to establish its convergence rate since it clarifies the basic requirement on the cutoff

value of level set estimation. In the third example, we can study the issue of how data dependence



will change the limiting distribution from the independent case. In particular, (lack of) emergence
of the long-run covariance in the cube root context has not been explored yet.

To address at least these issues, we extend the scope of cube root asymptotics for M-estimators
into four directions to allow (i) criterions drifting with the sample size typically due to a bandwidth
sequence, (ii) partially identified parameters, (iii) weakly dependent observations, and/or (iv) nui-
sance parameters with possibly increasing dimension. We first establish point estimation theory. In
particular, we consider an absolutely regular dependent process characterized by [-mixing coeffi-
cients and study asymptotic properties of the M-estimator for a class of criterion functions, named
the generalized cube root class, which induces the (nonparametric) cube root asymptotics and al-
lows the criterions to depend on the sample size. In this setup, we establish maximal inequalities
to derive the (possibly nonparametric) cube root rate and weak convergence of the normalized
process of the criterion so that a continuous mapping theorem for maximizing values of the cri-
terions delivers limit laws of the M-estimators. We establish the (nh,)'/3-rate of convergence of
the M-estimator, where h, usually means a bandwidth sequence, and derive a non-normal limiting
distribution. The limit theory is also extended to the M-estimation problems where the criterions
contain estimated nuisance parameters. We emphasize that the limit theory with the nonparametric

1/3_rate is new in the econometrics and statistics literature.

cube root (nhy,)

Also, based on the point estimation theory, we extend the generalized cube root class to accom-
modate partially identified models (named partially identified cube root class), such as Manski and
Tamer (2002). As in Manski and Tamer (2002) and Chernozhukov, Hong and Tamer (2007), we
consider the set estimator defined by a level set of a criterion function. By modifying the maxi-
mal inequalities to deal with the partially identified class, we characterize the convergence rate of
the set estimator under the Hausdorff distance. In our setup, the set estimator converges at the
(nhn)'/*/\/log(nhy,)-rate. In contrast to Chernozhukov, Hong and Tamer (2007), our theory allows
nuisance parameters with increasing dimension (which is required to cover the model of Manski and
Tamer, 2002). We emphasize that even if we do not have a nonparametric nuisance component,
it is not trivial to verify the high level assumptions of Chernozhukov, Hong and Tamer (2007),
particularly their Condition C.2 (computation of polynomial minorant), in the partially identified
cube root class. The verification involves the maximal inequality developed in this paper.

Our limit theory is general enough to cover the open questions listed above. In particular, we
derive the limiting distribution of Honoré and Kyriazidou’s (2000) estimator for the dynamic panel
discrete choice model, convergence rate of Manski and Tamer’s (2002) set estimator for the binary
choice model with an interval regressor, and limiting distribution of Manski’s (1975) estimator un-
der dependent observations. Furthermore, our theory can be applied to investigate a new model.
As an example, we extend the maximum score estimator for a binary choice model to allow ran-
dom coefficients (or unknown functions of observables) and derive its asymptotic distribution. In
addition, our limit theory is applied to address other open questions in econometrics and statis-

tics. In particular, we establish the convergence rate of the minimum volume predictive region by



Polonik and Yao (2000). Polonik and Yao (2000) established consistency of their predictive region
and conjectured its convergence rate. We confirm their conjecture. Also, we derive the asymptotic
distribution of the least median of squares estimator (Rousseeuw, 1984) and nonparametric mono-
tone density estimator (Prakasa Rao, 1969) under dependent observations. Finally, we investigate
the mode regression and related estimator (Lee, 1989) and establish the limiting distribution of the
Hough transform estimator (Goldenshluger and Zeevi, 2004) under drifting tuning constants. All
these extensions are important and novel in the literature.! Our limit theory also guarantees that
subsampling can be applied to conduct inference on parameters for such models.

The paper is organized as follows. In Section 2, we introduce two workhorse examples, Honoré
and Kyriazidou’s (2000) estimator for dynamic panel discrete choice and Manski and Tamer’s (2002)
estimator of identified set for regression with interval regressor. These examples are used to illustrate
the concepts and results in Sections 3 and 4, respectively. Section 3 considers point estimation
and develops general cube root asymptotic theory. We also consider the case where the criterion
contains estimated nuisance parameters. Section 4 extends the obtained theory to partially identified
models. Section 5 presents further illustrations of our cube root asymptotic theory on conventional
maximum score under dependent observations (Section 5.1), maximum score estimator with random
coefficients (Section 5.2), minimum volume predictive region (Section 5.3), least median of squares
(Section 5.4), monotone density estimator (Section 5.5), and mode and related estimators (Section
5.6). All obtained results are new in the econometrics and statistics literature. Proofs are contained

in the Appendix.

2. TWO EXAMPLES

To begin with, we present two running examples that are open in the literature but can be solved
by our general cube root asymptotic theory in the next sections. Further examples are presented

in Section 5.

Example HK. [Honoré and Kyriazidou’s (2000) estimator for dynamic panel discrete

choice] Consider a dynamic panel data model with a binary dependent variable
Plyio = i, i} = Fo(s, i),
Plyit = 1|zi, i, yio, - yie—1} = F(a80 +Yovie—1 + i),

fori=1,...,nand t =1, 2,3, where y;; is binary, x;; is a k-vector, and both Fy and F' are unknown

functions. We observe {y;, z;:} but do not observe ;. Honoré and Kyriazidou (2000) proposed the

IFor the least median of squares, Zinde-Walsh (2002) employed a generalized function approach to characterize
the limiting behavior of the least median of squares estimator under dependent observations by using a smoothed
estimator. The asymptotic analysis based on empirical process theory as in Kim and Pollard (1990) under dependent
observations is still open.



conditional maximum score estimator for (5p, o),

n
(B.4) = arg max K (W) (yi2 — yir)sgnf{ (zi2 — 1)’ B + (yi3 — vio)V}, (1)
=1
where K is a kernel function and b, is a bandwidth. In this case, nonparametric smoothing is
introduced to deal with the unknown link function F'. Honoré and Kyriazidou (2000) obtained
consistency of this estimator but the convergence rate and limiting distribution are unknown. Since
the criterion for the estimator varies with the sample size due to the bandwidth b, the cube root
asymptotic theory of Kim and Pollard (1990) is not applicable. We modify the class of criterion

functions to cover such situations and Theorem 1 below answers the open questions. [J

Example MT. [Manski and Tamer’s (2002) estimator of identified set for regression
with interval regressor| Consider the binary choice model y = I{z'6p + w 4+ u > 0}, where x is a
vector of observable regressors, w is an unobservable regressor, and w is an unobservable error term
satisfying P{u < 0|z, w} = « (we set o = .5 to simplify the notation). Instead of w, we observe
the interval [wy, w,] such that P{w; < w < w,} = 1. Here we normalize that the coefficient of w to
determine y equals one. In this setup, the parameter 6y is partially identified and its identified set

is written as (Manski and Tamer 2002, Proposition 2)
O;={0e€0:P{z/0+w, <0< 20+ w or 2’0y +w, <0<2'0+w} =0}

Let 7 = (2/,w;,wy)" and ¢y(%) be an estimator for P{y = 1|Z} with the estimated parameters D.
Suppose P{y = 1|2} = ¢,,(Z). By exploring the maximum score approach, Manski and Tamer
(2002) developed the set estimator for Oy, that is

6={0ecoO: max Sn(0) — Sn(6) < en}, (2)

where
Su(0) = Py — 5)[ () > Shsgn(a'0 + w,) + {go(7) < Sysgn(a'0 + w)].

Manski and Tamer (2002) established the consistency of © to ©; under the Hausdorff distance. To
establish the consistency, they assumed the cutoff value ¢, is bounded from below by the (almost
sure) decay rate of supgeg |Sn(0) — S(0)|, where S(6) is the limiting object of S, (6). As Manski
and Tamer (2002, Footnote 3) argued, characterization of the decay rate is a complex task because
Sn(0) is a step function and I{g;(Z) > .5} is a step function transform of the nonparametric estimate
of P{y = 1|Z}. Therefore, it has been an open question. Obtaining the lower bound rate of €, is
important because we wish to minimize the volume of the estimator © without losing the asymptotic
validity. By applying Theorem 4 below, we can explicitly characterize the decay rate for the lower

bound of ¢, and establish the convergence rate of this estimator. [



3. GENERAL CUBE ROOT ASYMPTOTICS

This section extends Kim and Pollard’s (1990) main theorem on the cube root asymptotics of
the M-estimator to allow for nonparametric criterions typically due to a bandwidth sequence and

dependent data. Consider the M-estimator 0 that maximizes the random criterion
1 n
Pnfnﬂ = E Z fn,@(%)»
t=1

where {f, ¢ : 0 € O} is a sequence of classes of functions indexed by a subset © of R? and {z}
is a strictly stationary sequence of random variables with marginal P. We characterize a class of
criterion functions that induce cube root phenomena (or “sharp edge effects” in the sense of Kim
and Pollard, 1990), which is general enough to cover the examples discussed in the introduction.
Let Pf = [ fdP for a function f, |-| be the Euclidean norm of a vector, and |-||, be the Ly(P)-norm

of a random variable. The class of criterions of our interest is defined as follows.

Definition (Generalized cube root class). A class of functions {fng : 0 € O} is called the
generalized cube root class if Conditions (i)-(iii) below are satisfied with a sequence {hy} of positive

numbers such that nh,, — oco.

(i): {hnfne : 0 € O} is a class of uniformly bounded functions. Also, limy, oo P fr, ¢ is uniquely
mazximized at 0y and P f, ¢ is twice continuously differentiable at 0 for all n large enough

and admits the expansion
1 _
P(fuo = Fuso) = 5(0 = 00)'V(0 = 00) + 0(10 — 00]*) + o (nhn) ~*/?), (3)

for a negative definite matriz V.

ii): There exist positive constants C and C' such that
(ii)

101 — 02 < ChY? || fror — Froolly
for all n large enough and all 61,02 € {6 € © : |0 — 6| < C'}.
(iii): There exists a positive constant C" such that

2
P sup hn‘fn,@ - fn,9’| < C”&f,
0€O:|0—0'|<e

for all n large enough, € > 0 small enough, and 6’ in a neighborhood of 6.

This definition covers not only the case of h,, = 1 where the criterion function f, ¢ does not vary
with n (called the non-drifting case), but also the case of h,, — 0 where it does due to the sequence
hy, (called the nonparametric case). For the nonparametric case, the sequence {h,} is usually a
bandwidth sequence to deal with some nonparametric component. Kim and Pollard (1990) focused
on the non-drifting case with independent observations. Compared to Kim and Pollard (1990),

our conditions consist of directly verifiable moment conditions without demanding knowledge on



the empirical process theory such as “uniform manageability”. This is due to the insight that the
envelope condition (iii) is sufficient to control the size of entropy.

Condition (i) contains boundedness and point identification conditions. Boundedness of the class
{hnfnp : 6 € O} is a major requirement. In our analysis, boundedness is required to establish a
maximal inequality for the cube root convergence rate (Lemma M below). In particular, bounded-
ness is used to guarantee the norm equivalence relationship between the La(P)-norm || fr0 — fn.6, |5
and so-called Ly g(P)-norm |[|fn9 — fnll, 5 using S-mixing coefficients for the observations {z:}
(defined in (22) in the Appendix). It should be noted that [|fn,0 = fn.60lly = [[fn0 = frolly g for
independent observations.? See a remark on Theorem 1 for further discussion. The identification
condition for 6y is standard and similar to Kim and Pollard (1990, Conditions (ii) and (iv)) of their
main theorem. This condition should be checked for each application. In the next section we relaxes
the point identification assumption.

When the criterion f,, ¢ involves a kernel estimate for a nonparametric component, h,, is consid-
ered as a bandwidth parameter. In this case, the criterion typically takes the form of f, s(2) =

%K (xh—_nc) m(y,x,0) for z = (y,x) with some function m and kernel K (see Example HK and Sec-

tions 5.2 and 5.3). In this case, boundedness of {hy f,¢ : 0 € O} means that of K (Ih_nc) m(y,x,0).
The expansion in (3) is understood as a restriction for the integral P(f.0—fng,) = | | K (a) m(y, c+
hna, 0)pys(y, ¢ + hpa)dady by a change of variables, where py, is the joint density of (y,x). The
reasons for multiplications of hi/? in Condition (ii) and Ay, in Condition (iii) are understood in the
same manner.

Condition (ii) is required not only for the maximal inequality to derive the convergence rate of
the M-estimator but also for finite dimensional convergence to derive the limiting distribution. In
particular, this condition is used to relate the Ly (P)-norm || f, 0 — fn,0,ll, of the contrast of criterions
to the Euclidean norm [# — 6y| over ©. This condition is implicit in Kim and Pollard (1990,
Condition (v)) on non-degeneracy of the covariance kernel combined with the norm equivalence
[fn0 = frgolla = [1fno = fnooll, 5 under independent observations. Condition (ii) is often verified
in the course of verifying the expansion (3) in Condition (i).

