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1 Introduction

In this paper, we introduce the environmentally externality into the Diamond (1965) model.
The environmental externality affects on the production negatively. We define a social optimal
allocation and a competitive equilibrium, and obtain the first order necessary conditions.
In competitive equilibrium, both consumers and firms have no incentives to maintain the
environment, hence competitive equilibrium allocation can not be socially optimal. Therefore
we propose a tax scheme. Our model requires two types of taxes in order to achieve a social

optimum.

2 The model

We consider a discrete-time overlapping generations (OLG) model with production. In each
period, one agent enters the economy and lives for two periods. So, there is no population
growth. The productivity of a representative firm is affected by the level of pollution, and the
production activity itself is a source of increasing the pollution level. The pollution level does
not appear in the utility function of agents. The pollution affects the productivity of the firm
only.

Consider an agent who is young in period ¢ and old in period ¢+ 1. Let ¢} and c? 1 denote
the levels of her consumption in periods t and ¢ + 1, respectively. We assume that her utility

function is time-separable,

uler, ciyr) = uley) + pu(ciys)

where p € (0,1) is the common discount factor. We assume that u is strictly increasing and
concave with lim._, o u/(c) = 4o0.

The total output of the representative firm in period ¢ is

ye = f(ke)g(pe)

where k; and p; are the capital-labor ratio and the pollution level in period ¢, respectively.
We assume that f is twice differentiable, strictly increasing, and concave with f(0) = 0 and
limg_, 1o f'(k) = +oo. Similarly, g is twice differentiable, strictly decreasing, and convex with

g(0) =1 and limp_. 1 g(p) = 0. Note that g(p;) represents the externality of the pollution.



When the pollution gets worse, the amount of output decreases.
Let my denote the amount of “maintenance”. Then the pollution is accumulated according

to the following equation: !

Pe+1 = ap + Bhky) — ymy, (1)

where a > 0, 5 > 0, v > 0, and h is twice differentiable, strictly increasing, and concave with
h(0) = 0 and limy_, o h'(k) = +00. The production makes the pollution worse in the next
period. Maintenance in period t¢ reduces the pollution in the next period. In case oo < 1, the
pollution has its natural purification. In case o > 1, the pollution gets worse by itself. Note
that 8 and v represent the maintenance technology. If 3 is small or v is large, the economy
has a good maintenance technology. We assume p; > 0 for all ¢ > 1, for simplicity. ? In case
that p; = 0, there is no pollution in the economy. We also assume that p; and kq are given.
Let us say that an allocation (c},c?, ke, me, pt)22, is feasible if and only if it satisfies (1)

and the following resource constraint:

of + & +kerr — (1= 0)ke +my < fke)g(pe) (2)

for all t > 1. We also say that an allocation (cf, c?, ks, my, pt)52; is stationary if and only if
there exist (¢!, c?, k,m,p) € ]Ri such that (c},c?, ks, my, p) = (c', 2 k,m, p) for all t > 1. We
refer to such (¢!, c?, k,m, p) as a stationary allocation.
We say that a feasible stationary allocation (&', ¢, k,m, p) is socially optimal if it solves
the following social planner’s problem:
max u(ct) + pu(c?),
(c1,¢2 k;m,p) €RZ.

subjectto ¢+ 4+ k— (1 —0)k+m < f(k)g(p),

p = ap + Bh(k) —ym.

To obtain the first-order necessary conditions, we define the Lagrangian of this maximiza-

! John and Pecchenino (1994) consider a similar accumulation process.
2To be precise, (1) should be rewritten as pi+1 = max{0, ap; + Bh(k:) — ym:}.



tion problem L as

L(c', 2 kym A\ ) i=u(ch) + pu(c®) + M f(k)g(p) — ¢* — & — 6k —m}

+p{(1 — a)p — Bh(k) + ym}. (3)

If (¢',&%, k,m,p) is an interior solution to the problem above, then there exist A € R, and

1 € R such that

0L

@ = u/(él) —A= 07

oL

92 pu' (€%) = A =0,

oL / /

a5 = ML (k)g(p) — 6} — pbh (k) =0,
oL

oL

- ~Af(k)g'(p) — p(1 —a) = 0.

