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Abstract

In this note, we demonstrate, in a simpler and more direct manner than
done in existing literature, the existence of an equilibrium in a market
whose excess demand function has the gross substitute property.

1 Introduction

The gross substitute property of the excess demand function of a market was

mainly discussed as a sufficient condition for both the global stability of the

tâtonnement process and the uniqueness of the equilibrium as well as a regularity

condition for the comparative statics (see Arrow and Hahn, 1971, chapters 9-11).

Assuming the condition, Kuga (1965), Nikaido (1968, chapter 6), Greenberg

(1977), and Hildenbrand and Kirman (1988, chapter 3) demonstrated simple

proofs of the existence of a competitive price without Brouwer’s fixed point

theorem or Kakutani’s. Some of these authors defined some evaluation functions

from the excess demand and demonstrated that the optimizers of these functions

are the competitive prices. However, the competitive price is not constructively

obtained in any of their proofs and the relation between the global stability of

the tâtonnement process and the existence of a competitive price is not clear.

In this note, we prove the existence of an equilibrium price under the gross

substitute property by constructing the price. Recently, it has been shown

that the algorithm for the construction of a competitive price is also commonly
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used in various areas: the algorithm to determine the α-core of games with

punishment-dominance relations such as Cournot’s oligopoly game and public

provision game in Masuzawa (2008); the tax-cut algorithm of single transferable

voting to achieve proportional representation (see Masuzawa 2012a); and the

deferred acceptance algorithm to find a stable matching of two-sided markets

by Gale and Shapley1.

2 The proof

Let < be the set of the real numbers. By <++, we denote the set of the positive

real numbers. Similarly, by <+, we refer to the set of the non-negative real

numbers. Let N be the finite set of commodities and Z : <N
++ → <N be the

excess demand function. For all xN , yN ∈ <N , we write xN ≥ yN iff xi ≥ yi for

all i ∈ N . We say that pN ∈ <N
++ is an equilibrium price if Zi(pN ) ≤ 0 for all

i ∈ N .

We assume the following conditions.

Weak Walras’ Law:
∑

i∈N pi · Zi(pN ) ≤ 0 for all pN ∈ <N
++.

Weak Gross Substitute Property: If pi ≤ qi,

then Zj(pN\{i}, pi) ≤ Zj(pN\{i}, qi) for all j ∈ N \ {i}

Continuity: Z : <N
++ → <N is continuous.

Boundary Condition: For all pN
∗ ∈ <N

+ \ {0} such that

P = {i ∈ N : pi
∗ = 0} 6= ∅, lim

∑
i∈N Zi(pN ) → ∞ as pN → pN

∗ .

Theorem 1 Under the weak Walras’ law, the continuity, the weak gross substi-

tute property, and the boundary condition, Z : <N
++ → <N has an equilibrium

price.

Proof: By the boundary condition and the gross substitute property, there exist

βk (k = 1, 2, . . . , n) such that (i) 1 = β1 > β2 > · · · > βn > 0 and (ii)∑n
i∈N\S Zi(pN ) > 0 if |S| ≥ k, pi ≥ βk for all i ∈ S and pi ≤ βk+1 for all
1See Masuzawa (2012b).
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i ∈ N \ S. By the weak gross substitute property and the continuity, there

exists the maximum of pN ∈ [βn, 1]N such that

for all i ∈ N,Zi(pN ) ≥ 0 or pi = βn. (A)

Indeed, the maximum pN is obtained by

pi := max
{
qi : qN ∈ [βn, 1]Nand, for all i ∈ N,Zi(qN ) ≥ 0 or qi = βn.

}
. (B)

Assume that pi < 1 and Zi(p) > 0 for some i ∈ N . By the weak gross substi-

tute property and the continuity, for a sufficiently small ε > 0, (i) Zj(pN\{i}, pi+

ε) ≥ 0 or pj = βn for all j ∈ N \ {i}, and (ii) Zi(pN\{i}, pi + ε) > 0, which

contradicts the definition of the maximum. Thus, we have

for all i ∈ N, Zi(p) ≤ 0 if pi < 1. (C)

If T := {i : pi = 1} = ∅, it is evident that p is a competitive price. Assume that

S1 := {i : pi = 1} 6= ∅ and define Sk = {i ∈ N : βk < pi} for all k ≥ 2. Then,

by the definition of βk and (C), we can see by induction that |Sk| ≥ k for all

k ≥ 2. Thus, for all i ∈ N , pi > βn. By the weak Walras’ law, for all i ∈ N , we

have pi · Zi(pN ) = 0, and thus Zi(pN ) = 0. ¤

Note that in the discussion above, βn is not constructively obtained while

it characterizes the competitive price. If we assume the following condition, we

can characterize the competitive price without {βn}.

Strict Walras’ Law:
∑

i∈N pi · Zi(pN ) = 0 for all pN ∈ <N
++.

Proposition 1 Under the strict Walras’ law, the weak gross substitute property,

the continuity, and the boundary condition, the maximum of (A) is also the

maximum of qN ∈ [0, 1]N such that

for all i ∈ N,Zi(qN ) ≥ 0. (D)

Proof: Let pN ∈ [0, 1]N be the maximum of (A). If T := {i : pi = 1} 6= ∅,

from the proof of Theorem 1, then Zi(pN ) = 0 for all i ∈ N . Assume that
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T := {i : pi = 1} = ∅. Then, from the proof of Theorem 1, Zi(pN ) ≤ 0. By

the strict Walras’ law, we have Zi(pN ) ≥ 0 for all i ∈ N . Thus, pN satisfies

condition (D). Thus, the maximum of (D), qN , exists and qN ≥ pN . Further,

qN also satisfies (A), and thus pN ≥ qN . ¤
The algorithm described in Masuzawa (2008) computes the maximum that

satisfies constraint (A) if the domain is restricted to a finite set. Its continuous

version is as follows.

Procedure to construct a sequence that converges to an equilibrium:

1. k := 0;

2. for all i ∈ N , pi
0 := 1;

3. for all i ∈ N ,

pi
k+1 := max

{
pi ∈ <+ : Zi(pN\{i}

k , pi) ≥ 0 and pi ≤ pi
k

}
∪ {0};

4. k := k + 1; Jump to 3.

Note that the procedure is a kind of Walras’ algorithm: if the excess supply of

a good is positive, the price is decreasingly updated.

Theorem 2 Under the strict Walras’ law, the continuity, the weak gross sub-

stitute property, and the boundary condition, the sequence {pN
k } converges to an

equilibrium price of Z : <N
++ → <N .

Proof: First, note that pN
k ≥ pN

∗ for all k, where pN
∗ is the maximum of (D).

Second, since the sequence {pN
k } is monotonically decreasing, it has the limit

pN
∗∗. Thus, pN

∗∗ ≥ pN
∗ . Assume that Zi(pN

∗∗) < 0 and pi
∗∗ > 0. By the continuity,

for a sufficiently large k, Zi(pN\{i}
k , pi

k+1) < 0 and pi
k+1 > 0, which contradicts

the definition of pi
k+1 and the continuity. It follows that pN

∗∗ = pN
∗ .¤
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