Condition (iii) is an envelope condition for the class {fn, 9 — fneo : |6 — 0’| < €} of contrasts.
Similar to the case of independent observations, this condition plays a key role for the cube root
asymptotics. It should be noted that for the familiar squared root asymptotics, the upper bound
in Condition (iii) is of order 2 instead of e. This condition merges three conditions in Kim and
Pollard (1990): their envelope conditions ((vi) and (vii)) and uniform manageability of the class
{fn.o — frnp, : 10 — 60| < €}. It is often the case that verifying the envelope condition for arbitrary

¢’ in a neighborhood of y is not more demanding than for 6.3

2Because of this norm equivalence, Kim and Pollard (1990) (focused on the non-drifting case with independent
observations) did not need to impose boundedness.

3Condition (iii) may be relaxed slightly as follows. The upper bound in Condition (iii) is C"¢ for §' = 6y and is
C"e'/P with some p > 0 for 6’ # 6.



Hereafter we focus on the generalized cube root class, which typically involves some indicator
functions. There is a strand of literature that employs smoothing on the indicator functions by
the integrated kernel or averaging as in e.g. Horowitz (1992), Jun et al. (2015), and Wan and
Xu (2015). We note that such criterion functions involving smoothed indicators do not belong to
the generalized cube root class because those criterions typically satisfy Condition (iii) with the
envelope £2b,, 1, where b, is the bandwidth for the smoothed indicators. These estimators typically
achieve faster convergence rates than the original ones without smoothing on the indicators, but
demand more stringent assumptions on smoothness of the distributions of data. See Pollard (1993)

for instance. We do not consider these smoothed or averaged estimators in the current work.

Example HK (cont’d). Let z = (2], 22, 25)" with 21 = 3 — 23, 22 = y2 — y1, and z3 = ((z2 —
z1),y3 — yo0). Also define x9; = w9 — x1. The criterion function of Honoré and Kyriazidou’s (2000)

estimator 6 = (3,4) in (1) is written as

Frp(2) = by P (b 21) 22 {sgn(230) — sgn(2360)}
= en(2)(I{z30 > 0} — {2360 > 0}), (4)

and e, (z) = 2b; ¥ K (b;121)20. Based on Honoré and Kyriazidou (2000, Theorem 4), we impose the

following assumptions.

(a): {zi}, is an iid sample. z; has a bounded density which is continuously differentiable
at zero. The conditional density of zj|z2 # 0, 23 is positive in a neighborhood of zero, and
P{z9 # 0|23} > 0 for almost every z3. Support of x2; conditional on z; in a neighborhood
of zero is not contained in any proper linear subspace of R¥. There exists at least one j €
{1,...,k} such that ,B(gj) # 0 and :Bgl)knéf, 21, where 23] = (:Egll), . ,:Ugjl_l),:vgjlﬂ), . ,l’gi)),
has everywhere positive conditional density for almost every xéf and almost every z; in a
neighborhood of zero. FE[za|z3,21 = 0] is differentiable in z3. E[zasgn((8),v0) z3)|z1] is
continuously differentiable at z; = 0. F' is strictly increasing.

(b): K is a bounded symmetric density function with [ sjsjK(s)ds < oo for any j,j €
{1,...,k}. As n — oo, it holds nbf /Inn — oo and nbE+3 — 0.

We verify that {f, ¢} belongs to the generalized cube root class with h, = bk, We first check
Condition (ii). By the definition of z3 = y2 —y1 (which can take —1, 0, or 1) and change of variables

a = b, 'z, we obtain

Elen(2)?|23) = 4h ! /K(a)gpl(bna]zg # 0, z3)daP{zy # 0|23},



almost surely for all n, where p; is the conditional density of z; given zo # 0 and z3. Thus under

(a), hnElen(2)?|23] > ¢ almost surely for some ¢ > 0. Pick any 6; and 65. Note that

1/2
B2 | fug — Fusally = (P {hnElen(2)?|2s)1{z561 > 0} — I{z46> > 0} })"
2P(I{z40, > 0} — I{z460, > 0}

V

> )6y — 6,

for some ¢; > 0, where the last inequality follows from the same argument to the maximum score
example in Section 5.1 below using (a). Similarly, Condition (iii) is verified as
hnP sup | fno — fol> < C1P sup [I{z30 > 0} — {250 > 0}] < Cae,
|0—9|<e |0—Y|<e
for some positive constants C; and Cy and all ¥ in a neighborhood of 8y and n large enough. We
now verify Condition (i). Since hy, fy, ¢ is clearly bounded, it is enough to verify (3). A change of
variables a = b, 'z; and (b) imply

Pfno = /K E[29{sgn(240) — sgn(2360) }|21 = bpa]pi(bna)da

= p1(0)E[z2{sgn(z30) — sgn(2400)}|21 = 0]
, O?E[zo{sgn(240) — sgn(2500)}|z1 = t]p1(t)
2 21580\ %3 gniz3Y 1 p1
+b7 /K ot ada,

t=ta

where t, is a point on the line joining a and 0, and the second equality follows from the dominated
convergence and mean value theorems. Since b2 = o((nbf)=2/3) by (b), the second term is negligible.
Thus, for the condition in (3), it is enough to derive a second order expansion of E[za{sgn(z56) —
sgn(z500)}|z1 = 0]. Let Zg = {z3 : {240 > 0} # {240y > 0}}. Honoré and Kyriazidou (2000, p.
872) showed that

—E[29{sgn(240) — sgn(z5600)}Hz1 = 0] = 2/ |Elz2]|21 = 0, 23][|dF,|;,—0 > 0,

Zy
for all 6 # 6y on the unit sphere and that sgn(E[z2|z3, 21 = 0]) = sgn(246p). Therefore, by applying
the same argument as Kim and Pollard (1990, pp. 214-215), we obtain %E[@sgn(zé@ﬂzl = 0] ‘9:00 =
0 and

_ 0%E[z{sgn(z40) — sgn(z300)}|z1 = 0]
2000’

= /H{Zé% = 0}£(23) 0o2323p3(23]21 = 0)dpg,,

where £(z3) = a%gE [22]23,21 = 0], p3 is the conditional density of z3 given z; = 0, and pug, is the
surface measure on the boundary of {z3 : 250y > 0}. Combining these results, the condition in (3)

is satisfied with the negative definite matrix

V = —2p1(0) / T{2400 = O}it(25) 025 4ps (23]21 = 0)da,. (5)



Throughout this section, let {f, ¢ : § € ©} be a generalized cube root class. We now study the

limiting behavior of the M-estimator, which is precisely defined as a random variable 6 satisfying
Pnf, 5= sup Po frp — 0p((nhy) 72/3). (6)
€

The first step is to establish weak consistency of the M-estimator, i.e., 6 converges in probability to
the unique maximizer 6y of lim,,_,o P fy . The technical argument to derive the weak consistency
is rather standard and usually shown by establishing uniform convergence of the objective function
supgee |Prfno — P fnol 2, 0. Thus, in this section we assume the consistency of 0. See illustrations
in Section 5 for details to verify consistency.

The next step is to derive the convergence rate of 6. A key ingredient for this step is to obtain
the modulus of continuity of the centered empirical process {Gnh}/ 2( frno — frno,) + 0 € ©} by
certain maximum inequality, where G, f = /n(P,f — Pf) for a function f. For non-drifting
criterion functions under independent observations, several maximal inequalities are available in
the literature (see, e.g., Kim and Pollard, 1990, p. 199). For nonparametric criterion functions
under possibly dependent observations, to best of our knowledge, there is no maximal inequality
which can be applied to the generalized cube root class. Our first task is to establish a maximal
inequality for the generalized cube root class with dependent observations.

To proceed, we now characterize the dependence structure of data. Among several notions
of dependence, this paper focuses on an absolutely regular process.* Let F°__ and F2° be o-
fields of {..., 21,20} and {zm, Zm+1,- ..}, respectively. Define the S-mixing coefficient as S, =
1 sup >perxs |[P{Ai N Bj} — P{A;}P{B,}|, where the supremum is taken over all the finite
partitions {A4;}ier and {B;} ;e respectively 0 and F2° measurable. Throughout the paper, we

impose the following assumption on the observations.

Assumption D. {z:} is a strictly stationary and absolutely regular process with B-mizing coeffi-
cients {Bm} such that By, = O(p™) for some 0 < p < 1.

Obviously this assumption covers the case of independent observations studied in Kim and Pol-
lard (1990). Assumption D says the mixing coefficient 3,,, should decay at an exponential rate.? For
example, various Markov, GARCH, and stochastic volatility models satisfy this assumption (Car-
rasco and Chen, 2002). This assumption is required not only to establish the maximal inequality
in Lemma M below but also to establish a central limit theorem in Lemma C for finite dimensional
convergence.

Under Assumption D, we obtain the following maximal inequality for the empirical process

Gnh}/ 2( fn.o0 — fnp,) of the generalized cube root class.

4Gee Doukhan, Massart and Rio (1995) for a detail on empirical process theory of absolutely regular processes.
5Indeed, the polynomial decay rates of 3, are often associated with strong dependence and long memory type behavior
in sample statistics. See Chen, Hansen and Carrasco (2010) and references therein. In this case, asymptotic analysis
for the M-estimator will become very different.
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Lemma M. There exist positive constants C' and C' such that

P sup  |Gphl/*(fup — fas)l < COY2,
0€0:10—0o|<6

for all n large enough and & € [(nhy,)~/2,C"].
This maximal inequality is applied to obtain the following lemma.

Lemma 1. For eache > 0, there exist random variables { Ry} of order O,(1) and a positive constant
C such that

P fn0 = Fdo) = P(fno = f00)] < €l0 = 60” + (nhy) >Ry,
for all § € © satisfying (nhy)~'/3 < |6 — 6y < C.

Based on Lemma 1, the convergence rate of § is obtained as follows. Suppose |0 —6g| > (nhy,) /3.

Then we can take a positive constant ¢ such that

op((nhy)~23) < Pr(fng = fnoo) < P(f,5— fnoo) + elf — 0o]* + (nhy,)"*3R2
< (—c+€)|8— 00> + o(|6 — 6o|) + Op((nhy)~%/3),

for each € > 0, where the first inequality follows from the definition of § in (6), the second inequality
follows from Lemma 1, and the third inequality follows from Condition (i). Taking e small enough
to satisfy ¢ — & > 0 yields the convergence rate 6 — 6y = O, ((nhy,)~"/3).

Given the convergence rate of é, the final step is to derive the limiting distribution. To this
end, we apply a continuous mapping theorem of an argmax element (e.g., Kim and Pollard, 1990,
Theorem 2.7). A key ingredient for this argument is to establish weak convergence of the centered

and normalized empirical process

Zn(S) = nl/Gh%/SGn(fn,90+s(nhn)—1/3 - fn,90)7

for |s| < K with any K > 0. Weak convergence of the process Z,, may be characterized by its finite
dimensional convergence and tightness (or stochastic equicontinuity). If f,, o does not vary with n
and {2} is independently and identically distributed as in Kim and Pollard (1990), a classical central
limit theorem combined with the Cramér-Wold device implies finite dimensional convergence, and
a maximal inequality on a suitably regularized class of functions guarantees tightness of the process
of criterion functions. We adapt this approach to our generalized cube root class under possibly
dependent observations satisfying Assumption D.

For finite dimensional convergence, we employ the following central limit theorem, which is based
on Rio’s (1997, Corollary 1) central limit theorem for an a-mixing array. Let () be a function
such that 5(t) = By if t > 1 and 5(t) = 1 otherwise, and f71(-) be the cadlag inverse of 5(-). Also
let Q4(u) be the inverse function of the tail probability function x — P{|g(z)| > x}.
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Lemma C. Suppose Pg, =0 and
1
sup [ 87 w)Qy (0 < o ()
Then ¥ = limy, oo Var(Gngy,) exists and Gygy, 4 N(0,%).

The finite dimensional convergence of Z,, follows from Lemma C by setting g, as any finite
dimensional projection of the process {gn s — Pgn s : s} with g, s = nl/ﬁh%/g(fn’90+s(nhn),1/3 — fn6o)-
The requirement in (7) is an adaptation of the Lindeberg-type condition of Rio’s (1997, Corollary 1)
central limit theorem to our setup. The condition (7) excludes polynomial decay of 3,,. Therefore,
exponential decay of 3, is required not only for the maximal inequality in Lemma M but also for the
finite dimensional convergence in Lemma C. Also, Doukhan, Massart and Rio (1994, Theorem 5)
showed that any polynomial mixing rate will destroy the asymptotic normality of G,g,. It should be
noted that for the rescaled object g, s = nl/ﬁh%/g(fn’90+8(nh7l),1/3 — fn,0,) based on the generalized
cube root class {f, ¢}, the (24 §)-th moments P|g, s|>* for § > 0 typically diverge. This happens
because the generalized cube root class {f, ¢} typically involves the indicator function. Thus we
cannot apply central limit theorems for mixing sequences with higher than second moments. The
Lindeberg condition is one of the weakest conditions, if any, for the central limit theorem of mixing
sequences without moment conditions higher than two. To verify the Lindeberg-type condition (7),

the following lemma is often useful.

Lemma 2. Suppose there is a positive constant ¢ such that P{|g,s| > ¢} < c(nh;2)~'/3 for all n

large enough and s. Then (7) holds true.

Note that in the generalized cube root class, g, s is typically a difference between two indicators
multiplied by n'/ Gh%/ % and possibly a kernel weight. Therefore, g, s is zero or close to zero with
high probability so that the condition P{|g,s| > ¢} < c(nh,2)/? can be satisfied.