For a stationary social optimal allocation, the following conditions are necessary.

W@ = pu' (&), @)

£ (®9(p) — “H E) =5 (5)
£ () = = (©)
d+E+k—0-0k+m=f(kgp), (7)
p= 1 {Bh(F) —vm} (5)

3 The results

It is clear that without any tax schemes, agents do not pay the cost of maintenance, neither
does the firm if we assume that it maximizes its profit in each period. So, without any tax
schemes, competitive equilibrium cannot be socially optimal.

Here, we introduce the three kinds of taxes (as in Ono, 1996), a consumption tax 7, € [0, 1],
a lump-sum tax 7, > 0, and a tax on production 74 € [0,1]. We suppose that the levied tax

is utilized as maintenance. We define a competitive equilibrium allocations under taxation as



follows.

We say that a feasible allocation (c%*,cfj“rl,k;‘ My, P2, is a competitive equilibrium al-

location under tazation if for all t > 0, there exist w, > 0, r, > 0, 7.4 € [0,1], 7+ > 0, and

7¢+ € [0,1] that satisfy the following conditions:

i) Agents maximize their utility under the budget constraints given wy, 1y, 7o, and 74

1 2
max u(er) + pule
(ctciyq.5t) ERY ( t) P ( t+1)7

subject to (14 7.)et + 8¢ < wy — Tw,

(1+ Tc)C?H < (1471 —0)sg;

ii) The representative firm maximizes its profit in each period:

K
max (1-— Tf)f(—t)g(pt)Lt —r Ky —wi Ly,
(Kt,Lt)GRi Ly

where k; = —;

iii) The markets for the capital goods and labor clear:

St = kta

iv) The amount of maintenance is decided on the levied taxes:

me = (et +)7e + 7w + f(k)g(pe) 75



For a stationary competitive equilibrium allocation, the following conditions are necessary.

o (L () = (), )

= (=) ()9, (10)

W' = (1= 7p) {F )9 0) = F )R}, (1)

(€ 4+ )L ) 4 K (1= " + 7 = F(R)g (") (1 7). (12)
P = o {8F() =T}, (13)

A stationary competitive equilibrium can be a social optimum by setting k& = k* and

m=m"*.

Proposition 1. An interior socially optimal allocation (61,52,15,771,15) can be realized as a

stationary competitive equilibrium if 7., Ty, and Ty satisfy

m = (¢' +&)1e + 70 + f(K)g(D)7y, (14)

1+ 7 d(@) = (). (15)

L+ (1=7p)f'(k)g(p)

7. adjusts the level of the consumption between a young and an old generation. 7 restricts
the firm’s production, but does not affect the ratio between r; and wy. 7, levies the difference
from the required amount of maintenance.

Next, we examine the optimal 7¢. From (10), we can rewrite 7* as

r* =1 —1p)f' (k)g(p) =: r(1y). (16)
And from (5), (10) and (16),
$(ry) i=1—17 — T(;f) {1 - vgfp) } . (17)

Then, an optimal 77 is the fixed point of (17).



First, let 74 = 0, by using (16), (17) and (5),

o U 79(p)
=1 (’ﬂ;g(P) {1 - vgﬁ(p)}
=1- fl((sk) {g(ﬁ) - f}
=1*§
= 0.

Next, let 7 = 1, by using (16) and (17),
1
¢(1):1—1—M{1—5_}:0.
§ 79(P)
Therefore, 7; = 0 is the fixed point of (17), and then 74 = 0 is an optimal. We can achieve

social optimal with only two taxes.

Proposition 2. A social optimum can be achieved with 7. and 7.

4 Concluding Remarks

In competitive equilibrium, agents have no incentives to maintain the environment, for the
pollution does not affect their utility. The firm also does not reduce the pollution, because
it maximizes its profit in each period. Then, we introduce a tax scheme to achieve a social
optimum. In the literature such as Ono (1996), three taxes are required for improving the
equilibrium. However, in this paper, it is shown that the social optimum can be achieved with

two taxes.
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