Example HK (cont’d). We verify the condition of Lemma 2 for the estimator by Honoré and

Kyriazidou (2000) in (1). In this case, the normalized criterion is written as
Ins(2) = nl/Gbik/gen(z)AMS(ZS)a

where e,,(z) = 2b,*K (b, 21)22 and A, 5(z3) = I{z4(60 + Sn_l/?’b,;k/g) > 0} — I{z56p > 0}. Since
|zo| <1 and |Aj, s(23)| takes only 0 or 1, it holds

P{|gn,8

>} < PLIK(b )| 2 27 en VO [ A o (25)] = 1} P{I A (25)] = 1}

IN

CE [|K (b 21)l| [An,s(z3)] = 1] (nby) =/

S C«l(,anZk)fl/?)7

for some C,C’" > 0, where the second inequality follows from the Markov inequality and the fact

that P{|A,(z3)| = 1} is proportional to (nbf)~/3, and the last inequality follows from a change
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of variables and boundedness of the conditional density of z; given |A, s(z3)| = 1 (by (a)). Since

h, = bE in this example, we can apply Lemma 2 to conclude that the condition (7) holds true. O
To establish tightness of the normalized process Z,, we show the following maximal inequality.

Lemma M’. Consider a sequence of classes of functions G, = {gns : |s| < K} for some K > 0
with envelope functions G,,. Suppose there is a positive constant C' such that
P sup |gn78 - gn,s’|2 < Csg, (8)
s:ls—s'|<e
for all n large enough, |s'| < K, and € > 0 small enough. Also assume that there exist 0 < k < 1/2
and C' > 0 such that G, < C'n" and ||Gy|l, < C' for all n large enough. Then for any o > 0, there
exist 6 > 0 and a positive integer N5 such that
P sup ’Gn(gn,s - gn,s’)’ S g,
|s—s'|<0

for all n > Ng.

Tightness of the process Z,, follows from Lemma M’ by setting g, s = nl/ﬁhi/g(fn790+5(nhn)_1/3 —
fn0,)- Note that the condition (8) is satisfied by Condition (iii) of the generalized cube root class.®
Compared to Lemma M used to derive the convergence rate of é, Lemma M’ is applied only to
establish tightness of the process Z,,. Therefore, we do not need an exact decay rate on the right
hand side of the maximal inequality.”

Based on finite dimensional convergence and tightness of Z,, shown by Lemmas C and M’, re-
spectively, we establish weak convergence of Z,,. Then a continuous mapping theorem of an argmax
element (Kim and Pollard, 1990, Theorem 2.7) yields the limiting distribution of the M-estimator

0. The main theorem of this section is presented as follows.

Theorem 1. Let {f, 9 :0 € O} be a generalized cube root class. Suppose that Assumption D holds,
0 defined in (6) converges in probability to 8y € int®, and (7) holds with g, s — Pgn.s for each s,

where gn,s = nl/ﬁh%/g(fn,00+s(nhn)_1/3 - fn,90)- Then

(nh)Y3(0 — 0) % arg max Z(s), (9)

where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vs/2, and covari-

ance kernel H(s1,s2) = limy, 00 Z?:_n Cov(gn,s,(20); Gn,se (2)) < 00.

This theorem can be considered as an extension of the main theorem of Kim and Pollard (1990) to
the cases where the criterion function f, g can vary with the sample size n and/or the observations
{z:} can obey a dependent process. To best of our knowledge, the cube root (nonparametric)
convergence rate (nhn)l/ 3 with h,, — 0 is new in econometrics and statistics literature. It is
6The upper bound in (8) can be relaxed to e'/? for some 1 < p < co. However, for the generalized cube root class it

is typically satisfied with p = 1.
"In particular, the process Z, itself does not satisfy Condition (ii).
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interesting to note that similar to standard nonparametric estimation, nh,, still plays a role as
the “effective sample size.” Also, similar to Kim and Pollard (1990), the limiting distribution is
characterized by the maximizer of the Gaussian process Z. However, the covariance kernel H takes
the form of the long-run variance. On the other hand, when the condition of Lemma 2 holds true,
the maximal inequality in Lemma M’ often implies that the asymptotic temporal covariances are
negligible. For example, in Section 5.1, we find that the covariance kernel H of the maximum score

estimator under dependent observations is same as the independent case.

Example HK (cont’d). We have already verified that the criterion (4) of Honoré and Kyriazidou’s
(2000) estimator belongs to the generalized cube root class and satisfies the Lindeberg-type condition
(7). Therefore, Theorem 1 implies the limiting distribution of Honoré and Kyriazidou’s (2000)
estimator as in (9). The matrix V is given in (5). The covariance kernel H is obtained in the same
manner as Kim and Pollard (1990). That is, decompose z3 into 1’6y + z3 with z3 orthogonal to 6.
Then it holds H(s1,s2) = L(s1) 4+ L(s2) — L(s1 — s2), where

L(s) = 4p1(0) / |2§5]p3(0,23|z1 = 0)dzs.

Once we show that the M-estimator has a proper limiting distribution, Politis, Romano and Wolf
(1999, Theorem 3.3.1) justify the use of subsampling to construct confidence intervals and make
inference. Our mixing condition in Assumption D satisfies the requirement of their theorem and thus
subsampling inference based on b consecutive observations with b/n — oo is asymptotically valid.
See Politis, Romano and Wolf (1999, Section 3.6) for a discussion on data-dependent choices of b.
Another candidate to conduct inference based on the M-estimator is the bootstrap. However, even
for independent observations, it is known that the naive nonparametric bootstrap is typically invalid
under the cube root asymptotics (Abrevaya and Huang, 2005, and Sen, Banerjee and Woodroofe,
2010). It is beyond the scope of this paper to investigate bootstrap inference in our setup.

We now discuss the boundedness requirement on hy, f,, g in Condition (i). Boundedness is used to

show the maximal inequality in Lemma M particularly to guarantee the norm relation ||| 5 < C'[|-[|;

for some positive constant C' (see (25) in the Appendix). Note that it always holds |||, < [l 4
(Doukhan, Massart and Rio, 1995, Lemma 1). Thus, boundedness of hy, f,, ¢ is used to guarantee the
norm equivalence relationship between the Lo(P)- and Ly g(P)-norms. Without boundedness, the
Ly g(P)-norm is bounded from above only by the Lo, (P)-norm with any 1 > 0 (Doukhan, Massart
and Rio, 1995, pp. 403-404). Therefore, instead of Lemma M, the resulting maximal inequality will
be

P osup  |GuhY?(frp — fus)| < COYEEM,
0€O:10—00|<d
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provided Condition (iii) is replaced with
P sup bR fg = fuaPT < O,
0cO:|9—0'|<e
for some positive constant C” and all n large enough, £ > 0 small enough, and ¢’ in a neighborhood
of 6y. By applying a similar argument to show Lemma M, we can show 6 — 6y = Op((nhn)_i_m)
for any n > 0 without boundedness of h,, f,, 9. However, this convergence rate may not be sharp.

Also note that the exponential decay of the mixing coefficient 3, in Assumption D is used to
show the norm equivalence (25) in the Appendix. Instead of Assumption D (which imposes 3, =
O(p™)), Lemma M can be shown under a slightly weaker condition: supg_,<; " [ 87 (u)du <
0.8 However, this weaker condition already excludes polynomial decay of f3,,.

Let us close this section with an extension of Theorem 1. It is often the case that the crite-
rion function contains some nuisance parameters which can be estimated with rates faster than
(nhy)~Y/3. For the rest of this section, let 6 and 6 satisfy

Py n,0,0 > Sggpnfnﬂ,f/+0p((nhn)72/3)a

Pn n,é,Vo Z Zggpnfnﬁﬂ/o+OP((nhn)_2/3)7

respectively, where v is a vector of nuisance parameters and v is its estimator satisfying o — vy =

0p((nhy,)™1/3). Theorem 1 is extended as follows.

Theorem 2. Let {fn0., : 0 € O} be a generalized cube root class and {fn9., : 6 € ©,v € A}

satisfies Condition (iii). Suppose there exists some negative definite matriz Vi such that
1 _
P(fnow = Frgom) = 5(0 = 00)Vi(6 = 0) + (|0 — 60l%) + O(lv — wo*) + o((nhn)~>/%), (10

for all 0 and v in neighborhoods of 0y and vy, respectively. Then 6 = 6’~—|—0p((nhn)*1/3). Additionally,
if (7) holds with (gn,s - Pgn,s) for each s, where 9n,s = n1/6h721/3(fn,90+s(nhn)’1/3,uo - fn,@o,l/o); then

(nhn)3(0 — 6) KN argmax Z(s),
S
where Z(s) is a Gaussian process with continuous sample paths, expected value s'Vis/2 and covari-
ance kernel H(s1,s2) = limp—00 Y 1, CoV(Gn s, (20), Gn,so(22)) < 00.
4. PARTIAL IDENTIFICATION

In this section, we relax the assumption of point identification of 8y, the maximizer of the limiting
population criterion lim, o P fy, 9, and consider the case where the limiting criterion is maximized

at any element of a set ©; C ©. The set Oy is called the identified set. In order to estimate O, we

8For example, consider the case where g is a binary function (takes 0 or 1). In this case, we have ||g\|2’5 =
lglly /2=t [ B~ (u)du with = = P{g(z:) = 1}. Therefore, we cannot bound lgll, 5 from the above unless

SUPg_ <y ! foz B (w)du < oo.
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consider a collection of approximate maximizers of the sample criterion function P, f,, ¢, that is
(':) = {0 €O: Ienaédpnfn,@ - IP)nfn,@ < é(nhn)_l/Q}a
€

i.e., the level set based on the criterion f;, y from the maximum with a cutoff value é(nhn)_l/ 2. This
section studies the convergence rate of O to ©; under the Hausdorff distance defined below. We
assume that ©7 is convex. Then the projection Ty = argmingcg, |¢' — 0| of § € © on O is uniquely
defined. To deal with the partially identified case, we modify the definition of the generalized cube

root class as follows.

Definition (Partially identified cube root class). A class of functions {fn9: 0 € O} is called
the partially identified cube root class if Conditions (i)-(iii) below are satisfied with a sequence {h,}
of positive numbers such that nh,, — oco.
(i): {hnfnp : 0 € O} is a class of uniformly bounded functions. Also, limy, oo Pfr ¢ is maz-
imized at any 0 in a bounded convex set ©;. There exist positive constants ¢ and ¢ such
that

P(fn,m; - fn,@) 2 6’0 - 779|2 + 0(‘9 - 779’2) + 0((nhn)72/3)’ (11)
for all n large enough and all 0 € {§ € © : 0 < |0 —my| < }.

(ii): There exist positive constants C' and C" such that

10 — 7] < ChY? | fro — Famolly s

for all n large enough and all @ € {§ € © : 0 < |0 — 7y| < C'}.
(iii): There exists a positive constant C" such that
P sSup hn|fn,9 - fn,m) ’2 < CNE?
0€0:0<|0—mg|<e

for all n large enough and all € > 0 small enough.

For the non-drifting case, we set as h,, = 1. Similar comments to the generalized cube root class
apply. The main difference is that the conditions are imposed on the contrast f,, 9 — fnr, using
the projection my. Condition (i) contains boundedness and expansion conditions. The inequality in
(11) can be verified by a one-sided Taylor expansion based on the directional derivative. Conditions
(ii) and (iii) play similar roles and are verified by similar arguments to the point identified case. In

contrast to the point identified case, Condition (iii) does not require 6’ in a neighborhood of 6.

Example MT (cont’d). A little algebra shows that Manski and Tamer’s (2002) set estimator in
(2) is written as
O ={0 €0 :maxP,fo; —Pufps < en”'/2),
€

where z = (2/, w, w;, wy, uw)', h(z,w,u) = {z'0) + w+ u > 0} — [{2'6y + w + u < 0}, and

fou(2) = h(z,w,u)[[{z'0 + wy, > 0,q,(%) > .5} — {z'0 + w; < 0,q,(2) < .5}]. (12)
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We impose the following assumptions. Let 00©; be the boundary of Or, k(%) = (2qy,(Z) —
DHaqu, (2) > .5}, and r(Z) = (1 — 240, (2)){ qu (T) < 5}

(a): {z¢, wy, wig, Wy, uy } satisfies Assumption D. z|w, has a bounded and continuous condi-
tional density p(-|w,,) for almost every w,,. There exists an element z; of 2 whose conditional
density p(z|w,) is bounded away from zero over the support of of w,. The same condition
holds for x|w;. The conditional densities of w,|w;,z and w;|w,,x are bounded. g¢,(-) is
continuously differentiable at 1y a.s. and the derivative is bounded for almost every Z.

(b): For each 6 € 00, k,(Z) is non-negative for 2’0 + w, > 0, x;(Z) is non-positive for

2’0 4+ w; <0, Ky (Z) and k(Z) are continuously differentiable, and it holds

P{2'0 + w, = 0,q,,(Z) > .5, (0 0ry(T)/0x)p(x|wy, wy) > 0} >0, or
P{2'0 +w; = 0,q,,(Z) < .5, (0'0ry(2)/0x)p(x|wy, wy) > 0} > 0.

To apply Theorem 4 below, we verify that {fy,, : § € ©} belongs to the partially identified cube
root class with h,, = 1. We first check Condition (i). This class is clearly bounded. From Manski
and Tamer (2002, Lemma 1 and Corollary (a)), Pfg,, is maximized at any § € O; and Oy is a
bounded convex set. By applying the argument in Kim and Pollard (1990, pp. 214-215), the second

directional derivative at § € 0O with the orthogonal direction outward from ©; is

—2P/H{m’0 _ _wu}gfa""g(?“)p(xywl,wu)(x’e)Zdau—QP/]I{x’H = —wz}ﬁ’ag‘@
» T

where o0, and o are the surface measures on the boundaries of the sets {z : /7y + w, > 0} and

p(z|wy, wy,) (ac’H)Qdal,

{z : 2'mp + w; > 0}, respectively. Since this matrix is negative definite by (b), Condition (i) is
verified. We next check Condition (ii). By h(x,w,u)? = 1, observe that

”f97V0 - fﬂg,l/0||2 2 \@mln{

P{2'0 > —w, > 2'mg or 2'0 < —w, < 2'mp}{qy,(Z) > .5},
P{2'0 > —w; > a'mp or 20 < —w; < 2'7p}{q, (%) < .5}

for any 6 € ©. Since the right hand side is the minimum of probabilities for pairs of wedge shaped
regions with angles of order |§ — my|, (a) implies Condition (ii). We now check Condition (iii). By

h(z,w,u)? = 1, the triangle inequality, and |I{q,, (%) > 0.5}| < 1, we obtain

2
P sup |f9,l/0 - fﬂeﬂ/o|
0€0:0<|0—mg|<e
< P sup Hz'0 > —w, > 2’1y or 2’0 < —w, < 2'mp}
0€0:0<|0—mg|<e
+P sup Hz'0 > —w; > a'mg or 20 < —w; < 2'mp}, (13)

0€O:0<|0—mg|<e
for any € > 0. Again, the right hand side is the sum of the probabilities for pairs of wedge shaped

regions with angles of order €. Thus, (a) also guarantees Condition (iii). O

We establish the following maximal inequality for the partially identified cube root class. Let
Ty = nhy/log(nhy,).
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Lemma MS. There exist positive constants C' and C' < 1 such that

P sup [Guhy*(fup — fm)| < C(3log(1/8))"2,
0€O:0<|0—mg|<6

for all n large enough and 6 € [rﬁl/Z, ).

Compared to Lemma M, the additional log term on the right hand side is due to the fact that the
supremum is taken over the d-tube (or manifold) instead of the §-ball, which increases the entropy.

This maximal inequality is applied to obtain the following analog of Lemma 1.

Lemma 3. For each e > 0, there exist random variables { Ry} of order O,(1) and a positive constant
C such that
[Pn(fo = Frg) = P(fo = fry)| < el —mof* + 2R
n\Jo L) 0 f7r9)| > E‘ 779’ + 7, ns
forall@ e {0 €0 ' * <10 —m| < CY.

We now establish the convergence rate of the set estimator © to ©7. Let p(A, B) = sup,e 4 infye g [a—
b| and H(A, B) = max{p(A, B), p(B,A)} be the Hausdorff distance of sets A, B C R?. Based on

Lemmas MS and 3, the asymptotic property of the set estimator © is obtained as follows.

Theorem 3. Let {f,9: 0 € O} be a partially identified cube root class, and {h711/2fn79 :0 €071} be
a P-Donsker class. Assume H(©,07) 5 0 and é = 0,((nhy,)"/?). Then

p(0,01) = Op(e!/(nhy) ™M/ 417177,
Furthermore, if é — oo, then P{O; C ©} — 1 and

H(6,07) = 0,(e"*(nhy) /4.

Note that p is asymmetric in its arguments. The first part of this theorem says p(@,@ 1) =
O, (&2 (nhy,) =14 4 7“771/3). On the other hand, in the second part, we show P{O; C ©} — 1 (i.e.,
p(Or, é) can converge to zero at an arbitrary rate) as far as ¢ — oo. For example, we may set at ¢ =
log(nhy,). These results are combined to imply the convergence rate H(0,0;) = O,(&Y/?(nhy,)~'/4)
under the Hausdorff distance. The cube root term of order r,, /3 in the rate of p(@, ©7) is dominated
by the term of order ¢'/2(nh,)~/4.

We next consider the case where the criterion function contains nuisance parameters. In par-
ticular, we allow that the dimension k,, of the nuisance parameters v can grow as the sample size
increases. For instance, the nuisance parameters might be coefficients in sieve estimation. It is
important to allow the growing dimension of v to cover Manski and Tamer’s (2002) set estimator,
where the criterion contains some nonparametric estimate and its transform by the indicator. The

rest of this section considers the set estimator

é = {9 €06: Ienzgipnfn,@,ﬁ - Pnfnﬁ,z? < é(nhn)_l/Q},
€
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with some preliminary estimator o and cutoff value ¢. To derive the convergence rate of 0, we
establish a maximal inequality over the set G, = {gng, — Pono, : |0 — 6] < Ki,|v — 1| <
Ksay} for some Ki, Ky > 0 with envelope functions G,,, where k, — o0, a,, — 0, and knai/g —
0. Let gns = gno, with s = (0',1/)'. Suppose the preliminary estimator © satisfies v — vy =
Op(n_l/z(k:n log kn)1/2). Then, we may set as a,, = n_l/Q(k‘n log k:n)l/2 and gn s = ai/zh%/Q(fn,gﬂj —
fn0.), and the condition kna?/ ® 5 0is guaranteed by ki log k,/n — 0. Lemma MS is modified as

follows.

Lemma MS’. Suppose there exists a positive constant C such that

P sup |gns— gms/]Q < Ce, (14)

s:ls—s'|<e

for all n large enough and € > 0 small enough. Also assume that there exist 0 < k < 1/2 and C' > 0
such that G, < C'n" and ||G,|ly < C’ for all n large enough. Then for any o > 0, there exist § > 0

and a positive integer Ny such that

(log kn)_lp sup  |Gngn,s — Gngn,s'| < 0,
|s—s’|<é

for all n > Ng.

Similar comments to Lemma M’ apply. The term (logk,)~! is the cost due to the growing
dimension of nuisance parameters. Based on this lemma, the convergence rate of the set estimator

© is characterized as follows.

Theorem 4. Let {f, 0., : 0 € O} be a partially identified cube root class, and {hqlz/2fn797,,0 :0 €05}

be a P-Donsker class. Suppose there exists a positive constant C” such that

P sup sup  halfrow — Famanl” < C', (15)
lv—1p|<e 0€O:|0—mg|<e

for all n large enough and all € > 0 small enough. Assume p(©,07) 5 0, ¢ = o0,((nhy)"/?),

ky, — 00, | — 1| = op(ay) for some {a,} such that hy,/a, — oo and knaZ® = 0. Furthermore, for

some € > 0 and for each 6 € {0 € © : |0 — 7| < €} and v in a neighborhood of vy, it holds

P(fnﬁ,l/ - fn,@,l/o) - P(fn,we,u - fn,ﬂ'g,l/o) = O(|0 - 7T9|2) + O(|V - Z/O|2 + 7“;2/3)- (16)

Then
p(©, Or) = Op(él/2(nhn)_1/4 + 7}71/3 + (nhnagl)_1/4(log kn)1/2> + o(an). (17)

Furthermore, if ¢ — oo, then P{O; C ©} — 1 and

H(0,05) = 0,(¢Y2(nhy,) V4 + (nhnay Y)Y (log kn)'?) + o(an). (18)

Compared to Theorem 3, we have an extra term in the convergence rate of H (é, ©r) due to

(nonparametric) estimation of 1. For example, if h, = 1 and 7 is a vector of coefficients for sieve
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estimation, then it is often the case that a, = o(n~'/*) (see, e.g., Chen, 2007).° In this case, the
convergence rate under the Hausdorff distance becomes H(©,0;) = O,(n~'/4¢!/?) as far as ¢ — co.
For example, we can set as ¢ = logn. The envelope condition in (15) allows for step functions
containing some nonparametric estimates.

We now discuss the relationship to Chernozhukov, Hong and Tamer (2007), which established
general asymptotic theory for the criterion-based set inference method. First, our Theorem 3 ba-
sically verifies their high level condition (Condition C.2 of Chernozhukov, Hong and Tamer, 2007)
for the convergence rate of the general level set estimator in the partially identified cube root class.
Second, as motivating examples, they focused on the moment condition models (Section 4 of Cher-
nozhukov, Hong and Tamer, 2007) and applied their general set inference theory. Here we focus on
the criterion for the M-estimation. Consider the non-drifting case h, = 1. Although the GMM-
type criterion function is typically of order O,(n~!) on ©f, the M-estimation criterion is of order
O,(n~'/?). This difference yields a rather slower convergence rate H(0,07) = O,((logn)/?n=1/4)
in Theorem 3 instead of H(©,0;) = O,((logn)"/?n~'/2) in Chernozhukov, Hong and Tamer (2007,
Theorem 4.1). However, in our setup, this is an efficient rate in the sense of the fastest conver-
gence rate that preserves consistency. Third, we allow the criterion to contain the nonparametric
bandwidth h, and nuisance parameters with increasing dimension. Finally, the maximal inequal-
ity in Lemma MS’ and the assumption that {h}/ 2 Jnow : 0 € Or} is P-Donsker are sufficient to
verify Conditions C.4 and C.5 of Chernozhukov, Hong and Tamer (2007). Thus their subsampling

confidence set is also valid in our setup.

Example MT (cont’d). Since we have already verified that {f,, 9., : ¢ € ©} in (12) belongs to the
partially identified cube root class, it remains to check (15) and (16). The condition (15) is verified
in the same manner as Condition (iii) by modifying the bound in (13). Let I,,(Z) = I{q.(Z) > .5 >
Qv (Z) or g, (%) < .5 < q,y(Z)}. For (16), note that

\P(fo — fo) = P(frow — o)l

< P20 > —wy, > 2'mg or 2’0 < —w,, < 2'mp} ()

+PI{z'0 > —w; > 2'mg or /0 < —w; < 2’7}, (7), (19)
for each 6 € {# € © : |0 — my| < €} and v in a neighborhood of vy. For the first term of (19), the
law of iterated expectation and an expansion of ¢,(Z) around vy based on (a) imply

PH{z'0 > —w, > 2'mg or 20 < —w,, < 2’1y}, (Z)
< PHa'0 > —wy, > 2'mg or 2'0 < —wy, < 2'mg} A(wy, ) |v — v,

for some bounded function A. The second term of (19) is bounded in the same manner. Therefore,
\P(fo.0 — foy) = P(frgw — fou)] = O(|0 — mgllv — 1p|) and (16) is verified. Since all conditions of

9Alternatively vo can be estimated by some high-dimensional method (e.g. Belloni, Chen, Chernozhukov and Hansen,
2012), which also typically guarantees a,, = o(n71/4).
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Theorem 4 are verified, we conclude that the convergence rate of Manski and Tamer’s (2002) set
estimator © in (2) is characterized by (17) and (18).

Manski and Tamer (2002) proved the consistency of © to ©; in terms of the Hausdorff dis-
tance. We provide a sharper lower bound on the their tuning parameter ¢,, which is in our no-

tation én—1/2

with ¢ — oco. For example, if we set ¢ = logn, then the convergence rate becomes
H(0,07) = 0,(n~"/*(logn)*/?). As we discussed in the end of Section 3, this rather slow conver-
gence rate comes from the stochastic order of the criterion function on ©;. We basically verify the
high level assumption of Chernozhukov, Hong and Tamer (2007, Condition C.2) in the cube root
context. However, we mention that in the above setup, the criterion contains nuisance parameters
with increasing dimension and the result in Chernozhukov, Hong and Tamer (2007) is not directly

applicable. [

5. FURTHER EXAMPLES

5.1. Dependent observations . As an application of Theorem 1, consider the maximum score

estimator for the regression model y; = x}6y + uy, that is
n
0= I{y; > 0,2/6 > 0} + I{y; < 0,2.0 < 0}],
arg max ;[ {ye > 0,270 > 0} + T{y; < 0,20 < 0}]

where S is the surface of the unit sphere in R%. Since 0 is determined only up to scalar multiples, we
standardize it to be unit length. We impose the following assumptions. Let h(z,u) = I{z'0y + u >
0} — {2’60y + u < 0}.

(a): {xy,us} satisfies Assumption D. x; has compact support and a continuously differentiable
density p. The angular component of x;, considered as a random variable on S, has a
bounded and continuous density, and the density for the orthogonal angle to 6y is bounded
away from zero.

(b): Assume that |0g] = 1, median(u|z) = 0, the function k(z) = E[h(z, us)|x, = ] is non-
negative for 2'6y > 0 and non-positive for 2’6y < 0 and is continuously differentiable, and
P{z'6p = 0, i(z) Opp(x) > 0} > 0.

Except for Assumption D, which allows dependent observations, all assumptions are similar to the

ones in Kim and Pollard (1990, Section 6.4). First, note that the criterion function is written as
fo(z,u) = h(z,u)[I[{z'0 > 0} — I{z'6y > 0}].

We can see that 6 = arg maxges Pn fo and g = argmaxgcg P fy. Existence and uniqueness of 6
are guaranteed by (b) (see, Manski, 1985). Also the uniform law of large numbers for an absolutely
regular process by Nobel and Dembo (1993, Theorem 1) implies supgeg [Pp fo— P fol 2 0. Therefore,
0 is consistent for 6.

We next compute the expected value and covariance kernel of the limit process (i.e., V and H

in Theorem 1). Due to strict stationarity (in Assumption D), we can apply the same argument to
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Kim and Pollard (1990, pp. 214-215) to derive the second derivative

0%Pf,
V= 0006

= — /]I{z’@o = 0}i(z) Oop(z)z2’ do,
0=09
where o is the surface measure on the boundary of the set {z : 2’6y > 0}. The matrix V is negative
definite under the last condition of (b). Now pick any s and sg, and define gt = fy, 1 ,,~1/3, (T1, ut) —
footn-1/35, (T, ut). The covariance kernel is written as H(s1, s2) = ${L(51,0)+L(0, s2) — L(s1, 52)},

where

L(s1,52) = "h_)ngo n3Var(Ppqn,) = nh_}nolo n'3{Var(qgn.) + Z Cov(qn,ts qnt+m)}-

m=1

The limit of n'/3Var(g, ;) is given in Kim and Pollard (1990, p. 215). For the covariance Cov(qu. ¢, @n.t+m),
note that g, ; can take only three values, —1, 0, or 1. By the definition of 3,,, Assumption D implies

’P{qmt =J Gn,t+m = k} - P{qnﬂf = j}P{qn,t+m = k}‘ < n_2/3/8m7

for all n,m > 1 and j,k = —1,0,1, i.e., {gn:} is a S-mixing array whose mixing coefficients are
bounded by n=2/38,,. In turn, this implies that {qn+} is an a-mixing array whose mixing coefficients
are bounded by 2n~2/34,,. Thus, by applying the a-mixing inequality, the covariance is bounded
as

Cov(qn,t, @n,t+m) < Cn_Q/gﬁm ||Qn,t||]2;,

for some C' > 0 and p > 2. Note that
lgntl2 < [PIE{a! (6 + s1n7/3) > 0} — H{a' (B + san~ /%) > 0} |27 = O(n~2/30),

Combining these results, n!/3 Yoo Cov(gn,ts Gnt+m) — 0 as n — oo. Therefore, the covariance
kernel H is same as the independent case in Kim and Pollard (1990, p. 215).
We now verify that {fy : 0 € S} belongs to the generalized cube root class with h,, = 1. Condition

(i) is already verified. By Jensen’s inequality,

| fo, — fanlly = V/PII{z'0; > 0} — [{a/05 > 0}| > P{2’0; > 0 > 2/0 or 2'05 > 0 > 2/6,},

for any 61,05 € S. Since the right hand side is the probability for a pair of wedge shaped regions
with an angle of order |#; — 62|, the last condition in (a) implies Condition (ii). For Condition (iii),
pick any € > 0 and observe that
P sup |fo—fol?=P sup I{z'0>0> "0 or 2’9 > 0> 2’6},
0cO:|6—I|<e 0cO:|0—v|<e

for all ¥ in a neighborhood of 6y. Again, the right hand side is the probability for a pair of wedge
shaped regions with an angle of order e. Thus the last condition in (a) also guarantees Condition
(iii). Since {fp : @ € S} belongs to the generalized cube root class, Theorem 1 implies that even
if the data obey a dependence process specified in Assumption D, the maximum score estimator

possesses the same limiting distribution as the independent sampling case.
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5.2. Random coefficient: New econometric model . As a new econometric model which can
be covered by our cube root asymptotic theory, let us consider the regression model with a random
coefficient v = x}0(wy) + us. We observe z; € R?, w, € R¥, and the sign of ;. We wish to estimate
o = 6(c) at some given ¢ € R¥.19 In this setup, we can consider a localized version of the maximum

score estimator

n

= argmax> K [ =) [{y; > 0,250 > 0} + Iy, < 0,20 < 0}],
bes — by,

where S is the surface of the unit sphere in R%. We adapt the assumptions in Section 5.1 for the

maximum score estimator to localized counterparts. Let h(z,u) = I{z'0p+u > 0} —I{z'6y+u < 0}.

(a): {z¢,w, us} satisfies Assumption D. The density p(z,w) of (x4, w;) is continuous at all x
and w = ¢. The conditional distribution z|w = ¢ has compact support and continuously
differentiable conditional density. The angular component of z|w = ¢, considered as a
random variable on S, has a bounded and continuous density, and the density for the
orthogonal angle to 6y is bounded away from zero.

(b): Assume that |6p| = 1, median(u|z,w = ¢) = 0, the function k(z,w) = Elh(x¢, u)|z: =
x,w; = w| is continuous at all x and w = ¢, k(z,c) is non-negative for 2’6y > 0 and non-
positive for /6y < 0 and is continuously differentiable in z, and P{z'6y = 0, (%)/ Oop(z,w) >
Olw = ¢} > 0.

(c): K is a bounded symmetric density function with [ s>K(s)ds < co. As n — oo, it holds

nbf — oo for some k' > k.

Note that the criterion function is written as
1 w—c , ,
fro(z,w,u) = hiK 1k h(z, u)[[{z'0 > 0} — I{z'6p > 0}],
n hn

where h, = bﬁ. We can see that = argmaxges Pnfne and 0y = argmaxgeg lim, o0 Pfy 6.
Existence and uniqueness of y are guaranteed by the change of variables and (b) (see, Manski,
1985). Also the uniform law of large numbers for an absolutely regular process by Nobel and
Dembo (1993, Theorem 1) implies supgcg |Prfno — P fn.ol 20, Therefore, 0 is consistent for 6.

We next compute the expected value and covariance kernel of the limit process (i.e., V and H
in Theorem 1). Due to strict stationarity (in Assumption D), we can apply the same argument to
Kim and Pollard (1990, pp. 214-215) to derive the second derivative

. O0*Pf, Ik(z, )\’
V= 7}1_>n;o &98.]00;9 . =— /]I{x’@o =0} (éx‘)> Oop(z, c)zx'do(x),

10Gautier and Kitamura (2013) studied identification and estimation of the random coefficient binary choice model,
where 0; = 0(w;) is unobservable. Here we study the model where heterogeneity in the slope is caused by the
observables w;.
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where o is the surface measure on the boundary of the set {x : 2’6y > 0}. The matrix V is
negative definite under the last condition of (b). Now pick any s; and sp, and define ¢, =
0o+ (nhn)~1/35; (Tts Wes ue) = f g0 4 (i) ~1/35, (T, Wi, ug). The covariance kernel is written as H(s1, s2) =
%{L(sl,O) + L(0, s2) — L(s1,s2)}, where

L(s1,52) = lim (nhy)*3Var(Ppgn,) = lim (nhn) B{Var(gne) + > Cov(ant: gnsm)}-

m=1
The limit of (nhy,)"/3Var(g,) is obtained in the same manner as Kim and Pollard (1990, p. 215).
For the covariance, the a-mixing inequality implies
, 20-p)
COV(gnts Gnitm)| < CBum lanill2 = O(p™)O((nhy) 3 h ™),

for some C' > 0 and p > 2, where the equality follows from the change of variables and Assumption
D. Also, by the change of variables |Cov(gn.¢, n.t+m)| = |Pnt@nitm — (Pani)?| = O((nhy,)~2/3).
By using these bounds (note: if 0 < A < min{Bj, Ba}, then A < BfB%_e for any ¢ € [0, 1]), there

exists a positive constant C’ such that

> | 20— — 2Dt 20
(ko) 3 1COV(Gn s G| < ') 5425550, 7 St

m=1 m=1
for any £ € [0,1]. Thus, by taking ¢ sufficiently small, we obtain lim,,_,« (nhy,)"/? > oo 1 Cov(Gnit, Gntrm) =
0 due to nb¥ — oco.
We now verify that {f,¢ : 6 € S} belongs to the generalized cube root class with h, = bfl.
Condition (i) is already verified. By the change of variables and Jensen’s inequality (also note that

h(z,u)? = 1), there exists a positive constant C' such that

W2 s — Frgally = \/ [ [ KR = 0}~ 't = 0}p(.c-+ sby)dads
> CE[|l{z'6; > 0} — I{a'0; > 0}|| w = ¢]
= CP{2'0 > 0> 120 or 2’0, > 0 > 26, |w = ¢},
for all 1,05 € S and all n large enough. Since the right hand side is the conditional probability

for a pair of wedge shaped regions with an angle of order |f; — 62|, the last condition in (a) implies

Condition (ii). For Condition (iii), pick any & > 0 and there exists a positive constant C’ such that

P sup hn|fn,9 - fn,ﬂ 2

0€O:]9—09|<e
= //K(s)2 sup  |[I{z'0 > 0} — I{z"9 > 0}]|*p(x, ¢ + sby,)dzds
0€O:10—9I|<e
< C'E sup  |[[{2'0 > 0} — {9 > 0}]|*| w = c] ,

0€0:|0—1|<e
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for all ¥ in a neighborhood of 8y and n large enough. Again, the right hand side is the conditional
probability for a pair of wedge shaped regions with an angle of order . Thus the last condition in
(a) also guarantees Condition (iii). Since {f,9 : 0 € S} belongs to the generalized cube root class,

Theorem 1 implies the limiting distribution of (nhy,)'/3(8 — ) for the random coefficient model.

5.3. Minimum volume predictive region . As an illustration of Theorem 2, consider a minimum
volume predictor for a strictly stationary process proposed by Polonik and Yao (2000). Suppose we
are interested in predicting y € R from z € R based on the observations {y;, z;}. The minimum

volume predictor of y at = = ¢ in the class Z of intervals of R at level « € [0, 1] is defined as

I= inu(S) st. P(S)>
argminp(S)  s.t. P(S) 2 a,

where p is the Lebesgue measure and P(S) = Yo Hy € SIK ("”;L—;C) /> K (%) is the

kernel estimator of the conditional probability P{y; € S|z; = c}. Since I is an interval, it can be

written as I = [§ — 0,0 + 0], where

6= argméaxf’([@ — 0,0 +7]), o =inf{v:sup P([0 — v,0 + v]) > a}.
0
To study the asymptotic property of I , we impose the following assumptions.

(a): {yi, x4} satisfies Assumption D. Iy = [0y — v, 0y + o] is the unique shortest interval such
that P{y; € Iy|xy = ¢} > a. The conditional density Vyle=c Of Yyt given x; = c is bounded
and strictly positive at 0y+1p, and its derivative satisfies 4y ,—c(60 —v0) = Vyje=c(fo+10) > 0.

(b): K is bounded and symmetric, and satisfies lim, o |a|K(a) = 0. As n — oo, nh, — o0
and nhi — 0.

For notational convenience, assume 0y = 0 and vy = 1. We first derive the convergence rate for .
Note that o = inf{v : sup,y §([0 — v,0 + v]) > ay(c)}, where §(S) = ﬁ Yo Ky € S}K (m;L—:C)

and Y(c) = ﬁ Yo K (x;;c) By applying Lemma M’ and a central limit theorem, we can obtain

uniform convergence rate

max {W(C) —y(©)],sup [g([0 — v, 0 + v]) = P{y; € [0 — v, 0 + v]|x; = c}v(c)l} = Op((nhn) " /2407).

o,v

Thus the same argument to Kim and Pollard (1990, pp. 207-208) yields #—1 = O, ((nh,) /2 4+h2).
Let 0 = argming §([0 — 0,60 + ©]). Consistency follows from uniqueness of (6, ) in (a) and the

uniform convergence
sup [§([0 — 2,0 + 2]) — P{y: € [0 — 1,0 + ]|z, = c}y(c)| =0,
0
which is obtained by applying Nobel and Dembo (1993, Theorem 1).
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Now let z = (y,z) and

1

k) = ok (LS ) Wy € - 10+ 1) = Ty € [-wird}].

Note that 6 = arg maxg Py, f,, 9.o. We apply Theorem 2 to obtain the convergence rate of 6. For the

condition in (10), observe that

P(fn,@,l/ - fn,O,l) = P(fn,@,l/ - fn,O,u) + P(fn,O,u - fn,O,l)
= —%{—Mm(l\C) + Ayl (1) 372 ()0” + Ly (1le) + Aype (— 1)}z ()0 + 0(6% + [v = 1) + O(h3).

The condition (10) holds with Vi = {4,,(1|e) — Yyo(—1]c)}7z(c). Condition (iii) for {fn g, : 0 €
R, v € R} is verified in the same manner as in Section 5.4 below. It remains to verify Condition (ii)

for the class {f, 9,1 : 6 € R}. Pick any 6; and 6. Some expansions yield

o | Frort = Froganlls

_ / K(a)?

> /K(a)2{7y|w(9 + 1|z =c+ahy,) + ’yy‘x(H — 1|z = ¢+ ahy) }yz(c + ahy)dal0) — 6],

Lyz(02 + 1z = c + ahy) — Ty, (61 + 1|z = c + ahy)

Yz (c + ahy)da
+Fy\z(92 - 1|.CI} =c+ ahn) - Fy|x(01 — 1|.I' =c+ ahn) ( )

where I, is the conditional distribution function of y given z, and 0 and 6 are points between 6; and

ylz
f2. By (a), Condition (ii) is satisfied. Therefore, we can conclude that & — vy = Op((nhy,)~"/% + h2)
and 0 — 0y = O,((nhy)~Y3 4+ hy,). This result confirms positively the conjecture of Polonik and Yao

(2000, Remark 3b) on the exact convergence rate of I.

5.4. Least median of squares . As another application of Theorem 2, consider the least median
of squares estimator for the regression model y; = 259 + us, that is

A~

8 = arg mﬁinmedian{(yl — 3:’15)2, vy (Yn — x’nﬁ)z}

We impose the following assumptions. Except for Assumption D, which allows dependent observa-

tions, all assumptions are similar to the ones in Kim and Pollard (1990, Section 6.3).

(a): {z,u;} satisfies Assumption D. z; and u; are independent. P|z|? < oo, Px.x} is positive
definite, and the distribution of x; puts zero mass on each hyperplane.
(b): The density 7 of u; is bounded, differentiable, and symmetric around zero, and decreases

away from zero. |u;| has the unique median vy and () < 0.

It is known that 6 = B — B is written as 6 = arg maxg Py, fg 5, where
foo(z,u) =1{z'0 —v <u < 2'0+ v},

and 7 = inf{v : supg P, fp, > %} Let vy = 1 to simplify the notation. Since {fy, : 6 € R v e

R} is a VC subgraph class, Arcones and Yu (1994, Theorem 1) implies the uniform convergence
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supg,, [Pnfo, — Pfoy| = O,(n~%2). Thus, the same argument to Kim and Pollard (1990, pp.
207-208) yields the convergence rate o — 1 = O,(n~'/?).

By expansions, the condition in (3) is verified as

P(for = fon) = PHT(2'0+v)=T(v)} —{T(@'0 —v) = T(-v)}
+PH{T(v) —=T(1)} = {T(=v) - T(=1}|
= ()0 Pza'0 + o(|0]* + |v — 1*). (20)
To check Condition (iii) for {fs, : @ € R, v € R}, pick any € > 0 and decompose
P sup \fo — foan> <P sup \fo = four P+ P sup  |[for — forul,

(0,v):](0,v)—(0" v')|<e (0,v):](0,v)—(0" V") |<e 0:10—0'|<e

for (¢,1') in a neighborhood of (0,1). By similar arguments to (20), these terms are of order |v—v/|?

and |0 — &’|?, respectively, which are bounded by Ce with some C' > 0.
We now verify that {fg;:6 € R4} belongs to the generalized cube root class with h, = 1. By
(b), Pfg1 is uniquely maximized at 6y = 0. So Condition (i) is satisfied. Since Condition (iii) is

already shown, it remains to verify Condition (ii). Some expansions (using symmetry of (-)) yield

Hf91,1 — f92,1||§ = P[F(x'Gl + 1) — F(:IZ/QQ + 1) + P(a:’@l — 1) — F(J}/92 — 1)|
> (62 — 01)' P(=1)za! (62 — 61) + (|62 — 61]%),

i.e., Condition (ii) is satisfied under (b). Therefore, {fy1 : § € R?} belongs to the generalized cube
root class.

We finally compute the covariance kernel H. Pick any s; and sp. The covariance kernel is
written as H (s, s2) = 3{L(s1,0) + L(0, s2) — L(s1, s2)}, where L(s1, s2) = limp_,o0 n*/3Var (P, g, 1)

13 | < 1} —T{|a}son~ /3 —uy| < 1}. By a similar argument to the maximum

and gn; = I{|x}is1n™
score example in Section 5.1, we can show that H is the same as the one for the independent case
derived in Kim and Pollard (1990, p. 213). Therefore, by Theorem 2, we conclude that n'/? (B — o)
converges in distribution to the argmax of Z(s), a Gaussian process with expected value 4(1)s' Pxa's

and the covariance kernel H.

5.5. Nonparametric monotone density estimation . Preliminary results (Lemmas M, M’ C,
and 1) to show Theorem 1 may be applied to establish weak convergence of certain processes. As
an example, consider estimation of a decreasing marginal density function of z; with support [0, c0).
We impose Assumption D for {z;}. The nonparametric maximum likelihood estimator 4(c) of the
density v(c) at a fixed ¢ > 0 is given by the left derivative of the concave majorant of the empirical
distribution function T'. It is known that n'/3(3(c) — v(¢)) can be written as the left derivative of
the concave majorant of the process W, (s) = n?/3{T'(c + sn~/3) — I'(c) — v(c)sn~'/3} (Prakasa
Rao, 1969). Let fg(z) =I{z < ¢+ 0} and I be the distribution function of . Decompose

Wa(s) = n'/8G, (f,,-1s — fo) + n?*{T(c+ sn~Y3) = T(c) — y(c)sn /3.
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A Taylor expansion implies convergence of the second term to %")/(6)82 < 0. For the first term
Zn(s) = nl/ﬁGn(fsn—l/;} — fo), we can apply Lemmas C and M’ to establish the weak convergence.
Lemma C (setting g, as any finite dimensional projection of the process {n'/6( fsn-1/3 — fo) © s})
implies finite dimensional convergence of Z,, to projections of a centered Gaussian process with the

covariance kernel

n
H(sts) = lm a3 {Tofe o+ sin™ %, e san %) = Te syn VT (e 4 san ™),

t=—n
where T'y; is the joint distribution function of (zp, z;). For tightness of Z,,, we apply Lemma M’ by
setting gn.s = n'/%(f,,—1/s — fo). The envelope condition is clearly satisfied. The condition in (8) is

verified as

2

P sup |gn,5 — On,s’

s:ls—s'|<e
= n'?P sup |Hz<c+sn P —I{z<c+sn P
sis—s'|<e
< nYPmax{T(c+ sn™V3) —T(c+ (s —e)n V3), D(c+ (s + e)n /3) —=D(c+ sn™/3)}
< 7(0)e.

Therefore, by applying Lemmas C and M’, W,, weakly converges to Z, a Gaussian process with
expected value 34(c)s? and covariance kernel H.

The remaining part follows by the same argument to Kim and Pollard (1990, pp. 216-218)
(by replacing their Lemma 4.1 with our Lemma 1). Then we can conclude that n'/3(5(c) — v(c))

converges in distribution to the derivative of the concave majorant of Z evaluated at 0.

5.6. Mode and related estimator . As a final illustration, we consider estimation of mode and
related methods. In a seminal paper, Chernoff (1964) studied the asymptotic property of the mode
estimator that maximizes Y ;- I{|y; — 8] < h} with respect to § for some fixed h. Indeed this is
a first example of the cube root asymptotics. By extending this approach, Lee (1989) proposed
the mode regression estimator for a regression model with a truncated dependent variable that
maximizes Y -, I{|yy — max{a}5,c + h}| < h} with respect to § for some fixed h and known
truncation point c. Lee (1989) established the consistency of the mode regression estimator and
conjectured the cube root convergence rate. Also, in the statistics literature on computer vision
algorithm, Goldenshluger and Zeevi (2004) investigated the so-called Hough transform estimator

for the regression model .
B= argmgxzﬂ{lyt — 73 B| < hla}, (21)

t=1
where z; = (1, %)’ for a scalar Z; and h is a fixed tuning constant. Goldenshluger and Zeevi (2004)
derived the cube root asymptotics for [3’ All these papers treat the tuning constant h as fixed and

discuss carefully about the practical choice of h. However, for these estimators, h plays a role of the
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bandwidth and the analysis for the case of h, — 0 is a substantial open question (see, Goldenshluger
and Zeevi, 2004, pp. 1915-1916). Here we focus on the Hough transform estimator in (21) with
h = h, — 0 and study its asymptotic property. The estimators by Chernoff (1964) and Lee (1989)
can be analyzed in the same manner. Indeed Condition (iii) of the generalized cube root class is
not satisfied for these cases and we show how to modify our framework.

Let us impose the following assumptions.

(a): {w,u;} satisfies Assumption D. z; and u; are independent. P|z;|® < oo, Px;x} is positive
definite, and the distribution of x; puts zero mass on each hyperplane. The density v of u;
is bounded, continuously differentiable in a neighborhood of zero, symmetric around zero,
and strictly unimodal at zero.

(b): Asn — oo, hy, — 0 and nhd — oc.

Let z = (z,u). Note that 0= B — Bo is written as 0= arg maxg P, fr, g, where
fuo(2) = h ' Tu — 2'6] < halal}.

The consistency of § follows from the uniform convergence supy |Pn frno — Pfnol %0 by applying
Nobel and Dembo (1993, Theorem 1).

In order to apply Theorem 1, we verify that {f, ¢} belongs to the generalized cube root class.
Obviously hy, fy,¢ is bounded. Since limy, o0 Pfr o = 2Py(2'6)|x| and v is uniquely maximized at
zero (by (a)), limy, oo P fy ¢ is uniquely maximized at § = 0. Since v is continuously differentiable
in a neighborhood of zero, Pf,, ¢ is twice continuously differentiable at § = 0 for all n large enough.

Let I' be the distribution function of v. An expansion yields
P(fnp — fn0) = hy ' P{T(2'0 + hnla]) = D(hnla))} — by P{T(2'0 — hylz]) — T(—hplz])}
= 5(0)0'P(jx|zz")0{1 + O(hy)} + o(|6]?),
i.e., the condition in (3) holds with V' = #4(0)P(|z|zz’). Note that 4(0) < 0 by (a). Therefore,
Condition (i) is satisfied.
For Condition (ii), pick any #; and 03 and note that
ho | foy = frgsll; = 2P{y(@'01) + 7(2'02)} 2]
—2h Y P{2'01 — hplx| < u < 2’0y + hplz|, — 2hn|z| < 2'(62 — 61) < 0}
—2h Y P{a'0y — hp|z| < u < 20y + hplz|, — 2hy|z| < 2/(6; — 62) < 0}.
Since the second and third terms converge to zero (by a change of variable), Condition (ii) holds
true.

However, we can see that Condition (iii) is not satisfied in this case. Although Theorem 1 is not

directly applicable, Condition (iii) can be modified as follows.
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(iii)’: There exists a positive constant C” such that

P sup  hplfup — fagl? < C'e,
0cO:|0—0'|<e
for all n large enough, € > 0 small enough, and ¢’ in a neighborhood of 6.
Compared to Condition (iii), this condition assumes a larger envelope for the class {|fn.0 — fno|*:

|0 — 0’| < e}. Thus, Lemma M in Section 3 is modified as follows.

Lemma M1. Suppose that Assumption D holds and { f, ¢} satisfies Condition (ii) of the generalized
cube root class and Condition (i1i)’ above. Then there exist positive constants C and C' such that

P osup  |Gnhl?(frg — froy)| < Chy Y2612,
|6—60| <6

for all n large enough and & € [(nh2)~1/2,C"].
We now check Condition (iii)’. Observe that
P sup  Rilfup— fawl? < P sup  I{|u—2"9| < hylxl, |u—2'0] > hyl2]}

0€O:|0—9I|<e 0€O:|0—1|<e

fP s I{Ju— o8] < hafel, fu— o8] > holal},
0ed:10—9I|<e

for all ¥ in a neighborhood of 0. Since the same argument applies to the second term, we focus on

the first term (say, T'). If € < 2h,,, then an expansion around & = 0 implies
T < P{(hn — &)|z] < u < hnla]} = Py(halz|)|zle + ofe).
Also, if € > 2h,,, then an expansion around h,, = 0 implies
T < P{=hy|z| < u < hy|z|} < Py(0)|x|e + o(hy).

Therefore, Condition (iii)’ is satisfied.

Finally, the covariance kernel is obtained by a similar way as Section 5.1. Let 7, = (nh2)'/3 be
the convergence rate in this example. The covariance kernel is written by H (s1, s2) = 3{L(s1,0) +
L(0, s2) — L(s1,52)}, where L(s1,82) = limy o0 Var(r2Ppgn ) with g, = Tnisifrn = fryso/rn- AN
expansion implies n~1Var(r2g, +) — 2v(0)P|z'(s1 — s2)|. We can also see that the covariance term
n~ES%  Cov(rignt, 72gn t+m) is negligible. Therefore, by a similar argument to Theorem 1, the

limiting distribution of the Hough transform estimator with the bandwidth h, is obtained as
(nhi)l/?’(ﬁ — bo) i) argmax Z(s),

where Z(s) is a Gaussian process with continuous sample paths, expected value 4(0)s' P(|z|za’)s/2,

and covariance kernel H (s1, s2) = 2v(0)Pla’(s1 — s2)].
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APPENDIX A. MATHEMATICAL APPENDIX

Notation: Recall that Qg(u) is the inverse function of the tail probability function =
P{lg(z)| > 2},** and that {$,,} is the B-mixing coefficients used in Assumption D. Let 3(-) be a
function such that 3(t) = By if ¢ > 1 and §(¢) = 1 otherwise, and B71(-) be the cadlag inverse of

B(:). The Ly g(P)-norm is defined as
1
= \//0 B Hu)Qq(u)*du. (22)

A.1. Proof of Lemma M. Pick any ¢’ > 0 and then pick any n satisfying (nh,)""/? < C’ and
any 6 € [(nh,)~'/2,C"]. Throughout the proof, positive constants Cj (j=1,2,...) are independent

of n and 9.

First, we introduce some notation. Consider the sets defined by different norms:
Gls = {h}/Q(fnﬂ — Fuge) 110 — 00| < 6 for 6 € @} ,

G2y = {2 Uno = Jaow) |30 = Fus)

‘2<6f0r969},

s

)

Gy = {h}/Q(fn,a — fnpo) ‘

(fn,9 - fn,@o)

<5for9€@}.

For any g € Qn 5> 9 is bounded (by Condition (i)) and so is Q4. Thus we can always find a function
g such that |lgll < g]l3 < 2|93 and

W) = aI{(j — 1)/m < u < j/m}, (23)
j=1

satisfying Qg < @, for some positive integer m and sequence of positive constants {a;}.

Next, based on the above notation, we derive the set inclusion relationships
B 2 1 1 B
gn,é C gn,é - gn,CuS? gn,§ - gn,Cgél/Q’ (24)

for some positive constants C and C. The relation 956 C 972175 follows from |||y < |||l 5 (Doukhan,
Massart and Rio, 1995, Lemma 1). The relation G2 ; C G! 0,5 follows from Condition (ii). Pick any

g € G}. The relation G} ; € g , ., follows by
2 3/m -1 L/m —1 ! 2
lgl2, < Za / 5 wydu b < dm [ L w)du / Qs (u)?du
G-1)/m 0 0
1 a
< { sup a B (u )dU}2llg||§ < C36, (25)
0<a<l1 0

for some positive constant Cs, where the first inequality follows from Qg < Qg, the second inequality

follows from monotonicity of 37! (u) and fo Q4(u u)?du = L el S i1 J, the third inequality follows by

HThe function Qg (u), called the quantile function in Doukhan, Massart and Rio (1995), is different from a familiar
function u — inf{z : u < P{|g(2¢)| < z}} to define quantiles.
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fol Qy(u)?du = ||g]l5 < 2|\gll5, and the last inequality follows from supg,<; afol/a B (u)du < oo
(by Assumption D) and Condition (iii).
Third, based on (24), we derive some relationships for the bracketing numbers. Let Nj(v, G, |[|[)
be the bracketing number for a class of functions G with radius v > 0 and norm ||-||. Note that
5\ 24
MU0 G ) < Ny Gy ) < Ca (1)
for some positive constant C3, where the first inequality follows from gﬁ 5 C grlz,Ol s (by (24)) and

-l < I
the argument to derive Andrews (1993, eq. (4.7)) based on Condition (iii) of the generalized cube

2.3 (Doukhan, Massart and Rio, 1995, Lemma 1), and the second inequality follows from

root class (called the Lo-continuity assumption in Andrews, 1993). Therefore, by the indefinite

integral formula [ log zdx = const. 4+ z(logz — 1), there exists a positive constant Cy4 such that

é
o) = [ \flog Ny(v.G 5. o ) < Cud (26)

Finally, based on the entropy condition (26), we apply the maximal inequality of Doukhan,

Massart and Rio (1995, Theorem 3), i.e., there exists a positive constant Cy such that

P sug |Grg| < C5[1 + 5_1anY5(min{1,Un(é)})]cpn(é), (27)
gEgn,(;

where qa, 5(v) = sup, <, Qa, ;(u)\/ [y 67 (@)dd with the envelope function Gy, 5 of g{fd, and vy, (6)

is the unique solution of

Un(5)2 . @n(6)2
O g\ @ydn - no?
Since p,(8) < €46 from (26), it holds v, (§) < Csn~! for some positive constant Cs. Now take some

ng such that vy,,(6) < 1, and then pick again any n > ng and 6 € [(nh,)~'/2,C"]. We have

4G, s (min{1, v (9)}) < C6Qa, 5 (Un(8))V/0n(8) < Crlnhy)~'/2, (28)

for some positive constants Cs and Cr7. Therefore, combining (26)-(28), we obtain

P sup  |Gug| < Csd'/?, (29)
gegi,cgalﬂ

for some positive constant Cs. The conclusion follows from the second relation in (24).

A.2. Proof of Lemma 1. Pick any C' > 0 and ¢ > 0. Define A,, = {# € © : (nh,,)~/3 <0 -6 <
C} and
R?—L = (nhn)2/3 Gsuj) {’Pn(fnﬁ - fn,eo) - P(fn,@ - fn,90)| - 5“9 - 90|2}'
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It is enough to show R, = O,(1). Letting A, ; = {# € © : (j—1)(nh,)~"/3 < |0—0y| < j(nhn)~ 3},

there exists a positive constant C’ such that
P{R,, > m}
< P{IPulfuno = fnt) = PUfuo — faoo)| > €16 = 60 + (nh)/*m? for some 0 € A, }

o0

< Y P {(nhn)2/3up>n(fn,9 — fuos) = P(fap — frso)l > €(j —1)2+m?  for some 6 € Aw}
j=1

o0
<
- ]Z_;s]—l +m?’

for all m > 0, where the last inequality is due to the Markov inequality and Lemma M. Since the

above sum is finite for all m > 0, the conclusion follows.

A.3. Proof of Lemma C. First of all, any S-mixing process is a-mixing with the mixing coefficient
am < Bm/2. Thus it is sufficient to check Conditions (a) and (b) of Rio (1997, Corollary 1).
Condition (a) is verified under (7) by Rio (1997, Proposition 1), which guarantees Var(G,g,) <
fo u)Qy, (w)*du for all n. Since Var(Gygy) is bounded (by (7)) and {z} is strictly stationary
under Assumption D, Condition (b) of Rio (1997, Corollary 1) can be written as

1
|87 0@ (0 257 00y (), 1 =

as n — oo. Pick any u € (0,1). Since 87!(u)Qy, (u)? is non-increasing in u € (0,1), the con-
dition (7) implies 871 (u)Q,, (u)*> < C < oo for all n. Therefore, for each u € (0,1), it holds
n~1/ 2871 (u)Qy, (u) — 0 as m — oo. Then the dominated convergence theorem based on (7) implies
Condition (b).

A.4. Proof of Lemma 2. By Condition (i), it holds |g, | < 2C(nh;,2)Y/% for all n and s, which
implies Qg,, ,—Pg,., (u)? < 16C2%(nh;2)'/3 for all n, s, and u € (0,1). By the condition of this lemma,

it holds Qg, ,(u) < c for all n large enough and v > c(nh;2)~/3. By the triangle inequality and
the definition of @,

P{|gn,s - Pgn,S‘ > an,s(u) + |P9n78‘} < P{’gn,S‘ > an,s(u)} = P{lgn,s - Pgn,3| > an,s_PQn,s (u)},
which implies Qq, .~ pg, . (v) < Qq, . (u) + [Pgns|. Thus, for all n large enough, s, and u >
c(nh;2)~1/3, it holds

an,s_Pgn,s (u)2 S 02 + |Pgn,5‘2 + 2C’Pgn75|.

Combining these bounds, (7) is verified as

/ B an s—Pgn, s( )2du
~1/3

c(nhy?) 1
< 16C %) | 57 wdut e+ (Pon +261Pgul} [ B (w)du < o,
0 c

(nhn®)=1/3
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for all n large enough, where the second inequality follows by (3) and Assumption D (which guar-
N
antees sup,, (nh;2)"/? foc("h" )7 B (u)du < oo, and fol B (u)du < 00).

A.5. Proof of Lemma M’. Pick any K >0 and o > 0. Let g, s = gn,s — In,s'»

GE = {gnaw:ls| < K, |s| < K},
grlz,5 = {gn,s,s’ € gﬁ( : ‘S - 8/| < 5},
gg,é = {gn,s,s’ € gfl{ : Hgn,s,s, 2.5 < (5}

Since gy s satisfies the condition (8), there exists a positive constant C; such that Q}l s C{nss €

gé( : Hgn,s,s’

argument to derive (25), there exists a positive constant Co such that H Gn.s,s’

g < Co6Y/ 2} for all n large enough and all 6 > 0 small enough. Also, by the same

28 S G2 Hgn,s,s' , for
all n large enough, |s| < K, and |s'| < K. The constant Cy depends only on the mixing sequence

{Bm}. Combining these results, we obtain the set inclusion relationship

gib,é - g57010251/27 (30)

for all n large enough and all § > 0 small enough.

Also note that the bracketing numbers satisfy
Ny, Gy l2,8) < Ny G IFly) < Cav= 2,

where the first inequality follows from 957 s C G (by the definitions) and |||, < [Il2,5 (Doukhan,
Massart and Rio, 1995, Lemma 1), and the second inequality follows from the argument to derive
Andrews (1993, eq. (4.7)) based on (8) (called the Ly-continuity assumption in Andrews, 1993).
Thus, there is a function ¢(n) such that ¢(n) — 0 as n — 0 and

K 8
o) = [\ o Ny Gl ) < (o)

for all n large enough and all n > 0 small enough.
Based on the above entropy condition, we can apply the maximal inequality of Doukhan, Massart
and Rio (1995, Theorem 3), i.e., there exists a positive constant C3 depending only on the mixing

sequence {f,,} such that

P sup IGngl < Cu[l + 0" qg, (min{1, v, (n)})]e(n),
gng,n

for all n large enough and all 7 > 0 small enough, where s, (v) = sup,<, Q2a, (u)/ [y 8~ (@)da
with the envelope function 2G,, of gﬁ,n (note: by the definition of gﬁ,n, the envelope 2G,, does not

depend on 1), and v, (n) is the unique solution of

vam?  _ en(n)
S g=v@yda
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Now pick any 1 > 0 small enough so that 2Cyp(n) < o. Since p,(n) < @(n), there is a positive
constant C5 such that v,(n) < 0552(—:2) for all n large enough and 1 > 0 small enough. Since G,, <
C’'n" by the definition of gﬁ’,n, there exists a positive constant Cg such that ¢ag, (min{1, v,(n)}) <
C’G\/mn_ln"‘_l/2 with 0 < k < 1/2 for all n large enough. Therefore, by setting n = C1C61/2,
we obtain
P sup  |Gng| <o,
gegi,010251/2

for all n large enough. The conclusion follows by (30).

A.6. Proof of Theorem 1. As discussed in the main body, Lemma 1 yields the convergence rate
of the estimator. This enables us to consider the centered and normalized process Z,(s), which
can be defined on arbitrary compact parameter space. Based on finite dimensional convergence and
tightness of Z,, shown by Lemmas C and M’, respectively, we establish weak convergence of Z,.
Then a continuous mapping theorem of an argmax element (Kim and Pollard, 1990, Theorem 2.7)

yields the limiting distribution of the M-estimator 0.

A.7. Proof of Theorem 2. To ease notation, let 80 = vy = 0. First, we show that 0 =
O,((nhy)~1/3). Since {f, 4.} satisfies Condition (iii) of the generalized cube root class, we can

apply Lemma M’ with ¢, s = n1/6h,21/3(fn’9’c(nhn)_1/3 — fnp0) for s = (¢',¢'), which implies

sup  n'Sh3G (£, g emnny-1/8 — Fup0) = Op(1), (31)

10]<e,|c|<e
for all € > 0. Also from (10) and & = o,((nh,)~/?), we have
P(fu0,0 = fn.00) = P(fu05 — fao0) < 2601 + Op((nhn) %), (32)

for all # in a neighborhood of §y and all € > 0. Combining (31), (32), and Lemma 1,

Pr(frop — fros) = 1V {Gu(fno — F1.0.0) + Gl fno0 — Fr00) = Gnlfro5 — fro0)}
+P(fn,9,f/ - fn,@,O) + P(fn,@,O - fn,0,0) - P(fn,(),f/ - fn,0,0)
P(f00 = fn00) + 2€0]* + Op((nhy) ~*/?)

1
< SOVAO+ 3|0 + Op((nhn) ),

IN

for all # in a neighborhood of 6y and all € > 0, where the last inequality follows from (10). From
Po(f, 45— fnop) > op((nhy,)~2/3), negative definiteness of V4, and & = o,((nhy,)~/3), we can find
¢ > 0 such that

op((nha) /%) < ~clf? + Bloy((nhn) /%) + Op((nha)27),

which implies |0] = Op((nhy,)~1/3).
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Next, we show that 6 — 8 = o0,((nhy,)~'/3). By reparametrization,
(nhn)'/30 = arg mgx(”hn)Q/S[(Pn = P)(fostmnn)-13.5 = fn00) + P(fy s(nhn)-1/3,0 — Jn00)] + 0p(1).
By Lemma M’ (replace 6 with (6,v)) and 0 = o/p((nhn)*l/?’),
(P = P)(frs(mhn)-1/2,5 = F1.00) = B = P)(frogmnn)-1/3.0 = Fn0,0) = 0p((nhn) =),

uniformly in s. Also (10) implies P(f,, sun,)-1/3,5 = fn,0,0) =P[5 s(ahn)-1/3,0— [n,00) = op((nhy)~2/3)
uniformly in s. Given 6 — 0 = op((nhy,)~1/3), an application of Theorem 1 to the generalized cube

root class {fn0., : 0 € ©} implies the limiting distribution of 6.

A.8. Proof of Lemma MS. First, we introduce some notation. Let
955 = h1/2<fn,9 - fnﬂe) : h}/2(fn,9 - fn,?‘(g)
Gl s = {hY/*(fno — frmy) : 10 — ma| < 8 for 6 € O},

ggﬁ = {hrlz/Q(fnﬁ - fn,ﬂg) : hrlz/Q(fn,G - fn,ﬂ'g)

] < for 0 € O,
2,8

)

L<5ﬁm0€@}

For any g € G! 5, ¢ is bounded (Condition (i)) and so is Q. Thus we can always find a function g

n,0°

such that [[g2 < [|g]|? < 2|lg]|? and
m
w) = aI{(j - 1)/m < u<j/m},
j=1

satisfying Qg4 < @)y, for some positive integer m and sequence of positive constants {a;}. Let rp =
nhy, /log(nhy). Pick any C' > 0 and then pick any n satisfying r, 2 < ¢ and any 0 € [(rn L2 ,C'].
Throughout the proof, positive constants C; (j = 1,2,...) are independent of n and 4.

Next, based on the above notation, we derive some set inclusion relationships. Let

M = %sup0<x§1 x~ fo u)du. For any g € G}, it holds

HgHZ_/ an du<—Za { /] . B_l(u)du}
< {m/ol/mﬁ_l(u)du}/o Qy(u)’du

< M|gl3, (33)

where the first inequality is due to Doukhan, Massart and Rio (1995, Lemma 1), the second in-
equality follows from Qg < @Qy, the third inequality follows from monotonicity of 37!(u), and the
last inequality follows by [|g]/3 < 2|lg||3. Therefore,

an,@ - fn,ﬂ'g”Q < ||fn,49 - fn,ﬂgHQ < M1/2 anﬁ - fn,ﬂ'enga (34)
7ﬁ
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for each 6 € {6 € © : |0 — mg| < §}, where the first inequality follows from Doukhan, Massart and
Rio (1995, Lemma 1) and the second inequality follows from (33). Based on this, we can deduce

the inclusion relationships: there exist positive constants C; and Cy such that

1 2 B B 2 1
gn,é - gn70151/2 - gn,M1/20151/2’ gn,a C gn,é C gn,ngv (35)

where the relation g}l’ s C QZ’ 172 follows from Condition (iii) of the partially identified cube root
class and the relation QZ’ s C g}l’CQ 5 follows from Condition (ii) of the partially identified cube root
class.

Third, based on the above set inclusion relationships, we derive some relationships for the brack-
eting numbers. Let Nj(v,G, [|-||) be the bracketing number for a class of functions G with radius

v > 0 and norm ||-||. By (34) and the second relation in (35),

5
Ny G [ll2,6) < Ny G s I11l2) < Cs .

for some positive constant C3. Note that the upper bound here is different from the point identified

case. Therefore, for some positive constant Cjy, it holds

)
eul®) = [ \flo Ny (0.6 Il ) < Cablog 57 (36)

Finally, based on the above entropy condition, we apply the maximal inequality of Doukhan,
Massart and Rio (1995, Theorem 3), i.e., there exists a positive constant Cs depending only on the
mixing sequence {f,,} such that

P sup [Gng| < Cs[1 + 04, ,(min{1, v, (8)})]n(8),
g€gn75

where gg,, ;(v) = sup, <, Qa, s (1) /fou p~1(a)du with the envelope function G,, 5 of gfﬁ (note: 9575
is a class of bounded functions) and v, () is the unique solution of
vn(5>2 (Pn(6>2
@ s @dn o

Since ¢, (6) < Cydlogd~! from (36), it holds v, (8) < Csn~'(logd—1)? < Csn~{log(nhy,)Y/?}? for

some positive constant C5. Now take some ng such that vy, (d) < 1, and then pick again any n > ng

and 0 € [7“771/2,0’]. We have

4G, s (min{1,v,(0)}) < Ce Un((s)QGn,a (vn(0)) < C7n_l/2 log(nhn)l/Q,
for some positive constants Cg and C7. Therefore, combining (36)-(28), the conclusion follows by

P sup [Gug| <P sup  |Gug| < Cs(dlogd~h)/2
9€q}l 5 gegle/QClél/2

where the first inequality follows from the first relation in (35).
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A.9. Proof of Lemma 3. Pick any C' > 0 and € > 0. Then define A, = {# € ©\ Oy : 7"771/3 <
|0 — mg| < C} and

R721 = 71721/3 esuj) {|]P>n(fn,9 - fn,ﬂ's) - P(fn,@ - fn,ﬂ'g)’ - €|9 - WG‘Q}'

It is enough to show R, = O,(1). Letting A, ; ={0 €O : (j — 1)7’;1/3 < |0 —mp| < jrgl/g}, there

exists a positive constant C’ such that

PRy > m} < P{IPulfuo = fors) = Pfao = famy)| > 216 = mof* + 7,/*m? for some 0 € A, |

NE

<SP0 = Jams) = P = fama)| > £( = 1) +m? for some 8 € A, ; |
j=1

< 3 Vi

- e(j —1)2 +m?

=1

<
Il

for all m > 0, where the last inequality is due to the Markov inequality and Lemma MS. Since the

above sum is finite for all m > 0, the conclusion follows.

A.10. Proof of Theorem 3. Pick any 9 € o. By the definition of @,

Pn(fn,q? - fn,mg) > ranaé(ﬂpnfnﬁ - (nhn)_l/Qé - ]P)nfn,mg > _(nhn)_l/zé-
S

Now, suppose H (9, 07) = |9 —myg| > /3 By Lemma 3 and Condition (i) of the partially identified

cube root class,

]P)n(fn,ﬁ - f’n,ﬂ’g) S P(fn,ﬂ - fn,wﬂ) + E|19 — 7T19|2 —+ 7';2/3R721
< (—c+¢)|d— 7T19|2 + 0(‘19 — 7T19’2) + OP(TEQ/?’),

for any € > 0. Note that c, €, and R,, do not depend on 9. By taking e small enough, the convergence
rate of p(©,O;) is obtained as

p(6,07) = sup |9 — my| < O (&2 (nhy) Y4 41 1/3).
9€d
Furthermore, for the maximizer 0 of P, fn9, then it holds P, ( Jod — fwré) > 0 and this implies
A ~1/3
6 —m; = 0p(rn'"?).
For the convergence rate of p(0r,0), we show P{O; C ©} — 1 for ¢ — oo, which implies that

p(©71,0) can converge at arbitrarily fast rate. To see this, note that

hn1/2 Pnn _Pnn’
(nhn)™= max |(max P fn.g fnor)l

Gl f g — S| + ()2 P(f, 5= fumy) + 2(nhn) /| max (Pofog — P fop)l

= 2h711/2‘ 0,1’%3«@}([ ann,@" + 0p<1)7 (37)

IN
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where the inequality follows from the triangle inequality and the equality follows from Lemmas MS
and 3, Condition (i) of the partially identified cube root class, and the rate  — Ty = Op(rﬁl/g)
obtained above. Therefore, since {h}/ 2 fn0,6 € ©1} is P-Donsker (Condition (i)), it follows P{© C
O} = 1if & — oo.

A.11. Proof of Lemma MS’. Pick any o > 0. Define g, s ¢ = Gn,s — gn,s'»

grlL = {gn,s,s’ 1 0n,s € gn,gms/ S Qn},
grlz,é = {gn,s,s’ € g}L : |S — S/| < (5},

95,5 = {gn,s,g/ S ngL : Hgn,&s’ 2.5 < 6}

Since gy s satisfies (14), there exists a positive constant C; such that G!; C {gnss € G} :
< C16Y 2} for all n large enough and all § > 0 small enough. Also, by the same ar-

Hgn,s,s’ 2
gument to derive (25), there exists a positive constant Cy such that H Gn,s,s'

2.3 < (s Hgn,s,s’ 2 for
all n large enough, |s| < K and |s'| < K. The constant Cy depends only on the mixing sequence

{Bm}. Combining these results, we obtain the set inclusion relationship
1 B
gn,5 - gnyclc251/27 (38)
for all n large enough and all § > 0 small enough. Also note that the bracketing numbers satisfy
Ny, G2 5,1 l0.8) < Ny, G, 1-lls) < Ny, G, [1-]12)%,

where the first inequality follows from gff, s C G» (by the definitions) and |-, < [[l2,5 (Doukhan,
Massart and Rio, 1995, Lemma 1). Following the argument to derive Andrews (1993, eq. (4.7))
based on (14), we get a bound for Njj(v, Gn, ||-|l;) by the covering number of the parameter space,
say, No (v, [~ K1, K1]? x [~ K2a,, Ksa,]F"). By direct calculation, this covering number is bounded!?
by (2kK,)? (@)Hkn (2K2a,)" if v < Keanv/d + ky, and by (2K7)¢ (@)d otherwise. Thus,

n
coln) = [\ BNy G [l i

KoanV/dTFn A+ o\ e n Vd+k
< / log(2K1)? <+ ") (2K2a,)krdv +/ dlog(2K1)* <+ =
0 2v Koany/dFn 2v
for any n and large n as Ksapv/d+ k, — 0. A straightforward algebra yields that the first term

after the inequality goes to zero as kna%/ 5 0, while the second term is bounded by (c; log &y, )n +

con(logn + 1) for some ¢1,co > 0. In other words, there is a function ¢(n) such that ¢(n) — 0 as
n — 0 and

! 8
euln) = [\ 0B NGl e < (o))

for all n > 0 small enough and all n large enough.

12The circumradius of the unit s-dimensional hypercube is /s/2. Or V2 oi_, a?/2 for the hypercube of side lengths
(a1y...,as).
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Based on the above entropy condition, we can apply the maximal inequality of Doukhan, Massart
and Rio (1995, Theorem 3), i.e., there exists a positive constant C3 depending only on the mixing

sequence {f,} such that

P sup |Gugl < Call + nqg, (min{1,v,(n)})]e(n)(log kn),
gegn,n

for all n large enough and all 7 > 0 small enough, where g2¢,, (v) = sup,<, Qac, (u)/ [; B~ (@)da
with the envelope function 2G,, of gﬁ,n (note: by the definition of g{f,n, the envelope 2G,, does not
depend on 7), and v,(n) is the unique solution of
2

_ $aln)

Un(n)
Jont g=t(@yda  mn

Now pick any 7 > 0 small enough so that 2C4¢(n) < o. Since p,(n) < @(n), there is a posi-
tive constant Cj such that v,(n) < Cg,%izgk"y < 1 for all n large enough and for any given
n > 0. Since G, < C'n® by the definition of 95777, there exists a positive constant Cg such that

426, (min{1, v, (1)}) < Cop(n)n~"n=1/(
by setting 1 = C1C26"/2, we obtain

log ky,) with 0 < k < 1/2 for all n large enough. Therefore,

P sup  |Gpg| < ologkn,

B
gegn,clcgal/Q

for all n large enough. The conclusion follows by (38).

A.12. Proof of Theorem 4. To ease notation, let 19 = 0. By (15), we can apply Lemma MS’
with gn s = \/hn/an(fro0 — fne0) for s = (6',0"), which implies

sup V hn/anGn(fn,G,v - fn,G,O) = Op(log kn), (39)

|0—mg|<e,lv|<anK

for all small € > 0 and K < oco. Also from (16), we have

P(fno.5 = Fn0.0) = P(Frmgo = Frmg0) = 0(10 = ml*) + O(|8]*) + Op(r;, %), (40)
for all 6 in a neighborhood of ©; and all € > 0. Combining (39), (40), and Condition (i) of the
partially identified cube root class, and Lemma 3,

Pr(froo — frmes) = 1 H{Cn(froo — Fr0.0) — Gn(famos — Frme0) + Cn(fa0.0 = Frme0)}
+P(fro,0 — fn,00) = P(fameo = frme0) + P(fr0,0 = famo0)
Op((nhna, ") * log ky) + €l0 — mg[* + Oy (r,*?)

—clf = mg|* + €0 — mol* + Op(|21%) + Op(r, ), (41)

IN

for all 6 in a neighborhood of ©; and all € > 0, where the last inequality follows from (10).
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Let 0 = argmaxgee Pofog.o. 1f [0 — 74] > an + 70 /%, then Py (fag,5 — fumgs) > 0 and thus by
(41),
‘é - Wé’ < o(an) + Op(rﬁl/g) + Op((nhnarjl)il/ll(bg kn)l/z)‘ (42)

And for any ¢ € O, if |0 — 7o | > an + 7“;1/3, then
—(nhn) V26 < mmaxPr o = Pafury,o = "6 < Pufog o = Pofomy
and thus by (41),
10 — mor| < o(an) + Op(ry, /%) + Op((nhnay ') ™4 (log kn)'/?) + (nhy) 42,
It remains to show that P{©; C ©} — 1 for ¢ — co. Proceeding as in (37), we get

i)'/ Py fnoo — P ;
(n n) g{leaé)i’(reneaex nfn,@,v nfn,@’,v)‘

< |h111/QGn(fn,é,ﬁ - fnﬂr@ﬁ)” + (nhn)1/2|P(fn,é,® - fn,ﬂ-é)ﬁ)‘ + 2(nhn)1/2| g}é%}i(]?nfnﬁ’,ﬁ - an,@’,f})‘
= 2 RY2G, Foor o 1
%%’i i Gnfno ol +0p(1),

where the first term after the inequality being o,(1) is due to (39) and Lemma 3 and the second
term is to (40) and Condition (i) of the partially identified cube root class together with the rate
for 6 in (42). Finally, due to (39) and the class {h,ln/an,g, 0 € O} being a P-Donsker, we conclude
Pr{O; C é]} — 1.

A.13. Proof of Lemma M1. The proof is similar to that of Lemma M except that for some

positive constant C””’, we have

1 2 B
Ggs C gC”h;l/Qle/? C gC”’h;I/Qél/Q’

which reflects the component “h2” in Condition (iii)’ instead of “h,” in Condition (iii) of the
generalized cube root class. As a consequence of this change, the upper bound in the maximal

inequality becomes Ch,, /25172 ingtead of C'5'/2. All the other parts remain the same.
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